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Abstract 

This book is an attempt to build a consistent relativistic quantum theory 
of interacting particles. In the first part of the book "Quantum electrody- 
namics" we present traditional views on theoretical foundations of particle 
physics. Our discussion proceeds systematically from the principle of rel- 
ativity and postulates of measurements to the renormalization in quantum 
electrodynamics. In the second part of the book "The quantum theory of 
particles" this traditional approach is reexamined. We find that formulas of 
special relativity should be modified to take into account inter-particle inter- 
actions. We also suggest to reinterpret quantum field theory in the language 
of physical "dressed" particles. In this new formulation the fundamental ob- 
jects are particles rather than fields. This approach eliminates the need for 
renormalization and opens up a new way for studying dynamical and bound 
state properties of quantum interacting systems. The developed theory is 
applied to realistic physical objects and processes including the hydrogen 
atom, the decay law of moving unstable particles, the dynamics of inter- 
acting charges, relativistic and quantum gravitational effects. These results 
force us to take a fresh look at some core issues of modern particle theories, in 
particular, the Minkowski space-time unification, the role of quantum fields 
and renormalization, and the alleged impossibility of action-at-a-distance. A 
new perspective on these issues is suggested that can help to solve the biggest 
problem of modern theoretical physics - a consistent unification of relativity 
and quantum mechanics. 
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PREFACE 



Looking back at theoretical physics of the 20th century, we see two mon- 
umental achievements that changed forever the way we understand space, 
time, and matter - the special theory of relativity and quantum mechanics. 
These theories covered two sides of the natural world that are not normally 
accessible to human's senses and experience. Special relativity was applied 
to observers and objects moving with extremely high speeds (and high ener- 
gies). Quantum mechanics was essential to describe the properties of matter 
at microscopic scale: nuclei, atoms, molecules, etc. The challenge remains 
in the unification of these two theories, i.e., in the theoretical description of 
high-energy microscopic particles and their interactions. 

It is commonly accepted that the most promising candidate for such 
an unification is the local quantum field theory (QFT). Indeed, this theory 
achieved astonishing accuracy in calculations of certain physical observables, 
e.g., scattering cross-sections. In some instances, the discrepancies between 
predictions of quantum electrodynamics (QED) and experiment are less than 
0.000000001%. It is difficult to find such an accuracy anywhere else in science! 
However, in spite of its success, quantum field theory cannot be regarded as 
the ultimate unification of relativity and quantum mechanics. Just too many 
fundamental questions remain unanswered and too many serious problems 
are left unsolved. 

It is fair to say that everyone trying to learn QFT is struck by enormous 
complexity of this formalism and its detachment from physically intuitive 
ideas. A successful physical theory is expected to operate, as much as possi- 
ble, with objects having clear interpretation in terms of observed quantities. 
This is often not the case in QFT, where such physically transparent con- 
cepts of quantum mechanics as the Hilbert space, wave functions, particle 
observables, Hamiltonian, and the time evolution, were substituted (though 
not completely discarded) by more formal and obscure notions of quantum 
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fields, ghosts, propagators, and Lagrangians. It was even declared that the 
concept of a particle is not fundamental anymore and must be abandoned in 
favor of the field description of nature: 

In its mature form, the idea of quantum field theory is that quan- 
tum fields are the basic ingredients of the universe, and particles 
are just bundles of energy and momentum of the fields. S. Wein- 
berg pQ 

The most notorious failure of QFT is the problem of ultraviolet diver- 
gences: To obtain sensible results from QFT calculations one must drop cer- 
tain infinite terms. Although rules for doing such tricks are well-established, 
they cannot be considered a part of a mathematically sound theory. As Dirac 
remarked 

This is just not sensible mathematics. Sensible mathematics in- 
volves neglecting a quantity when it turns out to be small - not 
neglecting it because it is infinitely large and you do not want it! 
P. A. M. Dirac 

In modern QFT the problem of ultraviolet infinities is not solved, it is "swept 
under the rug". The prevailing opinion is that ultraviolet divergences are 
related to our lack of understanding of physics at short distances. It is 
often argued that QFT is a low energy approximation to some yet unknown 
truly fundamental theory, and that in this final theory the small distance 
or high energy (ultraviolet) behavior will be tamed somehow. There are 
various guesses about what this ultimate theory may be. Some think that 
future theory will reveal a non-trivial, probably discrete, or non-commutative 
structure of space at distances comparable to the "Planck scale" of 10~ 33 cm. 
Others hope that paradoxes will go away if we substitute point-like particles 
with tiny extended objects, like strings or membranes. 

Many researchers agree that the most fundamental obstacle on the way 
forward is the deep contradiction between quantum theory and Einstein's 
relativity theory (both special and general). In a more general sense, the 
basic question is "what is space and time?" The answers given by Einstein's 
special relativity and by quantum mechanics are quite different. In special 
relativity position and time are treated on an equal footing, both of them 
being coordinates in the 4-dimensional Minkowski space-time. However in 



xxi 



quantum mechanics position and time play very different roles. Position is 
an observable described (as any other physical observable) by an Hermitian 
operator, whereas time is a numerical parameter, which cannot be cast into 
the operator form without contradictions. 

Traditionally, throughout centuries, theoretical physics was a mixture of 
deep physical insights, "what if" speculations, and lucky heuristic guesses. 
For example, Maxwell based his equations of electrodynamics on both careful 
fitting of available experiments and on arcane ideas about inner workings of 
the "ether". Dirac "derived" his famous equation by an ingenious trick of 
taking a "square root" of the relativistic energy-momentum-mass relation- 
ship E 2 = p 2 c 2 + m 2 c 4 . In spite of their questionable origins, both Maxwell 
and Dirac equations lie in the foundation of empirically successful modern 
quantum field theories of particles and their interactions. It would be fool- 
ish to think that further progress in physics can be achieved by waiting for 
similar "revelations". What we need is a rigorous axiomatic approach that 
would establish a basic framework for description of space, time, matter, and 
interactions. For example, it is clear that such branches of physics as Newto- 
nian mechanics, quantum mechanics, Maxwell's electrodynamics, quantum 
field theory, and Einstein's theory of gravity use very different basic math- 
ematical structures. They are, respectively, the phase space, the Hilbert 
space, classical fields, quantum fields, and the curved space-time. These dif- 
ferent theories try to describe basically the same set of physical phenomena 
- particles, their interactions and dynamics. So, it is reasonable to expect 
a common theme in their mathematical formulations. Nevertheless, we are 
still far from putting entire physics in a rigorous axiom/theorem setup, as 
demanded by the Hilbert's 6th problem. However, there are at least two such 
common themes, which are the focus of this book. 

The two basic postulates of our approach is the principle of relativity 
(the equivalence of inertial frames of reference) and the laws of quantum me- 
chanics. From mathematical perspective, the former postulate is embodied 
in the idea of the Poincare group, and the latter postulate leads to the alge- 
bra of operators in the Hilbert space. When combined, these two postulates 
inevitably imply the idea of unitary representations of the Poincare group in 
the Hilbert space as the major mathematical tool for the description of iso- 
lated physical systems. This is the central idea of our book. Our goal here is 
to demonstrate that most of known physics fits nicely into this mathematical 
framework. 

Although the ideas that will be presented here have rather general nature, 
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most calculations will be performed only for systems of charged particles and 
photons and electromagnetic forces acting between themo Traditionally, 
these systems were described by quantum electrodynamics. However, our 
approach will lead us to a different version of QED, which we call relativistic 
quantum dynamics or RQD. Our theory being a logical continuation of 
QED, is exactly equivalent to QED as far as properties related to the S- 
matrix (scattering cross-sections, lifetimes, energies of bound states, etc.) are 
concerned. However, it differs from the traditional approach in two important 
aspects: recognition of the dynamical character of boosts and the primary role 
of particles rather than fields. 

The dynamical character of boosts. The second postulate of Ein- 
stein's special relativity (the invariance of the speed of light) applies only 
to a limited class of phenomena associated with light particles - photons. 
Therefore special relativistic formulas for Lorentz transformations can be 
proved only for specific events such as intersections of light beams or tra- 
jectories of non-interacting particles. Special relativity tacitly assumes that 
these Lorentz formulas can be extended to general events with interacting 
particles. We will show that this assumption is actually wrong. We will de- 
rive boost transformations of particle observables by using Wigner's theory 
of unitary representations of the Poincare group [2] and Dirac's approach 
to relativistic interactions [3]. It will then follow that these transformations 
should be interaction-dependent. Usual Lorentz transformations of special 
relativity are thus approximations that neglect the presence of interactions. 
The Einstein-Minkowski 4-dimensional space-time is an approximate concept 
as well. 

Particles rather than fields. Presently accepted quantum field theories 
(e.g., renormalized QED) cannot describe the time evolution even of simplest 
systems, such as vacuum and single-particle states. Direct application of the 
QED time evolution operator to these states leads to spontaneous creation of 
extra (virtual) particles, which has not been observed in experiments. The 
problem is that bare particles of QED have rather remote relationship to 
physically observed electrons, positrons, etc., and the rules connecting bare 
and physical particles are not well established. We solve this problem by 
using the "dressed particle" approach, which is the cornerstone of RQD. The 



2 In section [13. II we will discuss the gravitational interaction as well. 
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"dressed" Hamiltonian of RQD is obtained by applying an unitary dress- 
ing transformation to the QED Hamiltonian. This transformation does not 
change the ^-operator, therefore the perfect agreement with experimental 
data is preserved. The RQD Hamiltonian describes electromagnetic phe- 
nomena in systems of interacting physical particles (electrons, photons, etc.) 
without reference to spurious bare particles. In addition to accurate scat- 
tering amplitudes, our approach allows us to obtain the time evolution of 
interacting particles and offers a rigorous way to find both energies and wave 
functions of bound states. All calculations with the RQD Hamiltonian can 
be done by using standard recipes of quantum mechanics without encoun- 
tering embarrassing divergences and without the need for artificial cutoffs, 
regularization, renormalization, etc. The main ingredients of this formalism 
are physical particles, while quantum fields play only an auxiliary role. 

This book is divided into three parts. Part I: QUANTUM ELEC- 
TRODYNAMICS consists of eight chapters [T] - [S] where we tried to stick 
to traditionally accepted views on relativistic quantum theories and, in par- 
ticular, on QED. In chapter [1] (The Poincare group) we introduce the 
Poincare group as a set of transformations that relate different (but equiv- 
alent) inertial reference frames. In chapter [2] (Quantum mechanics) the 
basic laws of quantum mechanics are derived from simple axioms of mea- 
surements (quantum logic). Chapter [3] (Quantum mechanics and rela- 
tivity) unifies these two pieces and establishes unitary representations of the 
Poincare group in the Hilbert space of states as the most general mathemat- 
ical description of any isolated physical system. In the next two chapters H] 
and Owe explore some immediate consequences of this formalism. In chapter 
H] (Operators of observables) we find the correspondence between known 
physical observables (such as mass, energy, momentum, spin, position, etc.) 
and concrete Hermitian operators in the Hilbert space. In chapter [5] (Single 
particles) we show how Wigner's theory of irreducible representations of 
the Poincare group provides a complete description of basic properties and 
dynamics of isolated stable elementary particles. The next important step 
is to consider multi-particle systems. In chapter [6] (Interaction) we discuss 
major properties of relativistically invariant interactions in such systems. In 
chapter [7] (The Fock space) we extend this discussion to the general class 
of systems in which particles can be created and annihilated. Chapter [8] 
(Quantum electrodynamics) concludes this first "traditional" part of the 
book. In that chapter we apply all the above ideas to the description of sys- 
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terns of charged particles and photons in the formalism of QED. A particular 
emphasis is made on the problem of renormalization in QED. 

Part II of the book THE QUANTUM THEORY OF PARTICLES 
(chapters [TU1- [T2|) examines the new RQD approach, its connection to the ba- 
sic QED from part I, and its advantages. This "non-traditional" part begins 
with chapter [10] (The dressed particle approach) and a deeper analysis 
of renormalization and the bare particle picture in quantum field theories. 
The dressed particle approach is formulated there, and QED is totally rewrit- 
ten in terms of dressed particles, rather than quantum fields. In chapter [TT] 
(Particles and relativity) we discuss real and imaginary paradoxes usu- 
ally associated with quantum relativistic description in terms of particles. In 
particular, we discuss the superluminal spreading of localized wave packets 
and the Currie-Jordan-Sudarshan "no interaction" theorem. In final chap- 
ters [12] (Classical electrodynamics) . [131 (Quantum theory of gravity), 
and [14] (Particle decays and relativity) we consider three specific exam- 
ples of theories with directly interacting particles: electrodynamics, theory of 
gravity, and relativistic description of decays of fast moving particles. We fo- 
cus on resolution of theoretical paradoxes and comparison with experiments. 
Some useful mathematical facts and more technical derivations are collected 
in the Part III: MATHEMATICAL APPENDICES. 

Remarkably, the development of RQD did not require introduction of 
radically new physical ideas. Actually, all key ingredients of this study were 
formulated a long time ago, but for some reason they have not attracted 
the attention they deserve. For example, the fact that either translations or 
rotations or boosts must have dynamical dependence on interactions was first 
established in Dirac's work [3J. These ideas were further developed in "direct 
interaction" theories by Bakamjian and Thomas [I], Foldy [5], Sokolov [6j[7], 
Coester and Polyzou [8], and many others. The primary role of particles in 
formulation of quantum field theories was emphasized in an excellent book by 
Weinberg [DJ. The "dressed particle" approach was advocated by Greenberg 
and Schweber [ID] . First indications that this approach can solve the problem 
of ultraviolet divergences in QFT are contained in papers by Ruijgrok [TT] . 
Shirokov and Vi§inesku [12] [13]. The "similarity renormalization" idea of 
Glazek and Wilson [T4T [T5] is also an important tool for taming divergences 
in QED. The formulation of RQD presented in this book just combined all 
these good ideas into one comprehensive approach, which, we believe, is a 
step toward consistent unification of quantum mechanics and the principle 
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The new material contained in this book was partially covered in seven 
articles pH OH QU QH EH HB [22] • 
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It is wrong to think that the task of physics is to find out how 
nature is. Physics concerns what we can say about nature... 

Niels Bohr 



In this Introduction, we will try to specify more exactly what is the 
purpose of theoretical physics and what are the fundamental notions, con- 
cepts, and their relationships studied by this branch of science. Some of the 
definitions and statements made here may look self-evident or even trivial. 
Nevertheless, it seems important to spell out these definitions explicitly, in 
order to avoid misunderstandings in later parts of the book. 

We obtain all information about physical world from measurements, and 
the most fundamental goal of theoretical physics is to describe and predict 
the results of these measurements. Generally speaking, the act of measure- 
ment requires the presence of at least three objects (see Fig. [1]): a preparation 
device, a physical system, and a measuring apparatus. The preparation de- 
vice P prepares the physical system S in a certain state. The state of the 
system has some attributes or properties. If an attribute or property can be 
assigned a numerical value it will be called observable F. The observables are 
measured by bringing the system into contact with the measuring apparatus. 
The result of the measurement is a numerical value of the observable, which 
is a real number /. We assume that every measurement of F gives some 
value /, so that there is no misfiring of the measuring apparatus. 

This was just a brief list of relevant notions. Let us now look at all these 
ingredients in more detail. 

Physical system. Loosely speaking, physical system is any object that 
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observable F 



Figure 1: Schematic representation of the preparation/measurement process. 

can trigger a response (measurement) in the measuring apparatus. As phys- 
ical system is the most basic concept in physics, it is difficult to give a more 
precise definition. An intuitive understanding will be sufficient for our pur- 
poses. For example, an electron, a hydrogen atom, a book, a planet are all 
examples of physical systems. 

Physical systems can be either elementary (also called particles) or com- 
pound, i.e., consisting of more than one particle. 

In this book we will limit our discussion to isolated systems, which do not 
interact with the rest of the world or with any external potential. By doing 
this we exclude some interesting physical systems and effects, like atoms 
in external electric and magnetic fields. However, this does not limit the 
generality of our treatment. Indeed, one can always combine the atom and 
the field-creating device into one unified system that can be studied within 
the "isolated system" approach. 

It is important to note that there are some prominent physical objects 
or notions, which will not be regarded as physical systems in this book. 
For example, empty space (or vacuum) is not a system in our definition. 
A measuring apparatus placed in vacuum is not going to register anything. 
There are no physical observables associated with the vacuum or empty space. 
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States. Any physical system may exist in a variety of different states: 
a book can be on your desk or in the library; it can be open or closed; it 
can be at rest or fly with a high speed. The distinction between different 
systems and different states of the same system is sometimes far from ob- 
vious. For example, a separated pair of particles (electron + proton) does 
not look like the hydrogen atom. So, one may conclude that these are two 
different systems. However, in reality these are two different states of the 
same compound system. 

Preparation and measuring devices. Generally, preparation and 
measuring devices can be rather sophisticatedJl It would be hopeless to 
include in our theoretical framework a detailed description of their design, 
and how they interact with the physical system. Instead, we will use an 
idealized representation of both the preparation and measurement acts. In 
particular, we will assume that the measuring apparatus is a black box whose 
job is to produce just one real number - the value of some observable - upon 
interaction with the physical system. 

Observables. Theoretical physics is inclined to study simplest physical 
systems and their most fundamental observable properties (mass, velocity, 
spin, etc.). Clearly the measured values of observables must depend on the 
kind of the system being measured and on the state of this system. We 
emphasize this fact because there are numerical quantities in physics which 
are not associated with any physical system, and therefore they are not called 
observables. For example, the number of space dimensions (3) is not an 
observable, because we do not regard the space as an example of a physical 
system. Time is also not an observable. We cannot say that time is a property 
of a physical system. It is rather an attribute of the measuring apparatus, 
or, more exactly, an attribute of the clock associated with the measuring 
apparatus or observer (as shown in fig. [T]). The clock assigns a certain time 
label to each measurement and this label does not depend on the state of 
the observed system. One can "measure" time even in the absence of any 
physical system. 

We will assume exact measurability of any observable. Of course, this 
claim is an idealization. Clearly, there are precision limits for all real mea- 
suring apparatuses. However, we will suppose that with certain efforts one 
can always make more and more precise measurements, so the precision is, in 



3 e.g., accelerators, bubble chambers, etc. 
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principle, unlimited^ As this statement is important for future discussions 
in chapter [2j we formulate it as a postulate 

Postulate 0.1 (unlimited precision of measurements) Each observable 
can be measured with any prescribed precision. 

Some observables can take a value anywhere on the real axis K.. The 
Cartesian components of position R x , R y , and R z are good examples of such 
observables. However there are also observables for which this is not true and 
the allowed values form only a subset of the real axis. Such a subset is called 
the spectrum of the observable. For example, it is known (see Chapter [5]) that 
each component of particle's velocity cannot exceed the speed of light c, so the 
spectrum of the velocity components V x , V y , and V z is [— c, c]. Both position 
and velocity have continuous spectra. However, there are many observables 
having a discrete spectrum. For example, the number of particles in the 
system (which is also a valid observable) can only take integer values 0, 1, 
2, ... Later we will also meet observables whose spectrum is a combination 
of discrete and continuous parts, e.g., the energy spectrum of the hydrogen 
atom. 

Observers. We will call observer O a collection of measuring apparatuses 
which are designed to measure all possible observables. Laboratory (P, O) is 
a full experimental setup, i.e., a preparation device P plus observer O with 
all his measuring devices. 

In this book we consider only inertial observers (= inertial frames of ref- 
erence) or inertial laboratories. These are observers that move uniformly 
without acceleration and rotation, i.e., observers whose velocity and orienta- 
tion of axes does not change with time. The importance of choosing inertial 
observers will become clear in subsection II. 1.11 where we will see that mea- 
surements performed by these observers must obey the principle of relativity. 

For example, it is impossible in practice to measure location of the electron inside 
the hydrogen atom. Nevertheless, we will assume that this can be done in our idealized 
theory. So, we will characterize the electron by its position r and by a well-defined wave 
function ip(r) in the "position space". 

5 In this book we will distinguish Postulates, Statements, and Assertions. Postulates 
form a foundation of our theory. In most cases they follow undoubtedly from experiments. 
Statements follow logically from Postulates and we believe them to be true. Assertions are 
commonly accepted in the literature, but they do not have a place in the RQD approach 
developed in this book. 
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The minimal set of measuring devices associated with an observer include 
a yardstick for measuring distances, a clock for registering time, a fixed point 
of origin and three mutually perpendicular axes erected from this point. In 
addition to measuring properties of physical systems, our observers can also 
see their fellow observers. With the measuring kit described above each ob- 
server O can characterize another observer O' by ten parameters {0, v, r, t}: 
the time difference t between the clocks of O and O' , the position vector r 
that connects the origin of O with the origin of O', the rotation angled <p that 
relates the orientation of axes in O' to the orientation of axes in O, and the 
velocity v of O' relative to O. 

It is convenient to introduce the notion of inertial transformations of 
observers and laboratories. The transformations of this kind include 

• rotations, 

• space translations, 

• time translations, 

• changes of velocity or boosts. 

There are three independent rotations (around x, y, and z axes), three inde- 
pendent translations, and three independent boosts. So, totally, there are 10 
distinct basic types of inertial transformations. More general inertial trans- 
formations can be made by performing two (or more) basic transformations 
in succession. We will postulate that for any pair of inertial observers O 
and O' one can always find an inertial transformation g, such that O' = gO. 
Conversely, the application of any inertial transformation g to any inertial 
observer O leads to a different inertial observer O' = gO. 

An important comment should be made about the definition of "observer" 
used in this book. It is common to understand observer as a person (or a 
measuring apparatus) that exists and performs measurements for (infinitely) 
long time. For example, it is not unusual to find discussions of the time evo- 
lution of a physical system "from the point of view" of this or that observer. 
However, this colloquial definition does not fit our purposes. The problem 
is that with this definition the time translations obtain a status that is dif- 
ferent from other inertial transformations: space translations, rotations, and 



6 The vector parameterization of rotations is discussed in Appendix ID. 51 
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boosts. The time translations become associated with the observer herself. 
The central idea of our approach to relativity is the treatment of all ten types 
of inertial transformations on equal footing. Therefore, we will use a slightly 
different definition of observer. In our definition observers are "short-lived" . 
They exist and perform measurements in a short time interval and they can 
see only a snapshot of the world around them. Individual observers cannot 
"see" the time evolution of a physical system. In our approach the time 
evolution is described as a succession of measurements performed by a series 
of instantaneous observers related to each other by time translations. Then 
the colloquial "observer" is actually a sequence of our "short-lived" observers 
displaced in time. 

The goals of physics. It is important to underscore that in our quest 
we are not looking for some "master equation" or "theory of everything". 
We are interested in a more modest task: description (or, even better, pre- 
diction) of observations made by observers on real physical systems. So, 
as much as possible, we will try to avoid speculations about features that 
cannot be directly observed (such as, the microscopic structure of the space- 
time, vacuum energy, virtual particles, etc.) Even if these features had good 
theoretical sense, their non-observability makes it impossible to verify their 
properties in experiment and, therefore, places them outside good physical 
theory. 

The discussion above can be summarized by indicating five essential goals 
of theoretical physics: 

• provide a classification of physical systems; 

• for each physical system give a list of observables and their spectra; 

• for each physical system give a list of possible states. 

• for each state of the system describe the results of measurements of 
relevant observables. 

One of the most important tasks of physics is to establish the relation- 
ship between measurements performed by two different observers on the same 
physical system. These relationships will be referred to as inertial transfor- 
mations of observables. In particular, if values of observables measured by 
O are known and the inertial transformation connecting O with O' is known 
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as well, then we should be able to say exactly what are the values of (the 
same) observables measured by 0' . Probably the most important and chal- 
lenging task of this kind is the description of dynamics or time evolution. In 
this case, observers O' and O are connected by a time translation. Another 
important task is to compare measurements performed by observers moving 
with respect to each otherQ So, we will add one more goal to our list: 

• given a description of the state of the system by one observer find out 
how other observers see the same state. 
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Chapter 1 

THE POINCARE GROUP 

There are more things in Heaven and on earth, dear Horacio, 
than are dreamed of in your philosophy. 

Hamlet 

In this chapter we will analyze properties of inertial transformations of 
observers. Our goal here is to formulate the idea of the Poincare group. In 
the rest of this book we will have many opportunities to appreciate the fun- 
damental importance of this idea in relativistic physics. In our introductory 
discussion here, nothing will be said about physical systems, observables, 
and their transformations between different inertial reference frames. These 
issues will be discussed in later chapters. 

1.1 Inertial observers 
1.1.1 The principle of relativity 

As has been said in Introduction, in this book we consider only inertial 
laboratories. What is so special about them? The answer is that one can 
apply the powerful principle of relativity to such laboratories. The essence 
of this principle was best explained by Galileo more than 370 years ago [23J : 

Shut yourself up with some friend in the main cabin below 
decks on some large ship, and have with you there some flies, 
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butterflies, and other small flying animals. Have a large bowl of 
water with some fish in it; hang up a bottle that empties drop 
by drop into a wide vessel beneath it. With the ship standing 
still, observe carefully how the little animals fly with equal speed 
to all sides of the cabin. The fish swim indifferently in all di- 
rections; the drops fall into the vessel beneath; and, in throwing 
something to your friend, you need to throw it no more strongly 
in one direction than another, the distances being equal; jumping 
with your feet together, you pass equal spaces in every direction. 
When you have observed all of these things carefully (though there 
is no doubt that when the ship is standing still everything must 
happen this way), have the ship proceed with any speed you like, 
so long as the motion is uniform and not fluctuating this way 
and that. You will discover not the least change in all the effects 
named, nor could you tell from any of them whether the ship was 
moving or standing still. In jumping, you will pass on the floor 
the same spaces as before, nor will you make larger jumps toward 
the stern than towards the prow even though the ship is moving 
quite rapidly, despite the fact that during the time that you are in 
the air the floor under you will be going in a direction opposite to 
your jump. In throwing something to your companion, you will 
need no more force to get it to him whether he is in the direc- 
tion of the bow or the stern, with yourself situated opposite. The 
droplets will fall as before into the vessel beneath without drop- 
ping towards the stern, although while the drops are in the air the 
ship runs many spans. The fish in the water will swim towards 
the front of their bowl with no more effort than toward the back, 
and will go with equal ease to bait placed anywhere around the 
edges of the bowl. Finally the butterflies and flies will continue 
their flights indifferently toward every side, nor will it ever hap- 
pen that they are concentrated toward the stern, as if tired out 
from keeping up with the course of the ship, from which they will 
have been separated during long intervals by keeping themselves 
in the air. 



These observations can be translated into the statement that all inertial lab- 
oratories cannot be distinguished from the laboratory at rest by performing 
experiments confined to those laboratories. Any experiment performed in 
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one laboratory, will yield exactly the same result as an identical experiment 
in any other laboratory. The results will be the same independent on how 
far apart the laboratories are, and what are their relative orientations and 
velocities. Moreover, we may repeat the same experiment at any time, to- 
morrow, or many years later, still results will be the same. This allows us to 
formulate one of the most important and deep postulates in physics 

Postulate 1.1 (the principle of relativity) In all inertial laboratories, 
the laws of nature are the same: they do not change with time, they do not 
depend on the position and orientation of the laboratory in space and on its 
velocity. The laws of physics are invariant against inertial transformations 
of laboratories. 

1.1.2 Inertial transformations 

Our next goal is to study inertial transformations between laboratories or 
observers in more detail. To do this we do not need to consider physical 
systems at all. It is sufficient to think about a world inhabited only by 
observers. The only thing these observers can do is to measure parameters 
{(/>; v; r; t} of their fellow observers. It appears that even in this oversimplified 
world we can learn quite a few useful things about properties of inertial 
observers and their relationships to each other. 

Let us first introduce a convenient labeling of inertial observers and in- 
ertial transformations. We choose an arbitrary observer O as our reference 
observer, then other examples of observers are 

(i) an observer {0; 0; 0; t\}0 displaced in time by the amount t±] 

(ii) an observer {0; 0; r x ; 0}O shifted in space by the vector 

(iii) an observer {0; vi; 0; 0}O moving with velocity Vi; 

— # — # 

(iv) an observer {fa; 0; 0; 0}O rotated by the vector fa. 

Suppose now that we have three different inertial observers O, O', and O" . 
There is an inertial transformation {(pi, Vi; I*!; ti} which connects O and O' 



O' = {£i;vi;ri;*i}0 



(1.1) 
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where parameters 0i, Vi, ri, and t% are measured by the ruler and clock 
belonging to the reference frame O with respect to its basis vectors. Similarly, 
there is an inertial transformation that connects O' and O" 

O" = {$ 2 ;v 2 ;r 2 ;t 2 }0' (1.2) 

where parameters <f> 2 , v 2 , r 2 , and t 2 are defined with respect to the basis 
vectors, ruler, and clock of the observer O' . Finally, there is a transformation 
that connects O and O" 

O" = {fo;v 3 ;r 3 ;t 3 }0 (1.3) 

with all transformation parameters referring to O. We can represent the 
transformation (11.31) as a composition or product of transformations (11. ip 
and KE2J 

— * — * — * 

{0 3 ; v 3 ; r 3 ; t 3 } = {0 2 ; v 2 ; r 2 ; t 2 }{<f>i] v x ; r x ; *i} (1.4) 

Apparently, this product has the property of associativity!]] There exists 
a trivial (identity) transformation {0; 0; 0; 0} that leaves all observers un- 
changed, and for each inertial transformation {0; v; r; t} there is the inverse 
transformation {0; v; r; t}^ 1 such that their product is the identity transfor- 
mation 

{0; v; r; t}{0; v; r; t}' 1 = {0; v; r; t}~ l {^ v; r; t} = {0; 0; 0; 0} (1.5) 

In other words, the set of inertial transformations forms a group (see Ap- 
pendix |X2J) with respect to the product (II. 4p . Moreover, since these trans- 
formations smoothly depend on their parameters, this is a Lie group (see 
Appendix [E]) . The Lie group of inertial transformations of observers plays a 
central role in physics, as we will see time and again throughout this book. 
The main goal of the present chapter is to study the properties of this group 
in some detail. In particular, we will need expressions for the multiplication 
(II. 4p and inversion (11.51) lawsjl 



1 see eq. (|A.1|) 
2 see Appendix IA. 21 
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First we notice that a general inertial transformation {0; v; r; t} can be 
represented as a product of basic transformations (i) - (iv). As these basic 
transformations generally do not commute, we need to agree on a canonical 
order in this product. For our purposes the following choice is convenient 

{0; v; r; t}0 = {0; 0; 0; 0}{0; v; 0; 0}{0; 0; r; 0}{0; 0; 0; t}0 (1.6) 

This means that in order to obtain observer O' = {0; v; r; t}0 we first shift 
observer O in time by the amount t, then shift the time-translated observer by 
the vector r, then give it velocity v, and finally rotate the obtained observer 
by the angle 0. 

1.2 The Galilei group 

In this section we begin our study of the group of inertial transformations 
by considering a non-relativistic world in which observers move with low 
speeds. This is a relatively easy task, because in these derivations we can 
use our everyday experience and "common sense". The relativist ic group of 
transformations will be approached in section 11.31 as a formal generalization 
of the Galilei group derived here. 

1.2.1 The multiplication law of the Galilei group 

Let us first consider four examples of eq. (11.41) in which {0i; vj; ri; ti} is a 
general inertial transformation and {02; V2; r 2 ; t 2 } is one of the basic trans- 
formations from the list (i) - (iv). Applying a time translation to a general 
reference frame {0i; Vi; t\}0 will change its time label and change its 
position in space according to equation 

{0; 0; 0; t 2 }{fi] v x ; n; h}0 = {0 X ; v i; n + v x t 2 ] h + t 2 }0 (1.7) 
Space translations affect the position 

{0; 0; r 2 ; O}{0 1; v i; n; h}0 = {0 i; v i; n + r 2 ; h}0 (1.8) 
Boosts change the velocity 
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{0; v 2 ; 0; 0}{ft; v i; n; tJO = {ft; v x + v 2 ; r l5 tJO (1.9) 
Rotations affect all vector parameter^] 

{ft; 0; 0; 0}{ft; Vl ; r x ; h}0 = {<K%%); %v i; i^n; tJO (1.10) 

Now we can calculate the product of two general inertial transformations in 
CE2D by using - ffTTOl R 

{ft; v 2 ;r 2 ;t 2 }{ft;vi;r 1 ;t 1 } 
= {ft; 0; 0; 0}{0; v 2 ; 0; 0}{0; 0; r 2 ; 0}{0; 0; 0; t 2 }{ft; v l5 r l5 
= {ft; 0; 0; 0}{0; v 2 ; 0; 0}{0; 0; r 2 ; 0}{ft; vi; n + Vit 2 ; *i + t 2 } 
= {ft; 0; 0; 0}{0; v 2 ; 0; 0}{ft; v i; n + v x * 2 + r 2 ; ij + t 2 } 
= {ft; 0; 0; 0}{ft; v a + v 2 ; n + vi* 2 + r 2 ; t x + t 2 } 
= ( $ (%%); %( v i + v s); %(ri + vit 2 + r 2 ); h + t 2 } (1.11) 

By direct substitution to equation (11.51) it is easy to check that the inverse 
of a general inertial transformation {0; v; r; t} is 

{0; v; r; t}' 1 = {-<?; -v; -r + vt; -*} (1.12) 

Eqs. (II. lip and (11.121) are multiplication and inversion laws which fully 
determine the structure of the Lie group of inertial transformations in non- 
relativistic physics. This group is called the Galilei group. 

1.2.2 Lie algebra of the Galilei group 

In physical applications the Lie algebra of the group of inertial transforma- 
tions plays even greater role than the group itself. According to our discus- 
sion in Appendix [El we can obtain the basis (7i, V, /C, J) in the Lie algebra 

3 For definition of rotation matrices and function $ see Appendix ID. 51 

4 Note that often the product of Galilei transformations is written in other forms (see, 

e.g. section 3.2 in [24 ). This is because these authors assume different order of factors in 

formula (| 1 . 6|) . 
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of generators of the Galilei group by taking derivatives with respect to pa- 
rameters of one-parameter subgroups. For example, the generator of time 
translations is 



H = lim4-{0;0;0;t} 

t-*o dt 

For generators of space translations and boosts along the x-axis we obtain^ 



V x = lim — {0; x, 0, 0; 0; 0} 

dx 

K x = lim— 10;0; v,0,0;0} 
^-►o dv 

The generator of rotations around the x-axis is 



J x = lim-^-{0,O,O;O;O;O} 

4>-*o d<p 

Similar formulas are valid for y- and z-components. According to (IE. II) we 
can also express finite transformations as exponents of generators 



{0;0;0;t} = e Ht « 1 + Ht (1.13) 

{0;0;r;0} = / r « 1 + Vr (1.14) 

{0;v;0;t} = / v « 1 + /Cv (1.15) 

{0; 0; 0; 0} = « 1 + J$ 

Then each group element can be represented in its canonical form (11.61) as 
the following function of parameters 

{0;v;r;t} = {0; 0; 0; 0}{0; v; 0; 0}{0; 0; r; 0}{0; 0; 0; t} 

= e J ¥ v e^ r e w (1.16) 



5 We denote 3-vector quantities either by vector symbol (e.g. or 0) or by their com- 
ponents (e.g., (x,0,0)). 
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Let us now find the commutation relations between generators, i.e., the 
structure constants of the Galilei Lie algebra. Consider, for example, trans- 
lations in time and space. From eq. (11. lip we have 

{0; 0; 0; t}{6; 0; x, 0, 0; 0} = {0; 0; x, 0, 0; 0}{0; 0; 0; t} 
This implies 

e Ht e v x x _ e T x x e Ht 

1 = e v -*e m e- v ' x e- m 

Using eqs. fl 1 . 1 3 [) and (j!.14p for the exponents we can write to the first order 
in x and to the first order in t 

1 « (1 + V x x)(l+Ht)(l-V x x)(l-Ht) 
« 1 + V x Hxt - V x Hxt - HV x xt + V x Hxt 
= 1 - HV x xt + V x Hxt 



hence 



[v x ,n] = v x n-nv x = o 

So, generators of space and time translations commute. Similarly we obtain 
commutators 



[H,Vi] = [V^Vj] = [/Q,/Q] =0 

for any i, j — x,y,z (or i,j = 1, 2, 3). The composition of a time translation 
and a boost is more interesting since they do not commute. We calculate 
from eq. (11.111) 



= {0; v, 0, 0; 0, 0}{0; 0; 0; t}{0; -v, 0, 0; 0; 0} 

= {0; v, 0, 0; 0; 0}{0; -v, 0, 0; -vt, 0, 0; t} 

= {0; 0, 0, 0; -vt, 0, 0; t} 

= e nt e- v * vt 
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Therefore, using eqs (11.131) . ( 11. 15ft . and ( IE. 131) we obtain 

Ht + [}C X , H}vt = Ht- V x vt 

and 

[JC X ,H] = -V x 

Proceeding in a similar fashion for other pairs of transformations we obtain 
the full set of commutation relations for the Lie algebra of the Galilei group. 





k=i 

3 


(1.17) 






(1.18) 


[Ji, JCj] 


k=l 


(1.19) 


[Ji,H] 


= 


(1.20) 


fan 


= [Vi,n} = o 


(1.21) 


[JCi, JCj] 


= 


(1.22) 




= 


(1.23) 


[TCi, H] 


= -Vi 


(1.24) 



From these commutators one can identify several important sub-algebras of 
the Galilei Lie algebra and, therefore, subgroups of the Galilei group. In 
particular, there is an Abelian subgroup of space and time translations (with 
generators V and Tt, respectively), a subgroup of rotations (with generators 
J\ and an Abelian subgroup of boosts (with generators K). 

1.2.3 Transformations of generators under rotations 

Consider two reference frames O and O' connected to each other by the group 
element g: 
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Figure 1.1: Connection between similar transformations in different reference 
frames. 



0' = gO 

Suppose that observer O performs an inertial transformation with the group 
element h (e.g., h is a translation along the x-axis). We want to find a 
transformation h! which is related to the observer O' in the same way as h 
is related to O (i.e., h! is the translation along the x'-axis belonging to the 
observer O'). As seen from the example in Fig. 11.11 ^1 the transformation 
h! of the object A can be obtained by first going from O' to O, performing 
translation h there, and then returning back to the reference frame O' 



ti = ghg- 1 

Similarly, if A is a generator of an inertial transformation in the reference 
frame O, then 



6 in which g 



A! = gAg- 1 (1.25) 

= exp J z (f> is a rotation around the z-axis that is perpendicular to the page 
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is "the same" generator in the reference frame O' = gO. 

Let us consider the effect of rotation around the z-axis on generators of 
the Galilei group. We can write 

A' X = AM = e J ^A x e~ J ^ 

A' z =A z ((j)) = e J ^A z e~ J ^ 

where A is any of the generators V, J or /C. From commutators (11.171) - 
(11.191) we obtain 



-^AM = e J ^(J z A x -A x J z )e- J ^ = e J ^A y e- J ^ = A y ((t>) (1.26) 

Q ^ J J J 

^^^■^(0) c ^ \0 r z Ay Ay^Jz)c ^ c ^ A x c ^ A x i^(fy 
^AM = e J ^(J z A z -A z J z )e- J ^ = (1.27) 

Taking a derivative of eq. (11.261) by <fi we obtain a second order differential 
equation 



3 2 3 



3 2 <p 

with the general solution 

A x (4>) = B cos 4> + V sin . 
From the initial conditions we obtain 



B = A x {0) = A x 

V = 4iM<f>) 



= A 

0=0 



so that finally 
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= A x cos <fi + A y sin (j) (1-28) 

Similar calculations show that 

A(0) = ~ A x sin 4> + A y cos cf) (1.29) 
A z {(j)) = A z (1.30) 

Comparing ffl~28l) - fOUj) with eq. flTXTOl . we see that 

3 

A\ = e^Ae-™ = Y,( R *)nAj (1-31) 

3=1 

where R z is the rotation matrix. As shown in eq. (ID. 19[) . we can find the 
result of application of a general rotation {0; 0; 0; 0} to generators A 

A' = e^Ae-W 

= Acoscp + — (A ■ — )(1 — coscp) — A x — sin 



= RfA 

This means that V, J \ and K, are 3-vectorsJll The commutator fll.20p obvi- 
ously means that 7i is a 3-scalar. 



1.2.4 Space inversions 

We will not consider physical consequences of discrete transformations (in- 
version and time reversal) in this book. It is physically impossible to prepare 
an exact mirror image or a time-reversed image of a laboratory, so the rel- 
ativity postulate has nothing to say about such transformations. Indeed, it 
has been proven by experiment that these discrete symmetries are not ex- 
act. Nevertheless, we will find it useful to know how generators behave with 



7 see Appendix ID. 21 
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Figure 1.2: Transformation of generators under space inversion. 

respect to space inversions. Suppose we have a classical system S and its in- 
version image S' (see Fig. 11.21) with respect to the origin 0. The question is: 
how the image 5" will transform if we apply a certain inertial transformation 
to S7 

Apparently, if we shift S by vector x, then S' will be shifted by — x. 
This can be interpreted as the change of sign of the generator of translation 
V under inversion. The same with boost: the inverted image S' acquires 
velocity — v if the original was boosted by v. So, inversion changes the sign 
of the boost generator as well 

iC^-K. (1.32) 

Vectors, such as V and /C, changing their sign after inversion are called 
true vectors. However, the generator of rotation J is not a true vector. 
Indeed, if we rotate S by angle 0, then the image S' is also rotated by 

— » 

the same angle (see fig. 11.21) . So, J does not change the sign after inver- 
sion. Such vectors are called pseudovectors. Similarly we can introduce the 
notions of true scalars/pseudoscalars and true tensors/pseudotensors. It is 
conventional to define their properties in a way opposite to those of true vec- 
tors/pseudovectors. In particular, true scalars and true tensors (of rank 2) do 
not change their sign after inversion. For example, 7i is a true scalar. Pseu- 
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doscalars and pseudotensors (of rank 2) do change their sign after inversion. 



1.3 The Poincare group 

It appears that the Galilei group described above is valid only for observers 
moving with low speeds. In the general case a different multiplication law 
should be used and the group of inertial transformations is, in fact, the 
Poincare group (also known as the inhomogeneous Lorentz group). This is a 
very important lesson of the theory of relativity developed in the beginning 
of the 20th century by Einstein, Lorentz, and Poincare. 

Derivation of the relativistic group of inertial transformations is a diffi- 
cult task, because we lack experience of dealing with fast-moving objects in 
our everyday life. So, we will use some more formal mathematical arguments 
instead. In this section we will find that there is basically a unique way to 
obtain the Lie algebra of the Poincare group by generalizing the commuta- 
tion relations of the Galilei Lie algebra (11.171) - (11.241) . so that they remain 
compatible with some simple physical requirements. 

1.3.1 Lie algebra of the Poincare group 

When we derived commutation relations of the Galilei algebra in the preced- 
ing section, we used some "common sense" ideas about how inertial trans- 
formations may affects parameters (positions, velocities, etc.) of observers. 
We can be confident about the validity of Galilei commutators involving gen- 
erators of space and time translations and rotations, because properties of 
these transformations have been verified in everyday life and in physical ex- 
periments over a wide range of involved parameters (distances, times, and 
angles). The situation with respect to boosts is quite different. Normally, we 
do not experience high speeds in our life, and we lack any physical intuition 
that was so helpful in deriving the Galilei Lie algebra. Therefore the argu- 
ments that lead us to the commutation relations involving boost generators^) 
may be not exact, and these formulas may be just approximations that can 
be tolerated only for low-speed observers. So, we will base our derivation of 
the relativistic group of inertial transformations on the following ideas. 



8 for example, the formula for addition of velocities in eq. (|1.9|) 
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(I) Just as in the non-relativistic world, the set of inertial transformations 
should remain a 10-parameter Lie group. However, commutation rela- 
tions in the exact (Poincare) Lie algebra are expected to be different 
from the Galilei commutators (11.17P - (11.241) . 

(II) The Galilei group does a good job in describing the low-speed trans- 
formations, and the speed of light c is a natural measure of speed. 
Therefore we may guess that the correct commutators should include c 
as a parameter, and they must tend to the Galilei commutators in the 
limit c — > oo@ 

(III) We will assume that only commutators involving boosts may be subject 
to revision. 

(IV) We will further assume that relativistic generators of boosts K, still form 
components of a true vector, so eqs. (11. 19ft and ( 11. 32ft remain valid. 

Summarizing requirements (I) - (IV), we can write the following relativistic 
generalizations of commutators ( 11.221) - ( 11. 24ft 



[K h Kj\ 



T 

1 1 j 



-Vi + Vi 



1.33) 



1.34) 



where %j, U^, and Vij are some yet unknown linear combinations of genera- 
tors. The coefficients of these linear combinations must be selected in such a 
way that all Lie algebra properties (in particular, the Jacobi identity (lE.lOj) ) 
are preserved. Let us try to satisfy these conditions step by step. 

First note that commutator [7Q, Vj] is a 3-tensor. Indeed, using eq. ( 11.3ip 
we obtain the tensor transformation law (ID. 13[) 



e J<t> [JCi,Vj]e 



-J4> 



k=l fe=l 
3 



kl=l 



9 Note that here we do not assume that c is a limiting speed or that the speed of light is 
invariant. These facts will come out as a result of application of our approach in subsection 

EXTJ 
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Since both K, and V change the sign upon inversion, this a true tensor. 
Therefore Uij must be a true tensor as well. This tensor should be constructed 
as a linear function of generators among which we have a true scalar TC, a 
pseudovector J ', and two true vectors V and K. According to our discussion 
in Appendix ID.44 the only way to make a true tensor is by using formulas in 
the first and third rows in table HXT1 Therefore, the most general expression 
for the commutator (I1.33P is 

3 

[Id, Vj] = -mkj + 7 e ^ kJk 

k=l 

where (3 and 7 are yet unspecified real constants. 

Similar arguments suggest that %j is also a true tensor. Due to the 
relationship 



[JCi, Kj] = -[fCj, )Ci] 

this tensor must be antisymmetric with respect to indices i and j. This 
excludes the term proportional to 5^, hence 



[fCi,]Cj] = a e ijk J k 



k=l 



where a is, again, an undefined constant. 

The quantity Vj in eq. (II. 34ft must be a true vector, so, the most general 
form of the commutator (11.341) is 



[Jd,H] = -(l + &)Vi + KJd. 

So, we have reduced the task of generalization of Galilei commutators to 
finding just five real parameters a, (3, 7, k, and a. To do that, let us first use 
the following Jacobi identity 



= [V x ,[JC x ,H}} + [JC x ,[H,V x ]} + [n,[P x ,JC x }} 
= k[P x ,K. x } 
= (3kH 
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which implies 

(3k = (1.35) 



Similarly, 



= [JC x ,[}C y ,V y )) + [JC y ,[V y ,JC x )) + [V y ,[JC x ,]C y )} 

= -P[K xt -H\-l[Kv,J*\+<x\Pv,Jz\ 

= (3(1 + a)V x - (3kK x - + aV x 

= (a + (3 + (3a)V x - ((3k + i)K x 

= (a + (3 + (3a)V x - 7 /C x 



implies 



a = -(3(1 + a) (1.36) 
7 = (1.37) 

The system of equations (I1.35P - (11 .36[) has two possible solutions (in both 
cases a remains undefined) 

(i) If (3 ^ 0, then a = -(3(1 + a) and k = 0. 

(ii) If /3 — 0, then a = and k is arbitrary. 

From the condition (II) we know that parameters a, (3, a, k must depend on 
c and tend to zero as c — > oo 



lim k = lim a = lim a = lim (3 = (1.38) 

c^oo c^oo c— >oo c^oo 

Additional insight into the values of these parameters may be obtained by 
examining their dimensions. To keep the arguments of exponents in (I1.16P 
dimensionless we must assume the following dimensionalities (denoted by 
angle brackets) of the generators 
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< H > = < time > 
<V> = < distance > _1 

< /C > = < speed > _1 

< J > = < angle > _1 = dimensionless 

It then follows that 



</C> 2 , 2 

< a > = — =< speed > 

<J> F 

<K,xV> , _ 2 

< 3 > = =< speed > 

<n> 

< k > = <H >=< time > _1 

< a > = dimensionless 

and we can satisfy condition (I1.38P only by setting k = o = (i.e., the 
choice (i) above) and assuming 3 = —a oc c~ 2 . This approach does not 
specify the coefficient of proportionality between 3 (and —a) and c~ 2 . To be 
in agreement with experimental data we must choose this coefficient equal 
to 1. 



3 = —a 



c 2 



Then the resulting commutators are 



3 



[AM = J2 e ^ kVk ( L39 ) 

k=l 

3 



k=l 

3 



[Ji,K 3 ] = Y^^h (1.41) 



k=\ 



[Ji,H] = (1.42) 
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inn 


= [Vi,H} = 


(1.43) 


[JCi, JCj] 


1 3 

= ^ e 'ijkJk 
k=l 


(1.44) 


[JCi, H] 


= -Pi 


(1.45) 
(1.46) 



This set of commutators is called the Poincare Lie algebra and it differs from 
the Galilei algebra (11.171) - (jl.24p only by small terms on the right hand sides 
of commutators (jl.44p and (11.451) . The general element of the corresponding 
Poincare group has the fori 



e^e^e^e™ (1.47) 

— * — * 

In eq. ( I1.47P we denoted the parameter of boost by c9, where 9 = \9\ is a 
dimensionless quantity called rapidity^ Its relationship to the velocity of 
boost v is 



v(fii) = -ctanhfl 
9 

coshfl = (l-v 2 /c 2 )- 1/2 

In spite of their simplicity, eqs (I1.39P - (I1.46P are among the most important 
equations in physics, and they have such an abundance of experimental con- 
firmations that one cannot doubt their validity. We therefore accept that the 
Poincare group is the true mathematical expression of relationships between 
different inertial laboratories. 

Postulate 1.2 (the Poincare group) Transformations between inertial lab- 
oratories form the Poincare group. 

Even a brief comparison of the Poincare (I1.39P - (I1.46P and Galilei (I1.17P 
- (11.241) commutators reveals a number of important new features in the 

10 Note that here we adhere to the conventional order of basic transformations adopted 
in (|1.6|) ; from right to left: time translations - space translations - boosts - rotations. 

11 The reason for introducing this new quantity is that rapidities of successive boosts in 
one direction are additive, while velocities are not; see eq. (j4.5|) . 
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relativistic theory. For example, due to commutator ( 11.44ft . boosts no longer 
form a subgroup. However, boosts together with rotations do form a 6- 
dimensional subgroup of the Poincare group which is called the Lorentz group. 



1.3.2 Transformations of translation generators under 
boosts 

Poincare commutators allow us to derive transformation properties of gener- 
ators V and TC with respect to boosts. Using Eq. (11.251) and commutators 
(11.451) - (11.461) we find that if V x and TC are generators in the reference frame 
at rest O, then their counterparts V x (9) and TC(9) in the reference frame O' 
moving along the x-axis are 



TC(9) = d c * cB He- KmcB 
V x [9) = e Kxc6 V x e- KxcS 

Taking derivatives of these equations with respect to the parameter 9 



^-TC{9) = ce^ c \K x n-WC x )e~^ ce 



89 



-cV x (9) 



^V x {9) = ce^ c \K, x V x -V x ¥i x )e- K ^ 
o9 

C 

= --H{6) (1.48) 

c 

and taking a derivative of eq. (I1.48P again, we obtain a differential equation 

^W) = -—«(*) = Me) 



with the general solution 
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V x {9) = Acosh9 + Bsinh9 
From the initial conditions we obtain 



A = vm=v* 

1 



-n 

=0 c 



and finally 



VJ6) = P z cosh^ sinh# 

c 



Similar calculation shows that 



H{9) = Hcosh8-cV x swhO 
V y (9) = V y 
V z (6) = V z 



Similar to our discussion of rotations in subsection ID.5t we can find the 
transformation of V and 7i corresponding to a general boost vector 9 in the 
coordinate-independent form. First we decompose V into sum of two vectors 
V = V\\+V±. The vector V\\ = {V ■ |)f is parallel to the direction of the 
boost and vector V± = V — V\\ is perpendicular to the direction of the boost. 
The perpendicular part V± remains unchanged under the boost, while V\\ 

transforms according to exp(/Cc6 l )'P|| exp(— Kco) = V\\ cosh^ — c _1 Wsinh^|. 
Therefore 



f> = e iccefi e -icce = p + ?[(p.?)(cosh0-l)-iwsiiih0] (1.49) 

9 9 c 



U' = e Kc0 He- Kce = Hcosh9-c(V--)smh9 

9 



;i.5o) 
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It is clear from (11.491) and (11.501) that boosts perform linear transformations 
of components cP and 7i. These transformations can be represented in a 
matrix form if four generators (7i, cP) are arranged in a column 4-vectoiP^I 



H' 

cP' y 
cP' 



B{6) 



H 

cV x 

CPy 

cV z 



From eq. fll .49j) and fl 1 . 5 1) we can find the matrix B{9) corresponding to an 
arbitrary boost 9 



B{9) 



cosh. 9 -^sinh0 

-^sinh0 1 + xOl 
-§sinh0 X 0Jy 
-%sinh0 X x 9z 



-f sinh0 

x9x9 y 

X0y9 z 



-Of sinh0 

X0Jz 
X0y0z 

i + xe 2 z 



1.51) 



where we denoted x — (cosh^ — 1)0 2 . In particular, the boosts along x, y, 
and z axes are represented by the following 4x4 matrices 



5(0,0,0) 



5(0,0,0) 



5(0,0,0) 



cosh0 

— sinh 9 cosh 9 



cosh0 







— sinh 9 




-sinh0 



1 

1 

— sinh 9 



cosh 9 

1 



cosh 9 — sinh 9 

10 

1 

— sinh cosh 9 



1.52) 



1.53) 



1.54) 



12 see Appendix ll.il 



Chapter 2 

QUANTUM MECHANICS 



The nature of light is a subject of no material importance to the 
concerns of life or to the practice of the arts, but it is in many 
other respects extremely interesting. 

Thomas Young 



In the preceding chapter we described a world, which was inhabited by 
inertial observers, and all these observers could do was to measure parameters 
of each other. Now we are going to add preparation devices and physical 
systems (see Fig. [T]) to our picture of the world. We will ask what kind of 
information about the physical system can be obtained by the observer, and 
how this information depends on the state of the system? 

Until the end of the 19th century these questions were answered by clas- 
sical mechanics which, basically, said that in each state the physical system 
has a number of observables (e.g, position, momentum, mass, etc) whose 
values can be measured simultaneously, accurately, and reproducibly. These 
deterministic views were fundamental not only for classical mechanics, but 
throughout classical physics. 

A dissatisfaction with the classical theory started to grow at the end of 
the 19th century when this theory was found inapplicable to microscopic 
phenomena, such as the radiation spectrum of heated bodies, the discrete 
spectrum of atoms, and the photo-electric effect. Solutions of these and many 
other problems were found in quantum mechanics whose creation involved 
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joint efforts and passionate debates of such outstanding scientists as Bohr, 
Born, de Broglie, Dirac, Einstein, Fermi, Fock, Heisenberg, Pauli, Planck, 
Schrodinger, Wigner, and many others. The picture of the physical world 
emerged from these efforts was weird, paradoxical, and completely different 
from the familiar classical picture. However, despite this apparent weirdness, 
predictions of quantum mechanics are tested countless times everyday in 
physical and chemical laboratories around the world, and not a single time 
were these "weird" predictions found wrong. This makes quantum mechanics 
the most successful and accurate physical theory of all times. 

2.1 Why do we need quantum mechanics? 

The inadequacy of classical concepts is best seen by analyzing the debate 
between the corpuscular and wave theories of light. Let us demonstrate the 
essence of this centuries-old debate on an example of a thought experiment 
with pinhole camera. 

2.1.1 The corpuscular theory of light 

You probably saw or heard about a simple device called camera obscura or 
pinhole camera. You can easily make this device yourself: Take a light-tight 
box, put a photographic plate inside the box, and make a small hole in the 
center of the side opposite to the photographic plate (see Fig. |2.ip . The light 
passing through the hole inside the box creates a sharp inverted image on the 
photographic plate. You will get even sharper image by decreasing the size 
of the hole, though the brightness of the image will become lower, of course. 
This behavior of light was well known for centuries (a drawing of the camera 
obscura is present in Leonardo da Vinci's papers). One of the earliest scien- 
tific explanations of this and other properties of light (reflection, refraction, 
etc.) was suggested by Newton. In modern language, his corpuscular theory 
would explain the formation of the image like this: 

Corpuscular theory: Light is a flow of tiny particles (photons) 
propagating along classical trajectories (light rays). Each particle 
in the ray carries a certain amount of energy which gets released 
upon impact in a very small volume corresponding to one grain 
of the photographic emulsion and produces a small dot image. 



2. 1 . WHY DO WE NEED Q UANTUM MECHANICS? 



27 



A 



6 



aperture 



X 



c 



9 



A' 



photographic plate 




Figure 2.1: The image in the camera obscura with a pinhole aperture is 
created by straight light rays: the image at point A' on the photographic 
plate is created only by light rays emitted from point A and passed straight 
through the hole. 

When intensity of the source is high, there are so many particles, 
that we cannot distinguish their individual dots. All these dots 
merge into one continuous image and the intensity of the image is 
proportional to the number of particles hitting the photographic 
plate during the exposure time. 

Let us continue our experiment with the pinhole camera and decrease 
the size of the hole even further. The corpuscular theory would insist that 
smaller size of the hole must result in a sharper image. However this is not 
what experiment shows! For a very small hole the image on the photographic 
plate will be blurred. If we further decrease the size of the hole, the detailed 
picture will completely disappear and the image will look like one diffuse 
spot (see Fig. 12.21) . independent on the form and shape of the light source 
outside the camera. It appears as if light rays scatter in all directions when 
they pass through a small aperture or near a small object. This effect of the 
light spreading is called diffraction and was discovered by Grimaldi in the 
middle of the 17th century. 

The diffraction is rather difficult to reconcile with the corpuscular theory. 
For example, we can try to save this theory by assuming that light rays 
deviate from their straight paths due to some interaction with the material 
surrounding the hole. However this is not a satisfactory explanation. The 
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Figure 2.2: (a) Image in the pinhole camera with a very small aperture; (b) 
the density of the image along the line AB 



most striking evidence of the fallacy of the naive corpuscular theory is the 
effect of light interference discovered by Young in 1802 [25]. To observe the 
interference we can slightly modify our pinhole camera by making two small 
holes close to each other, so that their diffraction spots on the photographic 
plate overlap. We already know that when we leave the left hole open and 
close the right hole we get a diffuse spot L (see Fig. 12.3( a)). When we leave 
open the right hole and close the left hole we get another spot R. Let us try 
to predict what kind of image we will get if we open both holes. 

Following the corpuscular theory and simple logic we might conclude 
that particles reaching the photographic plate are of two sorts: those passed 
through the left hole and those passed through the right hole. When the two 
holes are opened at the same time, the density of the "left hole" particles 
should add to the density of the "right hole" particles and the resulting image 
should be a superposition L+R of the two images (full line in Fig. 12.3( a)). 
Right? Wrong! This "reasonable" explanation disagrees with experiment. 
The actual image has new features (brighter and darker regions) called the 
interference picture (full line in Fig. 12.3( b)). 

Can the corpuscular theory explain the interference picture? We could 
assume, for example, that some kind of interaction between light corpuscles 
is responsible for the interference. However, this idea must be rejected. For 
example, in an interference experiment conducted by Taylor in 1909 [26J, the 
intensity of light was so low that no more than one photon was present at any 
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Figure 2.3: (a) The density of the image in a two-hole camera according 
to naive corpuscular theory is a superposition of images created by the left 
(L) and right (R) holes; (b) Actual interference picture: In some places the 
density of the image is higher than L+R (constructive interference); in other 
places the density is lower than L+R (destructive interference). 

time instant, so that any photon-photon interaction was impossible. Another 
"explanation" that the photon somehow splits and passes through both holes 
and then rejoins again at the point of collision with the photographic plate 
does not stand criticism as well: One photon never creates two dots on the 
photographic plate, so it is unlikely that it can split during propagation. Can 
we assume that the particle passing through the right hole somehow "knows" 
whether the left hole is open or closed and adjusts its trajectory accordingly? 
Of course, there is some difference of force acting on the photon near the left 
hole depending on whether the right hole is open or not. However by all 
estimates this difference is negligibly small. 

2.1.2 The wave theory of light 

The inability to explain such basic effects of light propagation as diffraction 
and interference was a major embarrassment for the Newtonian corpuscular 
theory. These effects as well as all other properties of light known before 
quantum era (reflection, refraction, polarization, etc.) were brilliantly ex- 
plained by the wave theory of light advanced by Grimaldi, Huygens, Young, 
Fresnel, and others. The wave theory gradually substituted the corpuscular 
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theory in the 19th century. It found its strongest support from Maxwell's 
electromagnetic theory which unified optics with electric and magnetic phe- 
nomena. This theory explained that the light wave is actually an oscillating 
field of electric E(x, t) and magnetic B(x, t) vectors - a sinusoidal wave prop- 
agating with the speed of light. According to the Maxwell's theory, the energy 
of the wave, and consequently the intensity of light I, is proportional to the 
square of the amplitude of the field vector oscillations, e.g., / oc E 2 . Then 
the wave theory would explain the formation of the photographic image as 
follows: 



Wave theory: Light is a continuous wave or field propagat- 
ing in space in an undulatory fashion. When the light wave 
meets molecules of the photo-emulsion, the charged parts of the 
molecules start to vibrate under the influence of the light's elec- 
tric and magnetic field vectors. The places with higher ampli- 
tudes of the fields, and consequently higher vibration amplitudes 
of molecules, will have the denser image. 



The diffraction and interference are quite naturally explained by the wave 
theory. Diffraction simply means that the light waves can deviate from the 
straight path and go around corners, just like sound waves doQ To explain 
the interference, we just need to note that when two portions of the wave 
that passed through different holes meet each other on the photographic 
plate, their electric vectors add up. However the intensity of the combined 
wave is not necessarily equal to the sum of intensities of the waves: / oc 
(Ei + E 2 ) 2 = E 2 + 2Ei • E 2 + E 2 , ^ E 2 + E 2 , oc h + J 2 . It follows from 
simple geometric considerations that in the two-hole configuration there are 
places on the photographic plate where the two waves always come in phase 
(Ei(£) tt E 2 (t) and Ei • E 2 > 0, which means constructive interference), and 
there are other places where the two waves always come in opposite phase 
(Ei(i) tl E 2 (t) and E x • E 2 < 0, i.e., destructive interference). 



lr The wave corresponding to the visible light has a very small wavelength between 0.4 
micron for the violet light and 0.7 micron for the red light, so for large obstacles or holes, 
the deviations from the straight path are very small, and the corpuscular theory of light 
works fine. 
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2.1.3 Low intensity light and other experiments 

In the 19th century physics, the wave-particle debate was decided in favor 
of the wave theory. However, further experimental evidence showed that 
the victory was declared prematurely To see what goes wrong with the 
wave theory, let us continue our thought experiment with the interference 
picture created by two holes, and gradually tune down the intensity of the 
light emitted by the source. At first, nothing interesting will happen: we 
will see that the density of the image predictably decreases. However, after 
some point we will recognize that the image is not uniform and continuous 
as before. It consists of small bright dots as if some grains of photo-emulsion 
were exposed to light and some not. This observation is very difficult to 
reconcile with the wave theory. How a continuous wave can produce this 
dotty image? However this is exactly what the corpuscular theory would 
predict. Apparently the dots are created by particles hitting the photographic 
plate one at a time. 

A number of other effects were discovered at the end of the 19th century 
and in the beginning of the 20th century which could not be explained by 
the wave theory of light. One of them was the photo-electric effect: It was 
observed that when the light is shined on a piece of metal, electrons can 
escape from the metal into the vacuum. This observation was not surpris- 
ing by itself. However it was rather puzzling how the number of emitted 
electrons depended on the frequency and intensity of the incident light. It 
was found that only light waves with the frequency above some threshold Uq 
were capable of knocking out the electrons from the metal. Radiation with 
frequency below ujq could not produce the electron emission even if a high 
intensity light was used. According to the wave theory "explanation" above, 
we may assume that the electrons are knocked out of the metal due to some 
kind of force exerted on them by the wave. The larger wave amplitude (= 
larger light intensity) naturally means the larger force and the larger chance 
of the electron emission. Then why the low frequency but high intensity light 
could not do the job? 

In 1905 Einstein explained the photo-electric effect by bringing back New- 
tonian corpuscles in the form of "light quanta" later called photons. He de- 
scribed the light as "consisting of finite number of energy quanta which are 
localized at points in space, which move without dividing, and which can only 
be produced and absorbed as complete units" [27] . According to the Einstein's 



32 



CHAPTER 2. QUANTUM MECHANICS 



explanation, each photon carries the energy of Hu>, where u is the frequency^ 
of the light wave and h is the Planck constant. Each photon has a chance to 
collide with and pass its energy to just one electron in the metal. Only high 
energy photons (those corresponding to high frequency light) are capable of 
passing enough energy to the electron to overcome certain energy barrier 
between the metal and the vacuum. No matter what is the amplitude (= the 
number of photons) in the low- frequency (= low energy) light, the photons 
of such light are just too "weak" to kick the electrons with sufficient energyjf] 
In the Compton's experiment (1923) the interaction of light with electrons 
could be studied with much greater detail. And indeed, this interaction more 
resembled a collision of two particles rather than shaking of the electron by 
a periodic electromagnetic wave. 

These observations clearly lead to the conclusion that the light is a flow 
of particles after all. But what about the interference? We already agreed 
that the corpuscular theory had no logical explanation of this effect. So, 
young quantum theory had an almost impossible task to reconcile two ap- 
parently contradicting classes of experiments with light: Some experiments 
(diffraction, interference) were easily explained with the wave theory while 
the corpuscular theory had serious difficulties. Other experiments (photo- 
electric effect, Compton scattering) could not be explained from the wave 
properties and clearly showed that light consists of particles. Just adding to 
the confusion, de Broglie in 1924 advanced a hypothesis that such particle- 
wave duality is not specific to photons. He proposed that all particles of 
matter - like electrons - have wave-like properties. This "crazy" idea was 
soon confirmed by Davisson and Germer who observed the diffraction and 
interference of electron beams in 1927. 

Certainly, in the first quarter of the 20th century, physics faced the great- 
est challenge in its history. This is how Heisenberg described the situation: 



/ remember discussions with Bohr which went through many hours 
till very late at night and ended almost in despair; and when at 
the end of the discussion I went alone for a walk in the neighbor- 
ing park I repeated to myself again and again the question: Can 

2 ui is the so-called circular frequency (measured in radians per second) which is related 
to the usual frequency v (measured in oscillations per second) by the formula uj = 2ttv. 

3 Actually, the low-frequency light may lead to the electron emission when two or more 
low-energy photons collide simultaneously with the same electron, but such events have 
very low probability and become observable only at very high light intensities. 
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nature possibly be as absurd as it seemed to us in those atomic 
experiments? W. Heisenberg [28] 

2.2 Physical foundations of quantum mechan- 
ics 

In this section we will formulate two basic postulates which make the foun- 
dation of quantum mechanics, and explain the main difference between clas- 
sical and quantum views of the world. To understand quantum mechanics, 
we must accept that certain concepts which were taken for granted in clas- 
sical physics can not be applied to micro-objects like photons and electrons. 
To see what is different, we must revisit basic ideas about what is physical 
system, how its states are prepared, and how its observables are measured. 

2.2.1 Ensembles and experiments 

In our discussion of the experimental setup in Introduction, we considered 
just one act of preparation and measurement. However, releasing one pho- 
ton will not make a photograph and firing just one bullet is not the way to 
perform a shooting exercise. Every experimental study requires repetition of 
the preparation-measurement cycle. In classical physics, multiple measure- 
ments are desirable, e.g., to determine the statistical distribution of results 
and estimate experimental errors. However, as we will see later, quantum 
physics is an inherently probabilistic approach, and it requires accumulation 
of statistics as a necessary part of each experiment. We will call experiment 
the preparation of an ensemble (= a set of identical copies of the system 
prepared in the same conditions) and performing measurements of the same 
observable in each member of the ensembleQ 

Suppose we had N inertial laboratories in which we prepared an ensem- 
ble of N identical copies of the system and measured the same observable N 

4 It is worth noting here that in this book we are not considering repeated measurements 
performed on the same copy of the physical system. We will work under assumption that 
after the measurement has been performed, the used copy of the system is discarded. Each 
measurement requires a fresh copy of the physical system. This means, in particular, that 
we are not interested in the state to which the system may have "collapsed" after the 
measurement. The description of repetitive measurements is an interesting subject, but it 
is beyond the scope of this book. 
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times. We cannot say a priori that all these measurements will always pro- 
duce the same results. However, it seems reasonable to assume the existence 
of ensembles in which measurements of one observable can be repeated with 
the same result infinite number of times. Indeed, there is no point to talk 
about an observable, if there are no ensembles in which it can be prepared 
and observed with certainty. 

Postulate 2.1 (the reproducibility of measurements in some ensembles) 

For any observable F and any value f from its spectrum, we can always pre- 
pare an ensemble in such a state that measurements of this observable are 
reproducible, i.e., always yield the value f. 

The postulates IU.1I (unlimited precision of measurements) and 12.11 are 
valid in both classical and quantum mechanics. However, we are interested 
in finding situations where these two disciplines are different. It appears 
that the fundamental difference is in two additional assertions of classical 
mechanics: simultaneous measurability and determinism. These assertions 
look innocent for familiar objects in the macroscopic domain, but they are 
no longer valid in the micro-worldEI They will be discussed in the next 
subsection. 

2.2.2 Measurements in classical mechanics 

The first additional statement of classical mechanics enhances the postulate 
10.11 about the unlimited precision of measurements and asserts that we can 
accurately measure several observables simultaneously. 

Assertion 2.2 (simultaneous measurability) It is possible, in principle, 
to measure simultaneously any combination of observables with any prescribed 
precision. 

In classical mechanics this assertion is so obvious that it is rarely mentioned 
at all, though it lies in the basis of the entire mathematical formalism of the 
theory. Consider for example a bullet fired from a riffle. If we disregard the 

5 Actually, it is fair to say that they are equally wrong in the macro-world as well. 
Simply the deviations from classical behavior are rather small and not easy to observe 
in macro-systems on the background of relatively large experimental errors, e.g., due to 
non-zero temperature. 
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spinning motion and the orientation of the bullet in space, then there are six 
parameters describing the state of the bullet: its position r and momentum 
p. According to Assertion I2.2[ these observables can be measured accurately 
and simultaneously. Therefore an instantaneous state of the bullet can be 
described as a point {r, p} in a 6-dimensional phase space, and the time 
development of this state can be described by a trajectory, {r(t), p(£)}. 

Assertion I2.2l refers to an individual preparation-measurement act. What 
can we say about many measurements in the ensemble? We already men- 
tioned that often results of measurements performed in the ensemble are not 
reproducible, even if each individual measurement can be infinitely precise. 
For example, even if we do our best in taking the aim, still different bullets 
fired from the riffle will hit different places on the target with different mo- 
menta. Each bullet has its own trajectory in the phase space. Then we will 
say that the ensemble of bullets is in a mixed state described by a probability 
distribution or probability density p(r, p) on the phase space. 

In classical physics, these probabilities, are not a cause of concern, be- 
cause we believe that the uncertainties simply result from our insufficient 
control over the preparation of the states of the bullets. We believe that 
with certain efforts we can always control the alignment of the riffle's barrel, 
the amount of powder in the cartridge, wind, etc., so that each shot will hit 
exactly the same place on the target with the same momentum. This means 
that the ensemble can be prepared in a state (which will be called a pure 
classical state) whose probability density is squeezed into a delta-function 
Po( r ,p) — <K r ~~ r o)<Kp — Po)> an d all bullets in the ensemble will follow 
the same trajectory. This belief in orderly definiteness and predictability 
of physical events is captured in the second additional postulate of classical 
mechanics, which is a stronger version of the Postulate 12.11 

Assertion 2.3 (determinism) We can always prepare an ensemble in a 
classical pure state in which measurements of all observables are reproducible. 



Classical mechanics is a theory based on two Assertions 12.21 and 12.31 This 
is a fully deterministic theory in which one can, in principle, obtain a full 
information about the system at any given time and knowing the rules of 
dynamics predict exactly its development in the future. This belief was best 
expressed by Laplace: 
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An intelligence that would know at a certain moment all the forces 
existing in nature and the situations of the bodies that compose 
nature, and if it would be powerful enough to analyze all these 
data, would be able to grasp in one formula the movements of the 
biggest bodies of the Universe as well as of the lightest atom. P.-S. 
Laplace 

2.2.3 The quantum case 

Quantum mechanics can be denned as a theory which respects two Postu- 
lates 10.11 (the unlimited precision of individual measurements) and 12.11 (the 
reproducibility of some measurements in an ensemble), but does not assume 
the validity of classical Assertions 12.21 (the simultaneous measurability of ob- 
servables) and 12.31 (the determinism). The idea that 12.21 may be invalid, and 
for some pairs of observables accurate simultaneous measurements could be 
impossible was first advanced by Heisenberg. In particular, he discussed the 
impossibility of an accurate measurement of both position and momentum 
of a micro-particle with a powerful microscope. He put forward the following 
arguments. In order to determine the position of the particle we must register 
at least one photon scattered by it. Then the accuracy of the measurement 
cannot be better than the wavelength of the used light. The measurements of 
momentum are not perfect either, because collisions with photons would defi- 
nitely disturb the particle and alter its momentum (e.g., due to the Compton 
effect). If we want to get more accurate results for the position we must use 
the light with a shorter wavelength whose photons are more energetic, and 
therefore perturb the particle's momentum even stronger. So, better accu- 
racy for the position means worse accuracy for the momentum and vice versa. 
It is impossible to obtain accurate values of both position and momentum in 
one measurement. Such pairs of observables are called incompatible. 

This discussion suggests that we must reject Assertion 12.21 in our con- 
struction of quantum theory and that 

Statement 2.4 (incompatibility of observables) There is an accuracy 
limit with which certain pairs of incompatible observables can be measured 
simultaneously. 

This is the first major point where quantum mechanics deviates from classical 
mechanics. 
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If we reject the simultaneous measurability of all observables, how can we 
be sure that the system really has definite values of all these observables? 
In classical mechanics, we may still rely on Assertion 12.31 which allows us to 
know simultaneous values of all observables in each individual system even 
if the simultaneous measurements were not performed. To achieve that, we 
can prepare an ensemble of identical particles in a pure classical state and 
for each copy perform a measurement of any one observable from the set. 
E.g., one time we measure position and next time we measure momentum, 
etc. This is a kind of cheating because, in fact, we do not measure different 
observables simultaneously, but since the ensemble is pure we can be sure that 
all measurements of any given observable will yield exactly the same answer 
each time, which in turn strongly suggests that each individual system in the 
ensemble has definite values of all observables. 

A striking fact about nature is that she does not allow such a cheating! 
It appears that, strictly speaking, classical pure ensembles do not exist. In 
the experiment described above, at least one observable will not show the 
same value in repeated measurements. So, Assertion 12.31 must be rejected. 
Then the second major statement which distinguishes quantum mechanics 
from classical mechanics follows: 

Statement 2.5 (indeterminism) It is impossible to prepare ensemble in 
which measurements of all observables are exactly reproducible. 

Quantum mechanics says that with certain efforts we can prepare an ensemble 
in such a state that measurements of the position would yield the same result 
each time, but then results for the momentum would be different all the time. 
We can also prepare (another) ensemble in a state with certain momentum, 
then the position will be all over the place. We cannot prepare an ensemble 
in which the uncertainties of both position Ar and momentum Ap are zeroJ§ 

2.3 The lattice of propositions 

Having described the two fundamental statements of quantum mechanics in 
the preceding section, we now need to turn these statements into working 
mathematical formalism. This is the goal of the present section and next 
two sections. 



6 see discussion of the Heisenberg uncertainty relation in subsection 15.3.21 
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Physical theory is a set of statements about physical systems and their 
properties. The language in which these statements are formulated and an- 
alyzed is provided by logic. The rules of classical logic were formulated long 
ago, and they express relationships characteristic to macroscopic classical ob- 
jects. In the preceding section we found that microscopic objects have rather 
strange properties which do not have counterparts in the macroscopic world. 
Can we still apply classical logical relationships when formulating statements 
about such quantum systems? The answer is 'no'. The lack of simultaneous 
measurability and the indeterminism are such significant deviations from the 
familiar classical behavior that the rules of logics should be modified when 
dealing with microscopic objects. 

The initial idea that the fundamental difference between classical and 
quantum mechanics lies in their logical structures belongs to Birkhoff and von 
Neumann. They suggested to substitute classical logic of Aristotle and Boole 
by the quantum logic. The formalism presented in this section summarizes 
their seminal work [29J as well as further research most notably by Mackey 
[3"0] and Piron [2H E2] • Even for those who do not accept the necessity of 
such radical change in our views on logic, the study of quantum logic may 
provide a desirable bridge between intuitive concepts of classical mechanics 
and abstract formalism of quantum theory. 

In introductory quantum physics classes (especially in the United 
States), students are informed ex cathedra that the state of a 
physical system is represented by a complex-valued wave function 
if), that observables correspond to self-adjoint operators, that the 
temporal evolution of the system is governed by a Schrddinger 
equation, and so on. Students are expected to accept all this un- 
critically, as their professors probably did before them. Any ques- 
tion of why is dismissed with an appeal to authority and an injunc- 
tion to wait and see how well it all works. Those students whose 
curiosity precludes blind compliance with the gospel according to 
Dirac and von Neumann are told that they have no feeling for 
physics and that they would be better off studying mathematics or 
philosophy. A happy alternative to teaching by dogma is provided 
by basic quantum logic, which furnishes a sound and intellectually 
satisfying background for the introduction of the standard notions 
of elementary quantum mechanics. D. J. Foulis [33] 

The main purpose of our sections 12.31 - 12.51 is to demonstrate that pos- 
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tulates of quantum mechanics are robust and inevitable consequences of the 
laws of probability, and simple properties of measurements. Basic axioms of 
quantum logic which are common for both classical and quantum mechanics 
are presented in section 12. 3[ The close connection between the classical logic 
and the phase space formalism of classical mechanics is discussed in section 
12.41 In section 12.51 we will note a remarkable fact that the only difference be- 
tween classical and quantum logics (and, thus, between classical and quantum 
physics in general) is in a single obscure distributivity postulate. This classi- 
cal postulate must be replaced by the orthomodularity postulate of quantum 
theory. We will also demonstrate how postulates of quantum logic lead (via 
Piron's theorem) directly to the standard formalism of quantum mechanics 
with Hilbert spaces, Hermitian operators, wave functions, etc. 

2.3.1 Propositions and states 

The key elements of logic (either classical or quantum) are special observ- 
ables called propositions. A proposition a; is a statement about the physical 
system which can be either true or false. So, propositions can be also defined 
as observables3 whose spectrum consists of just two points: 1 (if x is true) 
and (if x is false). As an example, we can consider propositions x about 
one observable F. These propositions are of the form "the value of observ- 
able F is inside the interval X of the real line M."H When a measurement of 
the observable F is performed, the proposition x may be found either true 
(if the value of F was found inside the subset X) or false (otherwise). We 
can imagine the apparatus measuring F as a mechanism (whose exact con- 
struction is of no relevance to us) connected to an arrow. The measurement 
results in the arrow pointing to a certain spot on the dial. According to the 
Postulate 10.11 a single measurement of one observable F can be done with 
arbitrary precision, so for any interval X on the dial we can say with absolute 
certainty whether the arrow pointed inside this interval (the proposition x 
was true) or not (the proposition x was false). Therefore, there is no uncer- 
tainty associated with a single measurement of any proposition about one 
observable. 

As we will see later, there exist sets of observables F\, F%, . . . , F n which 
are simultaneously measurable with arbitrary precision. For such sets of 

7 Propositions are sometimes called "yes-no experiments" . 

intervals X are not necessarily limited to contiguous intervals in R. All results remain 
valid for more complex subsets of R, such as unions of any number of disjoint intervals. 
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observables one can define propositions corresponding to subsets in the (n- 
dimensional) common spectrum of these observables. For example, the propo- 
sition "particle's position is inside volume V"'@ can be realized using a Geiger 
counter occupying the volume V. The counter clicks (the proposition is true) 
when the particle passes through the counter's chamber and does not click 
(the proposition is false) when the particle is outside of V. 

The above discussion refers to the single measurement performed on one 
copy of the physical system. Let us now prepare multiple copies (an en- 
semble) of the system and perform the same measurement on all of them. 
According to Statement 12.51 there is no guarantee that the results of all these 
measurements will be the same. So, for some members in the ensemble the 
proposition x will be found 'true', while for other members it will be 'false', 
even if every effort is made to ensure that the state of the system is the same 
in all cases. For this reason, it is not useful to introduce the notion of the 
"state of the system" in quantum mechanics. It makes more sense to talk 
about the "state of the ensemble of identically prepared system" . For brevity 
and keeping with tradition, we will still say "state of the system" when, in 
fact, we will always have in mind the "state of the ensemble" . 

In what follows we will denote the set of all propositions about the phys- 
ical system (also called the propositional system) by C and the set of all 
possible states of the system by $. Our goal in this chapter is to study the 
mathematical relationships between elements x G C and <p G $ in these two 
sets. 

Using results of measurements as described above, we can introduce a 
function (<f>\x) called the probability measure which assigns to each state <fi 
and to each proposition x the probability of x to be true in the state <fi. The 
value of this function (a real number between and 1) is obtained by the 
following recipe: 

(i) prepare a copy of the system in the state 0; 

(ii) determine whether x is true or false; 

(iii) repeat steps (i) and (ii) N times, then 



9 This is a proposition about simultaneous measurement of three observables - the x,y, 
and z components of position. 
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where M is the number of times when the proposition x was found to be 
true. 

Two states <j) and ip of the same system are said to be equal (cf> = tp) if 
for any proposition x we have 



Indeed, there is no physical difference between these two states as all experi- 
ments yield the same results (probabilities). For the same reason we will say 
that two propositions x and y are identical (x = y) if for all states <fi of the 
system 



It follows from the above discussion that the probability measure (<f>\x) con- 
sidered as a function on the set of all states $ is a unique representative of 
proposition x (different propositions have different representatives). So, we 
can gain some insight into the properties of different propositions by studying 
properties of corresponding probability measures. 

There are propositions which are always true independent on the state 
of the system. For example, the proposition "the value of the observable F\ 
is somewhere on the real line" is always true0 For any other observable 
F2, the proposition "the value of the observable F2 is somewhere on the real 
line" is also true for all states. Therefore, according to (I2.ip . we will say that 
these two propositions are identical. So, we can define a unique maximum 
proposition I G £ which is always true. Inversely, the proposition "the value 
of observable belongs to the empty set of the real line" is always false and will 
be called the minimum proposition. There is just one minimum proposition 
in the set C, and for each state we can write 



(<f>\x) = (ip\x) 




(2.1) 



1 



(2.2) 
(2.3) 








10 Measurements of observables always yield some value, since we agreed in Introduction 
that an ideal measuring apparatus never misfires. 
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2.3.2 Partial ordering 

Suppose that we found two propositions x and y, such that their measures 
satisfy (4>\x) < (<f>\y) everywhere on the set of states Then we will say that 
proposition x is less than or equal to proposition y and denote this relation 
by x < y. If x and y are propositions about the same observable, then x < y 
when the subset X is inside the subset Y, i.e., X C Y. In this case, the 
relation x < y is associated with logical implication, i.e., if x is true then y 
is definitely true as well; x IMPLIES y. 

If x < y and x ^ y we will say that x is /ess t/ian 7/ and denote it by x < y. 
Example: x = "This is a butterfly", y = "This is an insect". Obviously, 
x implies y, and the set of objects for which x is true is less than the set of 
objects for which y is true. 

The relation < has three obvious properties. 

Lemma 2.6 (reflectivity) x < x. 

Proof. Since for any it is true that (<p\x) < {<p\x), then each proposition 
x is less than or equal to itself. ■ 

Lemma 2.7 (symmetry) If x < y and y < x then x = y. 

Proof. If two propositions x and y are less than or equal to each other, then 
(4>\x) < (4>\y) and (4>\y) < (<f>\x) for each state <fi which implies {(f>\x) = (4>\y) 
and, according to (12.11) . x = y. m 

Lemma 2.8 (transitivity) If x < y and y < z, then x < z. 

Proof. If x < y and y < z, then ((p\x) < ((fi\y) < {<j>\z) for every state 0, 
and consequently ((f)\x) < (4>\z) m 

Properties 12.61 12.71 and 12.81 tell us that < is a partial ordering relation. 
It is ordering because it tells which proposition is "smaller" and which is 
"larger". It is partial, because it doesn't apply to all pairs of propositions. 
There could be propositions x and y, such that for some states (4>\x) > (4>\y), 
while for other states (4>\x) < (<p\y). Thus, the set C of all propositions is a 
partially ordered set. From eqs. (12. 2p and (12. 3p we also conclude that 

Lemma 2.9 (definition of X) x < I for any 

Lemma 2.10 (definition of 0) < x for any x £ C. 
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2.3.3 Meet 



For two propositions x and y, suppose that we found a third proposition z 



There could be more than one proposition satisfying these properties. We 
will assume that we can always find one maximum proposition z in this set 
which will be called a meet of x and y and denoted by x A y. Example: x 
= "This is a butterfly" , y = "This is red" , x A y = "This is a red butterfly" . 

The existence of a unique meet is obvious in the case when x and y are 
propositions about the same observable and correspond to two subsets of the 
real line R: X and Y, respectively. Then the meet z = x A y is a proposition 
corresponding to the intersection of these two subsets Z = X n In this 
one-dimensional case the operation meet can be identified with the logical 
operation AND: proposition x A y is true only when both x AND y are true. 

The above definition of meet can be formalized as 

Postulate 2.11 (definition of A) x Ay < x and x Ay < y. 

Postulate 2.12 (definition of A) If z < x and z < y then z < x Ay. 

One can easily show that the order in which meet operations are performed 
is not relevant 

Lemma 2.13 (commutativity of A) x Ay = y Ax. 
Lemma 2.14 (associativity of A) (x A y) A z = x A (y A z). 



such that 



z < y 



Z < X 



(2.4) 
(2.5) 



11 If X and Y do not intersect, then z = 0. 



44 



CHAPTER 2. QUANTUM MECHANICS 



2.3.4 Join 

Quite similarly, we assume that for any two propositions x and y there always 
exists a unique join x V y, such that both x and y are less or equal than 
x\/y, and x\/y is the minimum proposition with such a property Example: 
x = "This is an Asian elephant" , y = "This is an African elephant" , x V y — 
"This is an elephant" . 

In the case of propositions about the same observable, the join of x and 
y is a proposition z = x\J y whose subset of the real line is a union of the 
subsets corresponding to x and y: Z = X U Y . The proposition z is true 
when either x OR y is true. So, the join can be identified with the logical 
operation 

The formal version of the above definition of join is 

Postulate 2.15 (definition ofV) x < x\/ y and y < x V y. 

Postulate 2.16 (definition of V ) If x < z and y < z then x\l y < z. 

Similar to Lemmas 12.131 and 12. 141 we see that the order of join operations 
is irrelevant 

Lemma 2.17 (commutativity of V) x V y = y V x. 

Lemma 2.18 (associativity of V) (x V y) V z = x V (y V z). 

The properties of propositions listed so far (partial ordering, meet, and 
join) mean that the set of propositions C is what mathematicians call a 
complete lattice. 

2.3.5 Orthocomplement 

There is one more operation on the set of propositions that we need to 
consider. This operation is called orthocomplement. For any proposition 
x its orthocomplement is denoted by x L . In the case of propositions about 
one observable, the orthocomplement has the meaning of the logical negation 
(operation NOT). If proposition x corresponds to the subset X of the real 

12 It is important to note that in quantum logic from xVj being true it does not 
necessarily follow that either x or y are true. The differences between quantum and 
classical logics are discussed in subsection 12.5.21 
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line, then its orthocomplement x corresponds to the relative complement of 
X with respect to R (denoted by R \ X) . When the value of observable F is 
found inside X, i.e., the value of x is 1, we immediately know that the value 
of x x is zero. Inversely, if x is false then x L is necessarily true. Example: 
x = "This is big" , x x = "This is small" . 

More formally, the orthocomplement x x is defined as a proposition whose 
probability measure for each state is 



(cf>\x x ) = 1 - (4>\x) (2.6) 
Lemma 2.19 (non-contradiction) x Ax 1 - = 0. 

Proof. Let us prove this Lemma in the case when a; is a proposition about 
one observable F. Suppose that x Ax 1 - = y ^ 0, then, according to Postulate 
12.11 there exists a state such that (<fi\y) = 1, and, from Postulate 12. 11^ 



y < x 
y < x L 

1 = < (0k) 

! = (<%) < (01^) 

It then follows that (0|x) = 1 and (01a;- 1 -) = 1, which means that any mea- 
surement of the observable F in the state will result in a value inside both 
X and R \ X simultaneously, which is impossible. This contradiction should 
convince us that x A x L = 0. ■ 

Lemma 2.20 (double negation) (x- 1 ) 1 - = x. 

Proof. From eq. (12. 6p we can write for any state 



m^r) = i-(0K) 
= i-(i -(#*)) 

= (0k). 
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Lemma 2.21 (contraposition) If x < y then y L < x x . 

Proof. If x < y then (4>\x) < (<f)\y) and (1 — (4>\x)) > (1 — (<f)\y)) for all states 
cf). But according to our definition (12. 6p . the two sides of this inequality are 
probability measures for propositions x 1 - and y^~, which proves the Lemma. 
■ 

Propositions x and y are said to be disjoint if x < y L or, equivalently, 
y < x L . Example: x = "This is a planet" and y = "This is a butterfly" are 
disjoint propositions. 

When x and y are disjoint propositions about the same observable, their 
corresponding subsets do not intersect: X fl Y = 0. For such mutually 
exclusive propositions the probability of either x OR y being true (i.e., the 
probability corresponding to the proposition x\/y) is the sum of probabilities 
for x and y. It seems natural to generalize this property to all pairs of disjoint 
propositions 

Postulate 2.22 (probabilities for mutually exclusive propositions) // 

x and y are disjoint, then for any state </> 

(#eVj/) = (<p\x) + (<%) 

The following Lemma establishes that either proposition x or its orthocom- 
plement x x is definitely true. 

Lemma 2.23 (non-contradiction) iVi 1 = X. 

Proof. From Lemmas 12.61 and 12.201 it follows that x < x = (ar 1 ) -1 and that 
propositions x and x 1 - are disjoint. Then, by Postulate 12.221 for any state 
we obtain 

[<f>\x V x x ) = (<f)\x) + (0|x x ) = (<f)\x) + (1 - (0|x)) = 1 

which proves the Lemma. ■ 

Adding the orthocomplement to the properties of the propositional sys- 
tem (complete lattice) C, we obtain that L is an orthocomplemented lattice. 
Axioms of orthocomplemented lattices are collected in the upper part of Ta- 
ble |2J] for easy reference. 
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Table 2.1: Axioms of quantum logic 



Property 




Postulate/Lemma 




Axioms of 


orthocomplemented lattices 


Reflectivity 


1231 


X < X 


Symmetry 




x < y & y < x =>- x = y 


Transitivity 




x < y Sz y < z =^> x < z 


Definition of X and 




x < 1 




12.101 


dl<x 


Definition of A and V 


|2.11| 


x Ay < x 




|2.15| 


x < x V y 


Definition of A and V 


|2.12| 


z<xSzz<y^-z<xAy 




|2.16| 


x<zhy<z^-x\Jy<z 


Commutativity 


|2.13| 


x V y = ?/ V x 




12.171 


x A y = y A x 


Associativity 


12.141 


(xV y)\/ z = x V V z) 




|2.18| 


(x A y) A z = x A (y A z) 


Non-contradiction 


|2.19| 


x A x 1 - = 




|2.23| 


x V x L = X 


Double negation 


|2.2()| 


(x -1 )" 1 " = X 


Contraposition 


|2.21| 


x < y ^ y x < x 1 - 


Atomicity 


12.241 


existence of logical atoms 




Additional assertions of classical logic 


Distributivity 


|2.28| 


x V (y A z) = (x V y) A (x V z) 




12.291 


x A (y V z) = (x A ?/) V (x A z) 




Additional postulate of quantum logic 


Orthomodularity 


12.391 


x < y =>■ x <-> y 
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2.3.6 Atomic propositions 

One says that proposition y covers proposition x if the following two state- 
ments are true: 

1) x < y 

2) If x < z < y, then either z = x or z = y 

This means that there are no propositions "intermediate" between x and y. 
Example: x = "This is 10 dollars", y = "This is 10 dollars and 1 cent" 

If a; is a proposition about single observable corresponding to the interval 
ICR, then the interval corresponding to the covering proposition y can be 
obtained by adding just one extra point to the interval X. 

A proposition covering is called an atomic proposition or simply an 
atom. So, atoms are smallest non-vanishing propositions. They unambigu- 
ously specify properties of the system in the most exact way. Example: x 
= "This is black spider named Albert sitting in the south-west corner of my 
room." 

We will say that the atom p is contained in the proposition x if p < x 
and assume the following 

Postulate 2.24 (atomicity) The propositional system C is an atomic lat- 
tice. This means that 

1. If x ^ ; then there exists at least one atom p contained in x. 

2. Each proposition x is a join of all atoms contained in it: 

x = \/ P < x p 

3. If p is an atom and p A x = 0, then p V x covers x. 

There are three simple Lemmas that follow directly from this Postulate. 

Lemma 2.25 If p is an atom and x is any non-zero proposition then either 
p Ax = or p A x = p. 

Proof. We know that < p A x < p and that p covers 0. Then, according 
to the definition of covering, either pAx = $orpAx = p. m 
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Lemma 2.26 x < y if and only if all atoms contained in x are contained in 
y as well. 

Proof. If x < y then for each atom p contained in x we have p < x < y and 
P < V by the transitivity property 12.81 To prove the inverse statement we 
notice that if we assume that all atoms in x are also contained in y then by 
Postulate KM 2) 



y = V p < y p 

= (Vp<xP) V (Vp^xP) 

= x V {Vp^xP) 

> X 



Lemma 2.27 The meet xAy of two propositions x and y is a union of atoms 
contained in both x and y. 

Proof. If p is an atom contained in both x and y (p < x and p < y), then 
p < x Ay. Conversely, if p < x A y, then p < x and p < y by Lemma IC.ll ■ 



2.4 Classical logic 

2.4.1 Truth tables and the distributive law 

One may notice that the theory constructed above is similar to classical 
logic. Indeed if we make substitutions (see Table 12.2ft 'less than or equal to' 
— > IF. ..THEN..., join — > OR, meet — > AND, orthocomplement — > NOT, etc., 
then properties described in Postulates and Lemmas 12.61 - l2~24l exact ly match 
axioms of classical Boolean logic. For example, the transitivity property in 
Lemma 12.81 allows us to make syllogisms, like the one analyzed by Aristotle 

// all humans are mortal, 
and all Greeks are humans, 
then all Greeks are mortal. 
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Table 2.2: Four operations and two special elements of lattice theory and 
logic 



Name 


Name 


Meaning 


Symbol 


in lattice theory 


in logic 


in classical logic 




less or equal 


implication 


IF x THEN y 


x < y 


meet 


injunction 


x AND y 


x Ay 


join 


disjunction 


x OR y 


x V y 


orthocomplement 


negation 


NOT x 


x 1 - 


maximum element 


tautology 


always true 


1 


minimum element 


absurdity 


always false 






Lemma 12.191 tells that a proposition and its negation cannot be true at the 
same time. Lemma T2.23I is the famous tertium non datur law of logic: either 
a proposition or its negation is true with no third possibility. 

Note, however, that properties 12.61 - 12.241 are not sufficient to build a 
complete theory of mathematical logic: Boolean logic has two additional 
axioms, which are called distributive laws 

Assertion 2.28 x V (y A z) = (x V y) A (x V z) . 

Assertion 2.29 x A (y V z) = (x A y) V (x A z). 

These laws, unlike axioms of orthocomplemented lattices, cannot be justified 
by using our approach with probability measures. This is the reason why 
we call them Assertions. We will not assume their validity in the general 
case. However, these two Assertions can be proven if we use the fundamental 
Assertions of classical mechanics: 12.21 and 12.31 In particular, Assertion 12.31 
says that in classical pure states all measurements yield the same results, 
i.e., reproducible. Then for a given classical pure state each proposition x 
is either always true or always false, and the probability measure can have 
only two values: (<f>\x) = 1 or (<p\x) = 0. Such classical probability measure 
is called the truth function. In the double-valued (true-false) Boolean logic, 
the job of performing logical operations with propositions is greatly simpli- 
fied by analyzing their truth functions. For example, to show the equality of 
two propositions it is sufficient to demonstrate that the values of their truth 
functions are the same for all classical pure states. Let us consider an exam- 
ple. Given two propositions x and y, there are at most four possible values 
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for the pair of their truth functions (4>\x) and (4>\y): (1,1), (1,0), (0,1), and 
(0,0). To analyze these possibilities it is convenient to put the values of the 
truth functions in a truth table. Table 12.31 is the truth table for propositions 
x, y, xAy, iVy, x -1 , and The first row in table [231 refers to all classical 
pure states in which both propositions x and y are false. The second row 
refer to states in which x is false and y is true, etc. 



Table 2.3: Truth table for basic logical operations 



X 




y 




x Ay 


x V y 




x 1 - y 1 - 




















1 1 







l 







1 




1 


1 












1 




1 


1 




l 




1 


1 









Table 2.4: 


Demonstration of the distributive 


: law using truth table 


X 


y 


z 


y A z 


x V (y A z) 


x V y 


x V z 


(x V y) A (x V z) 
































1 











1 








i 











1 











i 


1 


1 


1 


1 


1 


1 


1 











1 


1 


1 


1 


1 





1 





1 


1 


1 


1 


1 


1 








1 


1 


1 


1 


1 


1 


1 


1 


1 


1 


1 


1 



Another example is shown in Table 12.41 It demonstrates the validity of 
the distributive lawM in the classical case. As this law involves three different 
propositions, we need to consider 8 = 2 3 different cases. In all these cases the 
values of the truth functions in columns 5 and 8 are identical which means 
that 

x V (y A z) = (x V y) A (x V z) 

13 Here we assume that all these propositions are non-empty. 

14 Assertion E2S 



52 



CHAPTER 2. QUANTUM MECHANICS 



Assertion 12.291 can be derived in a similar way. 

Thus we have shown that in the world of classical mechanics the set of 
propositions L is an orthocomplemented atomic lattice with distributive laws 
12.281 and 12.291 Such a lattice will be called a classical propositional system 
or, shortly, classical logic. Study of classical logics and its relationship to 
classical mechanics is the topic of the present section. 

2.4.2 Atomic propositions in classical logic 

Our next step is to demonstrate that classical logic provides the entire math- 
ematical framework of classical mechanics, i.e., the description of observables 
and states in the phase space. First, we prove four Lemmas. 

Lemma 2.30 In classical logic, if x < y, then there exists an atom p such 
that p A x = and p < y. 

Proof. Clearly, y A or 1 ^ 0, because otherwise we would have 

y = 



< 

and, by Lemma [27TI x = y in contradiction with the condition of the Lemma. 
Since y A x x is non-zero, then by Postulate 12.24( 1) there exists an atom p 
such that p < y A x . It then follows that p < x x , and by Lemma IC.3I 
pAx<x ± Ax = ®. m 

Lemma 2.31 In classical logic, the orthocomplement x L of a proposition x 
(where x ^ 1) is a join of all atoms not contained in x. 

Proof. First, it is clear that there should exist al least one atom p that 
is not contained in x. If it were not true, then we would have x = X in 



2/M 
y A (x V x x ) 
(y A x) V (y A x x ) 
(y A a;) V 
y Ax 
x 
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contradiction to the condition of the Lemma. Let us now prove that the 
atom p is contained in x x . Indeed, using the distributive law 12.291 we can 
write 

p = p A X 

= pA(iV x x ) 

= (pAx)V(pA x^) 

According to Lemma 12.251 we now have four possibilities: 

1. p A x = and p A x L = 0; then p < x A x x = 0, which is impossible; 

2. p A x = p and p A x 1 - = p; then p = p A p = (p A x) A (p A x -1 ) = 
pA(xA X" 1 ) = p A = 0, which is impossible; 

3. p A x = p and p Ai 1 =0; from Postulate 12.111 it follows that p < x, 
which contradicts our assumption and should be dismissed; 

4. p A x = and p Ax 1 - = p; from this we have p < or 1 , i.e., p is contained 
in x L . 

This shows that all atoms not contained in x are contained in x x . Further, 
from Lemmas 12.191 and 12.271 it follows that all atoms contained in x x are not 
contained in x. The statement of the Lemma then follows from Postulate 
KM 2). m 



Lemma 2.32 In classical logic, two different atoms p and q are always dis- 
joint: q <p L . 

Proof. By Lemma 12.311 p L is a join of all atoms different from p, including 
q, thus q < p^~. ■ 



Lemma 2.33 In classical logic, the join x\/ y of two propositions x and y 
is a join of atoms contained in either x or y. 
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Proof. If p < x or p < y then p < xV y. Conversely, suppose that p < iV ' y 
and p A x = 0, p Ay = ®, then 



which is absurd. ■ 

Now we are ready to prove the important fact that in classical mechanics 
propositions can be interpreted as subsets of a set S, which is called the 
phase space. 

Theorem 2.34 For any classical logic L, there exists a set S and an iso- 
morphism f(x) between elements x of L and subsets of the set S such that 



where C ; n, U, and \ are usual set-theoretical operations of inclusion, inter- 
section, union and relative complement. 

Proof. The statement of the theorem follows immediately if we choose S to 
be the set of all atoms. Then property (I2.7P follows from Lemma I2.26[ eq. 
(12. 8p follows from Lemma 12.271 Lemmas 12.331 and 12.311 imply eqs. (I2.9P and 
(12.101) . respectively. ■ 

2.4.3 Atoms and pure classical states 

Lemma 2.35 In classical logic, if p is an atom and <fi is a pure state such 
that ((p\p) = 10 then for any other atom q we have ((f>\q) = 0. 

15 such a state always exists due to Postulate 12.11 



V 



p A (x V y) 
(pAi) V (pA y) 
V0 




x < y & f{x) C f(y) 

f(xAy) = f(x)nf{y) 

f(xVy) = f(x)Uf(y) 

fix 1 ) = S\f(x) 



(2.7) 
(2.8) 
(2.9) 
(2.10) 
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Proof. According to Lemma [2.321 q < p x , and due to eq. ( 12. 6j) 

(0|g) < (0|^) = 1 - (0|p) = 



Lemma 2.36 In classical logic, if p is an atom and o,nd ip are two pure 
states such that ((f>\p) = (if)\p) = 1, then = if). 

Proof. There are propositions of two kinds: those containing the atom p 
and those not containing the atom p. For any proposition x containing the 
atom p we denote by q the atoms contained in x and obtain using Postulate 
KM 2). Lemma E321 Postulate E221 and Lemma E3S] 

(0|x) = (0| V g < x q) 

= $>|g) 

q<x 

= (0b) 
= l 

The same equation holds for the state if>. Similarly we can show that for any 
proposition y not containing the atom p 

(<%) = ty\y) = o 

Since probability measures of and if) are the same for all propositions, these 
two states are equal. ■ 

Theorem 2.37 In classical logic, there is an isomorphism between atoms p 
and pure states P such that 



(<P P \P) = 1 



(2.11) 
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Proof. From Postulate 12.11 we know that for each atom p there is a state <f) p 
in which eq. (12.111) is valid. From Lemma \2. 351 this state is unique. To prove 
the reverse statement we just need to show that for each pure state P there 
is a unique atom p such that (<f> p \p) = 1. Suppose that for each atom p we 
have (<p p \p) = 0. Then, taking into account that X is a join of all atoms, that 
all atoms are mutually disjoint, and using Postulate 12.221 we obtain 

1 = (0 P |J) 

= (0p|V p <jp) 

= x>» 

= 

which is absurd. Therefore, for each state <p p one can always find at least 
one atom p such that eq. (12.111) is valid. Finally, we need to show that if p 
and q are two such atoms, then p = q. This follows from the fact that for 
each pure classical state the probability measures (or the truth functions) 
corresponding to propositions p and q are exactly the same. For the state 4> p 
the truth function is equal to 1, for all other pure states the truth function 
is equal to 0. ■ 

2.4.4 The classical phase space 

Now we are fully equipped to discuss the phase space representation in clas- 
sical mechanics. Suppose that the physical system under consideration has 
observables A,B,C, . . . with corresponding spectra Sa, Sb, Sq, ■■■ According 
to Theorem 12.371 for each atom p of the propositional system we can find its 
corresponding pure state (f> p . Due to Assertion l2.2l all observables A, B, C, . . . 
can be measured simultaneously in this state. Such measurements will assign 
to the state 4> p a set of real numbers A p , B p , C p , ... - the values of observ- 
ables. Let us suppose that the full set of observables {A, B,C, . . .} contains 
a minimal subset of observables {X, Y, Z, . . .} whose values {X p , Y p , Z p , . . .} 
uniquely enumerate all pure states (j> p and therefore all atoms p. So, there is a 
one-to-one correspondence between number sets {X p , Y p , Z p , . . .} and atoms 
p. Then the set of all atoms can be identified with the direct product!^! of 



See Appendix [X] for definition of the direct product. 
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spectra of the minimal set of observables S = Sx X Sy X Sz X . . .. This direct 
product is called the phase space of the system. The values {X p , Y p , Z p , . . .} 
of the independent observables {X, Y, Z, . . .} in each point s G S provide the 
phase space with "coordinates". Other (dependent) observables A, B,C, . . . 
can be represented as real functions A(s), B(s), C(s), . . . on S or as functions 
of independent observables {X, Y, Z, . . .}. 

In this representation, propositions can be viewed as subsets of the phase 
space. Another way is to consider propositions as special cases of observables 
(= real functions on S): The function corresponding to the proposition about 
the subset T of the phase space is the characteristic function of this subset 



Atomic propositions correspond to single-point subsets of the phase space 



Let us consider the above statements on a simple example which will be 
studied in more detail in section 15.31 We will see there that in the case of a 
single massive spinless particle one can choose six independent observables, 
namely three components of the particle's position r and three components 
of the momentum p. All other one-particle observables (the energy, angular 
momentum, velocity, etc.) can be expressed as real functions of r and p. 
The spectrum of each component of the position and momentum is the real 
line K. Thus the one-particle phase space is a direct product of six infinite 
intervals (—00,00), i.e., the 6-dimensional space K 6 . Let us consider two 
examples of propositions in M 6 . The proposition R = "position of the par- 
ticle is ro" is represented in the phase space by a 3-dimensional hyperplane 
with fixed position r = ro and arbitrary momentum p. The proposition P 
= "momentum of the particle is po" is represented by another 3-dimensional 
hyperplane in which the value of momentum is fixed, while position is arbi- 
trary. The meet of these two propositions is represented by the intersection 
of the hyperplanes s = RHP which is a point (r , po) in the phase space and 
an atom in the propositional system. 

Probability measures have a simple interpretation in the classical phase 
space. Each state (not necessarily a pure state) defines probabilities (<j)\p) 
for all atoms p (= all points s in the phase space). Each proposition x is a 
join of disjoint atoms contained in x. 




S. 
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x = y q < x q 

Then, by Postulates 12. 221 f2.24[ and Lemma [232] the probability of the propo- 
sition x being true in the state is 

(0|x) = {cf>\y q < x q) (2.12) 
= $>|<Z) (2-13) 

q<x 

So, the value of the probability measure for all propositions x is uniquely 
determined by its values on atoms. In many important cases (e.g., in the 
case of a single particle discussed above), the phase space is continuous, and 
instead of considering probabilities (<fi\q) at points in the phase space (= 
atoms) it is convenient to consider the probability density which is a function 
$(s) on the phase space such that 

1) >0; 

2) / $(s)ds = 1. 
s 

Then the value of the probability measure (<f)\x) is obtained by the integral 




A" 



over the subset X corresponding to the proposition x. 

For a pure classical state 0, the probability density is localized at one point 
s in the phase space and has the form of the delta function = S(s — s ) . 
For such states, the probability measure may only have values or 1 for each 
proposition x. The value of (<f>\x) is if the point s does not belong to the 
subset X corresponding to the proposition x, and the value is 1 otherwise. 

(4>\x) = J 5(s - s )ds = { l> ***** 

X 
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This shows that for pure classical states the probability measure degener- 
ates to the two-valued truth function, in agreement with our discussion in 
subsection 12.4. 11 

The states whose probability density is nonzero at more than one point 
(i.e., is different from the delta function) are called classical mixed states. 



The above derivations of properties of classical logic and phase spaces relied 
heavily on two Assertions of classical mechanics 12.21 and 12. 31 and on the valid- 
ity of distributive laws (Assertions 12.281 and 12.291) . In quantum mechanics we 
are not allowed to use these Assertions. In this section we will build quantum 
logic, in which the distributive laws are not necessarily valid. Quantum logic 
is a foundation of the entire mathematical formalism of quantum theory, as 
we will see in the rest of this chapter. 

2.5.1 Compatibility of propositions 

Propositions x and y are said to be compatible (denoted x «-> y) if 



The notion of compatibility has a great importance for quantum theory. In 
subsection 12.6.31 we will see that two propositions can be measured simulta- 
neously if and only if they are compatible. 

Theorem 2.38 In an orthocomplemented lattice all propositions are com- 
patible if and only if the lattice is distributive. 

Proof. If the lattice is distributive then for any two propositions x and y 



2.5 Quantum logic 



X 



y 




(2.14) 
(2.15) 



(x A y) V (x A y ) — x A (y V y ) = x A T — x 



and, changing places of x and y 
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(xAy)V (x x A y) = y 

These formulas coincide with our definitions of compatibility (12.141) and 
(12.151) which proves the direct statement of the theorem. 

The proof of the inverse statement (compatibility — > distributivity) is 
more lengthy. We assume that all propositions in our lattice are compatible 
with each other and choose three arbitrary propositions x, y, and z. Now we 
are going to prove that the distributive lawa^l 

(xAz)y(yAz) = (xVy)Az (2.16) 
(xVz)A(yVz) = (xAy)yz (2.17) 

are valid. First we prove that the following 7 propositions (some of them 
may be empty) are mutually disjoint (see Fig. I2.4[) 



9i 


= x Ay A z 


92 


= x L Ay A z 


93 


= x A y A z 


q 4 


= x A y A z 


95 


= x A y x A z 1 - 


96 


= x^ Ay A z ± 


97 


= x 1 - A y 1 - A z 



For example, to show that propositions q% and q§ are disjoint we notice that 
q% < z and q^ < z L (by Postulate 12. lip . Then by Lemma 12.211 z < q^ and 
q 3 < z < q§. Therefore by Lemma [2781 q^ < q§. 

Since by our assumption both x Az and x Az 1 - are compatible with y, we 
obtain 

x Az = (x A z A y) V (x A z A y L ) = q\ V (73 
x Az 1 - = (x A z L A y) V (x A z 1 A y^) = q 4 V g 5 

17 Assertions [27281 and l2~29l 
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so that 




Figure 2.4: To the proof of Theorem 12.381 



x = (x A z) V (x A z L ) = qi V g 3 V g 4 V g 5 
Similarly we show 



?/Az = qi V g 2 

2/ = <?i V g 2 V g 4 V g 6 
z = q 1 V g 2 V g 3 V q 7 



Then denoting Q = q\ V g 2 V g 3 we obtain 



(x A z) V (y A 2) = (gi Vg 3 ) V(gx Vg 2 ) = g : Vg 2 Vg 3 = Q (2.18) 
From Postulate 12.121 and y V x = Q V g 4 V g 5 V g 6 it follows that 

<2 < (Q V g 7 ) A (Q V g 4 V g 5 V g 6 ) = (a V y) A z (2.19) 

On the other hand, from g 4 V gs V g6 < g^, Lemma [C. 31 and the definition of 
compatibility it follows that 



(x V y) A z = (Q V g 4 V g 5 V g 6 ) A (Q V g 7 ) < (Q V g^) A (Q V g 7 ) = Q(2.20) 
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Therefore, applying the symmetry property 12.71 to eq. ( 12. 19ft and ( I2.20p . we 



Comparing eqs. (I2.18P and (12.211) we see that the distributive law (I2.16P is 
valid. The other distributive law (I2.17P is obtained from eq. ( 12.161) by duality 
(see Appendix [C]) . ■ 

2.5.2 The logic of quantum mechanics 

In quantum mechanics we are not allowed to use Assertions 12.21 and 12.31 
and therefore we must abandon the distributive law. However, in order to 
get a non-trivial theory we need some substitute for this property. This 
additional postulate should be specific enough to yield sensible physics and 
general enough to be non-empty and to include the distributive law as a 
particular case. The latter requirement is justified by our desire to have 
classical mechanics as a particular case of more general quantum mechanics. 

To find such a generalization we will use the following arguments. From 
Theorem 12.381 we know that the compatibility of all propositions is a char- 
acteristic property of classical Boolean lattices. We also mentioned that this 
property is equivalent to the simultaneous measurability of propositions. We 
know that in quantum mechanics not all propositions are simultaneously 
measurable, therefore they cannot be compatible as well. This suggests that 
we may try to find a generalization of classical theory by limiting the set of 
propositions that are mutually compatible. In quantum mechanics, we will 
postulate that two propositions are definitely compatible if one implies the 
other, and leave it to mathematics to tell us about the compatibility of other 
pairs. 

Postulate 2.39 (orthomodularity) Propositions about physical systems obey 
the orthomodular law 



obtain 





a < b a <-> b. 



(2.22) 
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Orthocomplemented lattices with additional Postulate 12.391 are called ortho- 
modular lattices. 

The center of the lattice is the set of elements compatible with all others. 
Obviously and X are in the center. A propositional system in which there 
are only two elements in the center (0 and 1) is called irreducible. Otherwise 
it is called reducible. Any Boolean lattice having more than two elements 
(0 and X are present in any lattice, of course) is reducible and its center 
coincides with the entire lattice. Orthomodular atomic irreducible lattices 
are called quantum propositional systems or quantum logics. The rank of 
a propositional system is defined as the maximum number of mutually dis- 
joint atoms. For example, the rank of the classical propositional system of 
one massive spinless particle described in subsection 12.4.41 is the "number of 
points in the phase space M 6 " . 

The most fundamental conclusion of our study in this section is that 

Statement 2.40 (quantum logic) Experimental propositions form a quan- 
tum propositional system. 

In principle, it should be possible to perform all constructions and calcu- 
lations in quantum theory by using the formalism of orthomodular lattices 
based on just described postulates. Such an approach would have certain 
advantages because all its components have clear physical meaning: propo- 
sitions x are realizable in laboratories and probabilities (4>\x) can be directly 
measured in experiments. However, this approach meets tremendous diffi- 
culties mainly because lattices are rather exotic mathematical objects and 
we lack intuition when dealing with lattice operations. 

We saw that in classical mechanics the happy alternative to obscure lattice 
theory is provided by Theorem 12.341 which proves the isomorphism between 
the language of distributive orthocomplemented atomic lattices and the phys- 
ically transparent language of phase spaces. Is there a similar equivalence 
theorem in the quantum case? To answer this question, we may notice that 
there is a striking similarity between algebras of projections on closed sub- 
spaces in a complex Hilbert space H (see Appendices [F] and [0} and quantum 
propositional systems discussed above. In particular, if operations between 
projections (or subspaces) in the Hilbert space are translated to the lattice 
operations according to Table I2.5[ then all axioms of quantum logic can be 
directly verified. For example, the validity of the Postulate 12.391 follows from 
Lemmas 10.41 and 10.51 Atoms can be identified with one-dimensional sub- 
spaces or rays in 7i. The irreducibility follows from Lemma [0.61 
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Table 2.5: Translation of terms, symbols, and operations used for subspaces 
and projections in the Hilbert space, and propositions in quantum logics. 



Subspaces 


Projections 




Propositions 


X CY 


PxPy = PyPx = 


Px 


x < y 


xnY 


PxnY 




x Ay 


Span(X, Y) 


Pspan(X,Y) 




x V y 


X' 


1-Px 




x 1 - 


X and Y are compatible 


[P x ,Py]=0 




x <-y y 


X JL Y 


PxPy = PyPx = 


= 


x and y are disjoint 













H 


1 




J 


ray x 


\x)(x\ 




x is an atom 



One can also verify directly that distributive laws 12.281 and 12.291 are not 
valid for subspaces in the Hilbert space TL. To show that, it is sufficient to 
demonstrate that some consequences of these Assertions are not true. The 
most apparent is the violation of Lemma 12.311 This Lemma establishes that 
each atom in the lattice belongs either to x or to x L for any x. In the lattice 
of subspaces in Ti this is not true^l as there are atoms belonging neither to 
x nor to x 1 - (see Fig. 12. 5ft . So, the logic represented by subspaces in the 
Hilbert space is different from classical Boolean logic 1^1 

Thus we established that the set of closed subspaces (or projections) in 
any complex Hilbert space H. is a representation of some quantum preposi- 
tional system. The next question is: can we find a Hilbert space representa- 
tion for each quantum propositional system? The answer to this question is 
given by the famous Piron theorem [311 [32] which allows us to claim the iso- 
morphism between the Hilbert space formalism and the logico-probabilistic 
approach @ 

Theorem 2.41 (Piron) Any irreducible quantum propositional system C 
18 Unless x = or x = T. 

19 An interesting question follows from this discussion: "Does this mean that we cannot 
use classical logic of Aristotle and Boole in our reasoning?" I think that the answer is 
"yes". The Boolean logic seems so natural to us because in our everyday life we deal 
exclusively with classical objects. This logic, in particular its distributive law, does not 
apply to reasoning about quantum objects. 

20 The proof of the Piron theorem is beyond the scope of this book. 
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Figure 2.5: Subspaces X and X' are orthogonal to each other and their 
span is entire Hilbert space 7i. One-dimensional subspace (atom) Y belongs 
neither to X nor to X'. However Y belongs to Span(X, X') = TC. This 
contradicts Lemma [2.311 of classical logic. 

of rank A or highe¥^\ is isomorphic to the lattice of closed subspaces in a 



comple^j Hilbert space TC such that the correspondences shown in Table \2.5\ 
are true. 

This theorem forms the foundation of the mathematical formalism of quan- 
tum physics. In particular, it allows us to express important notions of the 
observable and state in the new language of Hilbert spaces. This will be done 
in the next section. Orthomodular lattices of quantum logic, phases spaces 
of classical mechanics, and Hilbert spaces of quantum mechanics are just 
different languages for describing relationships between states, observables, 
and their measured values. Table 12.61 can be helpful in translation between 

21 All propositional systems of interest to physics have infinite (even uncountable) rank, 
so the condition 'rank > 4' is not a significant restriction. 

22 The original Piron's theorem still leaves the freedom of choosing any division ring 
with involutive antiautomorphism as the set of scalars in Ti. We can greatly reduce this 
freedom if we remember the important role played by real numbers in physics (values of 
observables are always in R). Therefore, it makes physical sense to consider only those 
rings which include R as a subring. In 1877 Frobenius proved that there are only three 
such rings. They are real numbers R, complex numbers C, and quaternions H. Although 
there is vast literature on real and, especially, quaternionic quantum mechanics [341 135] , 
the relevance of these theories to physics remains uncertain. Therefore, we will stick with 
complex numbers in this book. 
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these languages. 

Table 2.6: Glossary of terms used in general quantum logic, in classical phase 



space and in the Hilbert space of quantum mechanics. 



Nature 


Quantum logic 


Phase space 


Hilbert space 


Statement 


proposition 


subset 


closed subspace 


Unambiguous 


Atom 


Point 


Ray 


statement 








AND 


meet 


intersection 


intersection 


OR 


join 


union 


linear span 


NOT 


orthocomplement 


relative 


orthogonal 






complement 


complement 


IF.. .THEN 


implication 


inclusion 


inclusion 






of subsets 


of subspaces 


Observable 


proposition- valued 


real function 


Hermitian 




measure on 1Z 




operator 


jointly 


compatible 


all observables 


commuting 


measurable 


propositions 


are compatible 


operators 


observables 








mutually exclusive 


disjoint propositions 


non-intersecting 


orthogonal subspaces 


statements 




subsets 




Pure state 


Probability measure 


delta function 


Ray 


Mixed state 


Probability measure 


Probability function 


Density operator 



2.6 Quantum observables and states 
2.6.1 Observables 

Each observable F naturally defines a mapping (called a proposition-valued 
measure) from the set of intervals of the real line R to propositions F E in C 
that can be described in words: "the value of the observable F is inside the 
interval E of the real line R" . We already discussed properties of propositions 
about one observable. They can be summarized as follows: 

• The proposition corresponding to the intersection of intervals E\ and 
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E2 is the meet of propositions corresponding to these intervals 

Fe x c\e 2 — Fe 1 A Fe 2 (2.23) 

• The proposition corresponding to the union of intervals E\ and E 2 is 
the join of propositions corresponding to these intervals 

F Ei ue 2 = F El VF E2 (2.24) 

• The proposition corresponding to the complement of interval E is the 
orthocomplement of the proposition corresponding to E 

Fr\e = Ffi (2.25) 

• The minimum proposition corresponds to the empty subset of the real 
line 

F = (2.26) 

• The maximum proposition corresponds to the real line itself. 

F R = 1 (2.27) 

Intervals E of the real line form a Boolean (distributive) lattice with 
respect to set theoretical operations C, n, U, and \. Due to the isomorphism 
(12.231) - (12.271) . the corresponding propositions F E also form a Boolean lattice, 
which is a sublattice of our full propositional system. Therefore, according 
to Theorem I2.38[ all propositions about the same observable are compatible. 
Due to the isomorphism "propositions" <-» "subspaces" , we can use the same 
notation F E for subspaces (projections) in H corresponding to intervals E. 
Then, according to Lemma 10.51 all F E commute with each other. 

Each point / in the spectrum of observable F is called an eigenvalue 
of this observable (operator). The subspace Ff C Ti corresponding to the 
eigenvalue / is called eigensubspace and projection Pf onto this subspace is 
called a spectral projection. Each vector in the eigensubspace is called eigen- 
vector or eigenstate. The observable F has definite values (=eigenvalues) 
in its eigenstates. This means that eigenstates are examples of states whose 
existence was guaranteed by Postulate 12. 1[ 
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Consider two distinct eigenvalues / and g of observable F. The corre- 
sponding intervals (=points) of the real line are disjoint. According to (I2.23P 
- ( I2.27P propositions Ff and F g are disjoint too, and corresponding subspaces 
are orthogonal. The linear span of subspaces Ff, where / runs through entire 
spectrum of F, is the full Hilbert space TC. Therefore, spectral projections of 
any observable form a decomposition of unityffl So, according to discussion 
in Appendix IG.21 we can associate an Hermitian operator 

F = J2fPf (2-28) 

/ 

with each observable F. In what follows we will often use terms 'observable' 
and 'Hermitian operator' as synonyms. 

2.6.2 States 

As we discussed in subsection 12.3. 1[ each state of the system defines a 
probability measure (<f>\x) on propositions in quantum logic C. According 
to the isomorphism 'propositions subspaces', the state also defines a 
probability measure (4>\X) on subspaces X in the Hilbert space 7i. This 
probability measure is a function from subspaces to the interval [0, 1] Cl 
whose properties follow directly from eqs. (12.21) . (12. 3p . and Postulate 12.221 

• The probability corresponding to the whole Hilbert space is 1 in all 
states 

(<f>\H) = 1 (2.29) 

• The probability corresponding to the empty subspace is in all states 

(0|O) = (2.30) 

• The probability corresponding to the linear span of orthogonal sub- 
spaces is the sum of probabilities for each subspace 



{4>\X®Y) = ((f>\X) + ((f)\Y), if X ±Y (2.31) 

see Appendix lG.il 
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The following important theorem provides a classification of all such proba- 
bility measures (= all states of the physical system). 

Theorem 2.42 (Gleason [36]) If (<j>\X) is a probability measure on closed 
subspaces in the Hilbert space Ti with properties 112. 29\) - H2. 31\). then there 
exists a non-negativ^ Hermitian operator yo in Ti. such thal 26 \ 

Tr(p) = 1 (2.32) 

and for any subspace X with projection Px the value of the probability mea- 
sure is 

{<t>\X) = Tr(P x p) (2.33) 

The proof of this theorem is far from trivial and we refer interested reader 
to original works [361 [37] . Here we will focus on the physical interpretation 
of this result. First, we may notice that, according to the spectral theorem 
IF.8| the operator p can be always written as 

P = ^Pi\ei){e l \ (2.34) 

i 

where |ej) is an orthonormal basis in 7i. Then the Gleason theorem means 
that 



Pi > (2.35) 
I> = 1 (2-36) 

i 

< pi < 1 (2.37) 

Among all states satisfying eq. (12.351) - (I2.37P there are simple states for which 
just one coefficient pi is non-zero. Then, from (I2.36|) it follows that pi = 1, 

24 which means that all eigenvalues are greater than or equal to zero 
25 which is called the density operator or the density matrix 

26 Tr denotes trace of the matrix of the operator p, which is defined in Appendix IF. 71 
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Pj = if j i, and the density operator degenerates to a projection onto the 
one-dimensional subspace |ej)(ej|o Such states will be called pure quantum 
states. It is also common to describe a pure state by a unit vector from 
its ray. Any unit vector from this ray represents the same state, i.e., in the 
vector representation of states there is a freedom of choosing an unimodular 
phase factor of the state vector. In what follows we will often use the terms 
'pure quantum state' and 'state vector' as synonyms. 

One can notice an important difference between classical pure states (from 
section \2A\ and quantum pure states. The probability measure correspond- 
ing to any classical pure state is given by a truth function which can only 
take values or 1. The value of the probability measure corresponding to 
the pure quantum state can be any real number between and 1. Thus, un- 
like classical pure states, quantum pure states are characterized by statistical 
uncertainties. This conclusion agrees with the fundamental statement 12.51 of 
quantum mechanics. 

Mixed quantum states are expressed as weighed sums of pure states 
whose coefficients pi in eq. (I2.34p reflect the probabilities with which the 
pure states enter in the mixture. Therefore, in quantum mechanics there 
are uncertainties of two types. The first type is the uncertainty present 
in mixed states. This uncertainty is already familiar to us from classical 
(statistical) physics. This uncertainty results from our insufficient control 
of preparation conditions (like when a bullet is fired from a shaky riffle). 
The second uncertainty is present even in pure quantum states and is unique 
to quantum mechanics. It does not have a counterpart in classical physics, 
and it cannot be avoided by tightening the preparation conditions. This 
uncertainty is a reflection of the mysterious unpredictability of microscopic 
phenomena. 

2.6.3 Commuting and compatible observables 

In subsection 12.5.11 we defined the notion of compatible propositions. In 
Appendix IG.2I we showed that the compatibility of propositions is equiva- 
lent to the commutativity of corresponding projections. The importance of 
these definitions for physics comes from the fact that for a pair of compatible 
propositions (=projections=subspaces) there are states in which both these 
propositions are certain, i.e., simultaneously measurable. A similar state- 



One-dimensional subspaces are also called rays. 
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ment can be made for two compatible (=commuting) Hermitian operators of 
observables. According to Theorem I G. 9 \ these two operators have a common 
basis of eigenvectors (=eigenstates). In these eigenstates both observables 
have definite (eigen)values. 

We will assume that for any physical system there always exists a minimal 
set of mutually compatible (= commuting) observables F, G, H, . . .o Then, 
according to Appendix IG.2I we can build an orthonormal basis of common 
eigenvectors |ej) such that each basis vector is uniquely labeled by eigenvalues 
fi, g iy hi, . . . of operators F,G, H, . . ., i.e., if |e,) and \ej) are two eigenvectors 
then there is at least one different eigenvalue in the sets fi, g%,hi, . . . and 
fj j 9j j j • • • ■ 

Each state vector \<p) can be represented as a linear combination of these 
basis vectors 

\<f>) = Y / <t> i \e i ) (2.38) 

i 

where in the bra-ket notation (see Appendix IF.3j) 



<t>i = (e;|0) (2.39) 

The set of coefficients (pi can be viewed as a function <p(f, g,h, . . .) on the 
common spectrum of observables F,G, H, . . .. In this form, the coefficients 
(pi are referred to as the wave function of the state \(p) in the representa- 
tion defined by observables F,G,H, . . .. When the spectrum of operators 
F,G,H, . . . is continuous, the index i is, actually, a continuous variable. For 
example, wave functions in the momentum representation are denoted by 

(p(Px,Py,Pz) = 0(P)H 

As there are many different complete sets of mutually commuting op- 
erators, the same state can be represented by different wave functions in 

28 The set is called minimal if no observable from the set can be expressed as a function 
of other observables from the same set. Any function of observables from the minimal 
commuting set also commutes with F,G, H, . . . and with any other such function. In fact, 
there are many minimal sets of mutually commuting observables that do not commute 
with each other. We will see in section 15.21 that for one massive spinless particle the three 
components of position (R x , R y , R z ) and the three components of momentum (P x , P y , P z ) 
are two examples of such minimal commuting sets. 

29 see subsection 15.2.21 
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different representations. In chapter [5] we will construct wave functions of a 
single particle in the position and momentum representations and learn how 
these wave functions transform from one basis to another. 



2.6.4 Expectation values 

Eq. (12.281) defines a spectral decomposition for each observable F, where 
index / runs over all distinct eigenvalues of F . Then for each pure state |0) 
we can find the probability of measuring a value / of the observable F in 
this state by using formula 30 ! 



where \e{) are basis vectors in the range of the projection Pf and m is the 
dimension of the corresponding subspace. This formula defines the probabil- 
ity distribution for values of the observable F in the state \<f>). Sometimes 
we also need to know the weighed average of values / which is called the 
expectation value of the observable F in the state \<p) and denoted (F) 

f 



Substituting here eq. (I2.40p we obtain 



n 
3=1 

where the summation is carried out over the entire basis \ej) of eigenvectors 
of the operator F with eigenvalues fj. By using decompositions (I2.38j) and 
(12.281) we obtain a more compact formula for the expectation value 



30 This is simply the value of the probability measure (4>\Pf) (see subsection 12.3.11) cor- 
responding to the spectral projection Pf. 



2.6. QUANTUM OBSERVABLES AND STATES 



73 



i j k 



= ^4>*fj ( Pk{e i \e j ){e j \e k ) 



ijk 



= ^^ifj^ijSjk 



ijk 



(2.41) 



2.6.5 Basic rules of classical and quantum mechanics 

Results obtained in this chapter can be summarized as follows. If we want 
to calculate the probability p for measuring the value of the observable F 
inside the interval E of the real axis for a system prepared in a pure state 0, 
then we need to perform the following steps: 

In classical mechanics: 

1. Define the phase space S of the physical system; 

2. Find a real function / : S — > R corresponding to the observable F; 

3. Find the subset U of S corresponding to the subset E of the spectrum of 
the observable F (U is the set of all points s e S such that f(s) G E.); 

4. Find the point s<p G S representing the pure classical state 0; 

5. The probability p is equal to 1 if G U and p = otherwise. 

In quantum mechanics: 

1. Define the Hilbert space H of the physical system; 

2. Find the Hermitian operator F in H corresponding to the observable; 

3. Find the eigenvalues and eigenvectors of the operator F; 
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4. Find a spectral projection P# corresponding to the subset E of the 
spectrum of the operator F. 

5. Find the unit vector \<p) (defined up to an arbitrary unimodular factor) 
representing the state of the system. 

6. Use formula p = (0|Pb|0) 

At this point, there seems to be no connection between the classical and 
quantum rules. However, we will see in subsection I5.3l that in the macroscopic 
world with massive objects and poor resolution of instruments, the classical 
rules emerge as a decent approximation to the quantum ones. 

2.7 Interpretations of quantum mechanics 

In sections 12.31 - 12. 6l of this chapter we focused on the mathematical formalism 
of quantum mechanics. Now it is time to discuss the physical meaning and 
interpretation of these formal rules. 

2.7.1 Quantum unpredictability in microscopic systems 

Experiments with quantum microsystems have revealed one simple, and yet 
mysterious fact: if we prepare N absolutely identical physical systems in the 
same conditions and measure the same observable in each of them, we may 
find iV different results. 

Let us illustrate this experimental finding by few examples. We know from 
experience that each photon passing through the hole in the camera obscura 
will hit the photographic plate at some point on the photographic plate. 
However, each new released photon will hit at a different place. Quantum 
mechanics allows us to calculate the probability density for these points, 
but apart from that, the behavior of each individual photon appears to be 
completely random. Quantum mechanics does not even attempt to predict 
where each individual photon will hit the target. 

Another example of such an apparently random behavior is the decay of 
unstable nuclei. The nucleus of 232 Th has the lifetime of 14 billion years. 
This means that in any sample containing thorium, approximately half of all 
232 Th nuclei will decay after 14 billion years. In principle, quantum mechan- 
ics can calculate the probability of the nuclear decay as a function of time by 
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solving the corresponding Schrodinger equation!^ However, quantum me- 
chanics cannot even approximately guess when any given nucleus will decay. 
It could happen today, or it could happen 100 billion years from now. 

Although, such unpredictability is certainly a hallmark of microscopic 
systems it would be wrong to think that it is not affecting our macroscopic 
world. Quite often the effect of random microscopic processes can be am- 
plified to produce a sizable equally random macroscopic effect. One famous 
example of the amplification of quantum uncertainties is the thought exper- 
iment with the "Schrodinger cat" [38j. Imagine a tightly closed box which 
contains a cat and a radioactive nucleus with half-life T. Initially the nucleus 
is in an undecayed state, but as time progresses the probability of the decay 
grows. If the nucleus decays, it emits a high-energy particle that would in- 
evitably kill the cat jf! At time T after the start of the experiment, according 
to quantum mechanics, there is 50/50 chance that the nucleus has decayed. 
So, by opening the box we have 50/50 chance of finding the cat either dead 
or alive. 

So, our world (even at the macroscopic scale) is full of truly random events 
whose exact description and prediction is beyond capabilities of modern sci- 
ence. Nobody knows why physical systems have this random unpredictable 
behavior. Quantum mechanics simply accepts this fact and does not attempt 
to explain it. Quantum mechanics does not describe what actually happens; 
it describes the full range of possibilities of what might have happened and 
the probability of each possible outcome^ Each time nature chooses just 
one possibility from this range, while obeying the probabilities predicted by 
quantum mechanics. QM cannot say anything about which particular choice 
will be made by nature in each particular instance. These choices are com- 
pletely random and beyond explanation by modern science. This observation 
is a bit disturbing and embarrassing. Indeed, we have real physically measur- 
able effects (the actual choices made by nature) for which we have no control 



31 though our current knowledge of nuclear forces is insufficient to make a reliable cal- 
culation of that sort for thorium. 

32 The original formulation of this thought experiment was a bit more complicated: the 
decay of the nucleus was supposed to trigger a click in an adjacent Geiger counter, which 
would break an ampule with a deadly poison that would kill the cat. These complications 
do not have any significant role in the discussion. So, our simplified version is equally 
acceptable. 

33 For example, quantum mechanics can tell that the probability of finding the cat alive 
is 50%, however, it cannot predict whether the cat will be found dead or alive. 
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and no power to predict the outcome. These are facts without an explana- 
tion, effects without a cause. It seems that microscopic particles obey some 
mysterious random force. Then it is appropriate to ask what is the reason 
for such stochastic behavior of micro-systems? Is it truly random or it just 
seems to be random? If quantum mechanics cannot explain this random 
behavior, maybe there is a deeper theory which can? 

2.7.2 Hidden variables 

One school of thought attributes the apparently random behavior of mi- 
crosystems to some yet unknown "hidden" variables, which are currently 
beyond our observation and control. According to these views, put some- 
what simplistically, each photon in camera obscura has a guiding mechanism 
which directs it to a certain predetermined spot on the photographic plate. 
Each unstable nucleus has some internal "alarm clock" ticking inside. The 
nucleus decays when the alarm goes off. The behavior of quantum systems 
just appears to be random to us because so far we don't have a clue about 
these "guiding mechanisms" and "alarm clocks" . 

According to the "hidden variables" theory, quantum mechanics is not the 
final word, and future theory will be able to fully describe the properties of 
individual systems and predict events without relying on chance. There are 
two problems with this point of view. First, so far nobody was able to build 
a convincing theory of hidden variables and to predict (even approximately) 
outcomes of quantum measurements beyond calculated probabilities. The 
second reason to reject the "hidden variables" argument is more formal. 

The " hidden variables" theory says that the randomness of micro-systems 
does not have any special quantum-mechanical origin. It is the same classi- 
cal pseudo-randomness as seen in usual coin-tossing. The theory says that 
rules of classical mechanics apply to micro-systems just as well as to macro- 
systems. As we saw in section xx, these rules are based on Assertions of 
simultaneous measurability 12.21 and determinism 12.31 Quantum mechanics 
simply discards these unprovable Assertions and replaces them with weaker 
Statements 12.41 and 12.51 So, quantum mechanics with its probabilities is a 
more general mathematical framework, and classical mechanics with its de- 
terminism can be represented as a particular case of this framework. As 
Mittelstaedt put it [3J] 



.classical mechanics is loaded with metaphysical hypotheses which 
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clearly exceed our everyday experience. Since quantum mechanics 
is based on strongly relaxed hypotheses of this kind, classical me- 
chanics is less intuitive and less plausible than quantum mechan- 
ics. Hence classical mechanics, its language and its logic cannot 
be the basis of an adequate interpretation of quantum mechanics. 
P. Mittelstaedt 

2.7.3 The measurement problem 

If we now accept the probabilistic quantum view of reality, we must address 
some deep paradoxes. The major apparent "paradox" is that in quantum 
mechanics the wave function of a physical system evolves in time smoothly 
and unitarily according to the Schrodinger equation^ up until the instant of 
measurement, at which point the wave function experiences an unpredictable 
and abrupt collapse. 

In addition, it is not clear how the wave function "knows" when it can 
undergo the continuous evolution and when it should make the sudden "col- 
lapse" ? Where is the boundary between the measuring device and the quan- 
tum system? For example, it is customary to say that the photon is the 
quantum system and the photographic plate is the measuring device. How- 
ever, we might adopt a different view and include the photographic plate 
together with the photon in our quantum system. Then, we should, in prin- 
ciple, describe both the photon and the photographic plate by a joint wave 
function. When does this wave function collapse? Where is the measuring 
apparatus in this case? Human's eye? Does it mean that while we are not 
looking, the entire system (photon + photographic plate) remains in a super- 
position state? Following this logic we may easily reach an absurd conclusion 
that the ultimate measuring device is human's brain and all events remain 
potentialities until they are registered by mind. For many physicists these 
contradictions signify some troubling incompleteness of quantum theory, its 
inability to describe the world "as it is" . 

In order to avoid the controversial wave function collapse, several so-called 
"interpretations" of quantum mechanics were proposed. In the de Broglie- 
Bohm's "pilot wave" interpretation it is assumed that the electron propagat- 
ing in the double-slit setup is actually a point particle, whose movement is 
"guided" by a separate "wave" that obeys the Schrodinger equation. In the 



see subsection l5.2.4l 
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"many worlds" interpretation it is assumed that at the instant of measure- 
ment (when several outcomes are possible, according to quantum mechanics) 
the world splits into several copies, so all outcomes are realized at once. We 
see only a single outcome because we live just in one copy of the world and 
lack the "bird view" of the many worlds reality. 

Interpretations of quantum mechanics attempt to suggest some kinds of 
physical mechanisms of the system's behavior. However, how we can be 
sure that these mechanisms are correct? The only method of verification 
available in physics is experiment, but suggested mechanisms are related to 
events happening in the physical system while it is not observed. So, it is 
impossible to design experiments that would (dis)prove interpretations of 
quantum mechanics. Being unaccessible to experimental verification these 
interpretations should belong to philosophy rather than physics. 

Actually, the "collapse" or "measurement" paradoxes are not as serious 
as they look. In author's view, their appearance is related simply to our 
unrealistic expectations regarding the explanatory power of physical theory. 
Intuitively we wish to have a physical theory that encompasses all physical 
reality: the physical system, the measuring apparatus, the observer, and the 
entire universe. However this goal is perhaps too ambitious and misleading. 
Recall that the goal of a physical theory declared in Introduction is to provide 
a formalism that allows us to predict results of experiments^ In physics we 
do not want and do not need to describe the whole world "as it is". We 
should be entirely satisfied if our theory allows us to calculate the outcome 
of any conceivable measurement, which is a more modest task. 

In every experiment there is a natural separation between the observed 
physical system and the measuring apparatus]^) Therefore there is nothing 
wrong in applying different descriptions to the physical system and to the 
measuring apparatus. In quantum theory the state of the physical system 
is described as a vector in the Hilbert space and the measuring apparatus 
is described as an Hermitian operator in the same Hilbert spaceO The 

35 More precisely, the theory should be able to calculate probabilities of measurements. 

36 For instance, in the above example the photon is the physical system and the photo- 
graphic plate is the measuring apparatus. The one-photon Hilbert space should be used 
for the quantum-mechanical analysis of this experiment. If we like, we can consider the 
"photon + photographic plate" as our physical system, but this would mean that we have 
changed completely the experimental setup. The new setup should be described quantum- 
mechanically in a different Hilbert space with different state vectors and different operators 
of observables. 

37 0f course, description of the measuring apparatus by means of an Hermitian operator 
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measuring apparatus is not considered to e a dynamical object. This means 
that there is no point to describe the act of measurement as "interaction" 
between the physical system and the measuring apparatus by means of some 
dynamical theory. The "collapse" of the wave function is not a dynamical 
process, it is just a part of a mathematical formalism that allows us to fulfil 
to true task of any physical theory - to predict outcomes of experiments. So 
there is no any contradiction or paradox between the unitary time evolution 
of wave functions and the abrupt "collapse" at the time of measurement @ 
The things we said above can be summarized in the form of two important 
statements: 

1. Quantum mechanics does not pretend to provide a description of the 
entire universe. It only applies to the description of specific experiments 
in which the physical system and the measuring apparatus are clearly 
separated. 

2. Quantum mechanics does not provide a mechanism of what goes on 
while the physical system is not observed. Quantum mechanics is just 
a mathematical recipe for calculating probabilities of experimental out- 
comes. The ingredients used in this recipe (Hilbert space, states su- 
perpositions, wave functions, Hermitian operators, etc.) have no direct 
relationship to things observable in nature. They are just mathematical 
symbols. 

The most important philosophical lesson taught by quantum mechanics is 

is an idealization. For example, the operator of position has a spectrum from — oo to oo, 
but rulers of infinite length do not exist. Furthermore, the Hermitian operator of position 
presumes exact measurability of this quantity, but in real life the accuracy of position 
measurements are limited (e.g., by the sizes of atoms). In our view, the inevitable dis- 
crepancies between the theoretical and the real life measuring devices simply indicate that 
ideal measuring devices do not exist in reality. All experimental measurements are associ- 
ated with errors. Of course, these errors should be carefully analyzed by experimentalists 
when measurements are done. But they should not have any effect on our theoretical 
description of measuring devices as Hermitian operators. 

38 Perhaps this is a good place to emphasize again that in this book we are not interested 
in how the wave function evolves after the "collapse" . So, we are not going to discuss 
repetitive measurements performed on the same copy of the physical system (the same 
member of the statistical ensemble). After the measurement has been done (the wave 
function has collapsed, and the value of observable has been obtained), the copy of the 
system is discarded. 
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the unwillingness to speculate about things that are not observable. Einstein 
was very displeased with this point of view. He wrote: 

/ think that a particle must have a separate reality independent of 
the measurements. That is an electron has spin, location and so 
forth even when it is not being measured. I like to think that the 
moon is there even if I am not looking at it. A. Einstein 

Actually, quantum mechanics does not deny that things exist even when they 
are not being measured. However, it prefers to remain agnostic about these 
things and refuses to use their (experimentally unprovable) existence as the 
basis for building a predictive theory. 



Chapter 3 

QUANTUM MECHANICS 
AND RELATIVITY 

There must be no barriers for freedom of inquiry. There is no 
place for dogma in science. The scientist is free, and must be 
free to ask any question, to doubt any assertion, to seek for any 
evidence, to correct any errors. 

J. Robert Oppenheimer 



The main goal of this book is to try to build a consistent relativistic quantum 
theory. Two preceding chapters discussed the ideas of relativity and quan- 
tum mechanics separately. Now is the time to unify them in one theory. The 
major contribution to such an unification was made by Wigner who formu- 
lated and proved the famous Wigner theorem and developed the theory of 
unitary representations of the Poincare group in the Hilbert spaceQ 

3.1 Inert ial transformations in quantum me- 
chanics 

The relativity Postulate 11.11 tells us that any inertial laboratory L is physi- 
cally equivalent to any other laboratory V = gL obtained from L by applying 

1 see chapter [5] 
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an inertial transformation This means that for identically arranged ex- 
periments in these two laboratories the corresponding probability measures 
(4>\X) are the same. As shown in Fig. [TJ laboratories are composed of two 
major parts: the preparation device P and the observer O. The inertial 
transformation g of the laboratory results in changes of both the preparation 
device and observer. The change of the preparation device can be interpreted 
as a change of the state of the system. We can formally denote this change 
by <p —>■ g<p. The change of the observer (or measuring apparatus) can be 
viewed as a change of the experimental proposition X —>■ gX. Then, the 
mathematical expression of the relativity principle is that for any g, (p, and 
X 

(g^\gX) = (<P\X) (3.1) 

In the rest of this chapter (and in chapters H] - [H]) we will develop a mathe- 
matical formalism for representing transformations g(f) and gX in the Hilbert 
space. This is the formalism of unitary representations of the Poincare group, 
which is a cornerstone of any relativistic approach in quantum physics. 

3.1.1 Wigner theorem 

Let us first focus on inertial transformations of propositions X — > gX^ Sup- 
pose that two observers O and O' are related by an inertial transformation: 
O' = gO. The experimental propositions attributed to the observer O form 
a propositional lattice C{7i) which is realized as a set of closed subspaces in 
the Hilbert space 7i. Observer O' also represents her propositions as sub- 
spaces in the same Hilbert space 7i. As these two observers are equivalent, 
we may expect that their propositional systems have exactly the same math- 
ematical structures, i.e., they are isomorphic. This means that there exists 
a one-to-one mapping 

2 There is a hidden controversy in this statement. Here we assume that parameters 
{<fi;v;r;t} of the transformation g are precisely specified. In particular, the position r 
and the velocity v of the laboratory gL with respect to the laboratory L have definite 
values. Strictly speaking, this is not consistent with quantum mechanics. The laboratories 
are, after all, quantum objects, and simultaneous exact determination of their positions, 
velocities, and orientations is not possible [3D] . Frankly, I do not know how to avoid this 
inconsistency here. The only justification is that laboratories are massive macroscopic 
objects for which quantum uncertainties are ridiculously small (see section [5731) . 

3 We will turn to transformations of states 4> — > g4> in the next subsection. 
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K g : C(H) -> C(H) 

that connects propositions of observer O with propositions of observer O', 
such that all lattice relations between propositions remain unchanged. In 
particular, we will require that K g transforms atoms to atoms; K g maps 
minimum and maximum propositions of to the minimum and maximum 
propositions of O', respectively 



K g (l) = 1 (3.2) 

K g (0) = (3.3) 

and for any X, Y G £(H) 

K g (XVY) = K g (X)VK g (Y) (3.4) 

K g (XAY) = K g (X)AK g (Y) (3.5) 

K g {X^) = K^X) 1 - (3.6) 



As discussed in subsection 12.5.21 working with propositions is rather in- 
convenient. It would be better to translate conditions (13.21) - (13.61) into the 
language of vectors in the Hilbert space. In other words, we would like to find 
a vector-to- vector transformation k g : 7i — > 7i which generates the subspace- 
to-subspace transformation K g . More precisely, we demand that for each 
subspace X, if K g (X) = Y, then the generator k g maps all vectors in X into 
vectors in Y, so that Span(k g (x)) = Y, where x runs through all vectors in 
X. 

The problem with finding generators k g is that there are just too many 
of them. For example, if a ray p goes to the ray K g (p), then the generator k g 
must map each vector \x) 6 p somewhere inside K g (p), but the exact value 
of k g \x) remains undetermined. Actually, we can multiply each image vector 
k g \x) by an arbitrary nonzero factor r\ (\x)), and still have a valid generator. 
Factors i](\x)) can be chosen independently for each \x) G 7i. This freedom 
is very inconvenient from the mathematical point of view. 

This problem is solved by the celebrated Wigner theorem [H] which states 
that we can always select factors r)(\x)) in such a way that the vector-to- 
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vector mapping f](\x))k g becomes either linear and unitary or antilinear and 
antiunitary j 



Theorem 3.1 (Wigner) For any isomorphic mapping K g of a proposi- 
tional lattice C(7i) onto itself, one can find either unitary or antiunitary 
transformation k g of vectors in the Hilbert space H, which generates K g . For 
a given K g only one of these two possibilities can be realized. 



In this formulation, the Wigner theorem has been proven in ref. [12] (see also 
[43J). The significance of this theorem comes from the fact that there is a 
powerful mathematical apparatus for working with unitary and antiunitary 
transformations, so that their properties (and, thus, properties of subspace 
transformations K g ) can be studied in great detail. 

From our study of inertial transformations in chapter [TJ we know that 
there is always a continuous path from the identity transformation e = 
{0, 0, 0, 0} to any other element g = {0, v, r, t} in the Poincare group. The 
identity transformation e is represented in the Hilbert space by the identity 
operator (up to an arbitrary unimodular factor) which is, of course, unitary. 
It seems reasonable to demand that the mappings g — > K g and g — > k g are 
continuous, so, the representative k g cannot suddenly switch from unitary 
to antiunitary along the path connecting e with g. Then we can reject the 
antiunitary transformations as representatives of K g ^ 

Although Wigner's theorem reduces the freedom of choosing generators, 
it does not eliminate this freedom completely: Two unitary transformations 
kg and flk g (where /3 is any unimodular constant) generate the same subspace 
mapping. Therefore, for each K g there is a set of generating unitary trans- 
formations U g differing from each other by a multiplicative constant. Such a 
set is called a ray of transformations [U g ] . 

Results of this subsection can be summarized as follows: each inertial 
transformation g of the observer can be represented by a unitary opera- 
tor U g in TC defined up to an arbitrary unimodular factor: ket vectors are 
transformed according to \x) —>■ U g \x) and bra vectors are transformed as 

4 See Appendix IF. 71 for definitions of antilinear and antiunitary operators. 

5 The antiunitary operators may still represent discrete transformations, e.g., time 
inversion, but we agreed not to discuss such transformations in this book, because they 
do not correspond to exact symmetries. 
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(x\ — > (x\U g l . If X = £\ l e i)( e i@ i s a projection (proposition) associated 
with the observer O, then observer O' = gO represents the same proposition 
by the projection 

x' = J^W^K 1 

i 

= u g xu g l 

Similarly, if F — Yli fi\ e i) ( e i\ * s an operator of observable associated with 
the observer O then 

i 

= U g FU- 1 (3.7) 

is operator of the same observable from the point of view of the observer 
a = gO. 

3.1.2 Inertial transformations of states 

In the preceding subsection we analyzed the effect of an inertial transforma- 
tion g on observers, measuring apparatuses, propositions, and observables. 
Now we are going to examine the effect of g on preparation devices and states. 
We will try to answer the following question: if |\&) is a vector describing a 
pure state prepared by the preparation device P, then which state vector |^') 
describes the state prepared by the transformed preparation device P' = gPl 
To find the connection between \^f) and |^') we will use the relativity 
principle. According to eq. (13.11) . for every observable F, its expectation 
value should not change after inertial transformation of the entire laboratory 
(= both the preparation device and the observer). Mathematically, this 
condition can be written as 

= (V'\F'\y') 

= (¥\U g FU~ l \¥) (3.8) 
6 Here |e») is an orthonormal basis in the subspace X, see Appendix [Gl 
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This equation should be valid for any choice of observable F. Let us choose 
F — \^)(^\, i.e., the projection onto the ray containing vector Then eq. 
(13. 8p takes the form 



= (^'lUgl^i^lUg 1 ^') 
= (V'\U g \V){V'\Ug\V)* 

= \(*'\u,\*)\ 

The left hand side of this equation is equal to 1. So, for each the 
transformed vector is such that 

\(ty'\U g \^}\ 2 = 1 

Since both U g \^f) and |^') are unit vectors, we must have 



\V) = a{ g )u g \y) 

where a(g) is an unimodular factor. Operator U g is defined up to a unimod- 
ular factor^ therefore, we can absorb the factor cr(g) into the uncertainty of 
U g and finally write the action of the inertial transformation g on states 



|*) _ |Tjr') = u g \V) (3.9) 

Then, taking into account the transformation law for observables (I3.7P we 
can check that, in agreement with the relativity principle, the expectation 
values remain the same in all laboratories 



(F) = (#'|F'|#') 
= (*|-F|*> 

= (F) (3-10) 



7 see subsection l3.1.1l 
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3.1.3 The Heisenberg and Schrodinger pictures 

The conservation of expectation values (I3.10P is valid only in the case when 
the inertial transformation g is applied to the laboratory as a whole. What 
will happen if only observer or only preparation device are transformed? 

Let us first consider inertial transformations of observers. If we change the 
observer without changing the preparation device (=state) then operators of 
observables change according to (13.71) while the state vector remains the same 
As expected, this transformation changes the results of experiments. For 
example, the expectation values of observable F are generally different for 
different observers O and O' = gO 

(f'} = m^Fu^m 

= (F) (3.11) 

On the other hand, if the inertial transformation is applied to the preparation 
device and the state of the system changes according to eq. (13.91) . then the 
results of measurements are also affected 

(F") = mu^Fiu^)) 

= (F) (3.12) 

Formulas (13.111) and (13.121) play a prominent role because many problems 
in physics can be formulated as questions about descriptions of the same 
physical system by different observers. An important example is dynamics, 
i.e., the time evolution of the system. In this case one considers time trans- 
lation elements of the Poincare group g = {0, 0,0, t}. Then eqs. (13.111) and 
(13.121) provide two equivalent descriptions of dynamics. Eq. (13. lip describes 
dynamics in the Heisenberg picture. In this picture the state vector of the 
system remains fixed while operators of observables change with time. Eq. 
(13.121) provides an alternative description of dynamics in the Schrodinger 
picture. In this description, operators of observables are time-independent, 
while the state vector of the system depends on time. These two pictures are 
equivalent because according to (13.1 ft a shift of the observer by g (forward 
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time translation) is equivalent to the shift of the preparation device by g^ 1 
(backward time translation). 

One can realize that the notions of Schrodinger and Heisenberg pictures 
can be applied not only to time translations. They can be generalized to 
other types of inertial transformations: space translations, rotations, and 
boosts. 



3.2 Unitary representations of the Poincare 
group 

In the preceding section we discussed the representation of a single inertial 
transformation g by an isomorphism K g of the lattice of propositions and by 
a ray of unitary operators [U g ], which act on states and/or observables in the 
Hilbert space. We know from chapter [1] that inertial transformations form the 
Poincare group. Then subspace mappings K gi , K g2 , K 93 , . . . corresponding to 
different group elements gi, g 2 , gs, . . . cannot be arbitrary. They must satisfy 
conditions 



K g2 K gi = K g291 (3.13) 
Kg-i = K; 1 (3.14) 
K gz (K g2 K gi ) = (K g ,K g2 )K gi (3.15) 

which reflect the group properties of inertial transformations g@ Our goal in 
this section is to find out which conditions are imposed by (I3.13P - (13 . 1 5[) on 
the set of unitary representatives U g of the Poincare group. 



3.2.1 Projective representations of groups 

For each group element g let us choose an arbitrary unitary representative 
U g in the ray [U g ]. For example, let us choose the representatives (also called 
generators) U 9l E [U gi ], U g2 E [U g2 ], and U g2gi E [U g2gi ). The product U g2 U gi 
should generate the mapping K g2gi , therefore it can differ from our chosen 
representative U g29l by at most a unimodular constant a(g 2 ,gi). So, we can 
write for any two transformations g\ and g 2 



8 see Appendix IA. 21 



3.2. UNITARY REPRESENTATIONS OF THE POINCARE GROUP 89 



U 92 U gi = a(g 2 , 9i)U g29l (3.16) 
The factors a have three properties. First, they are unimodular. 

\a(g 2 , gi )\ = l (3.17) 
Second, from the property (IA.2I) of the unit element we have for any g 

U g U e = a(g } e)U g = U g (3.18) 
U e U g = a(e,g)U g = U g (3.19) 

which implies 

a(g,e) = a(e,g) = l (3.20) 
Third, the associative law (13.151) implies 

U 93 (a(g 2 , gi)U g29l ) = (a(g 3 , g 2 )U g . m )U gi 
OL(g 2 -,g\)oL(g z ,g 2 gx)U gzg2gi = a(g 3 g 2 , g!)a(g 3 , g 2 )U gzg2gi 

a(g 2 , gi)a{jg 3 , gzgi) = oi(g 3 g 2 , gi)a(g 3 , g 2 ) (3.21) 

The mapping U g from group elements to unitary operators in Ti is called a 
projective group representation of the group if it satisfies eqs fl 3 . X 6 1) . (13.171) . 
(EE20D , and fl3T2T|) . 



3.2.2 Elimination of central charges in the Poincare 
algebra 

In principle, we could keep the arbitrarily chosen unitary representatives of 
the subspace transformations U gi , U g2 , . . ., as discussed above, and work with 
thus obtained projective representation of the Poincare group, but this would 
result in a rather complicated mathematical formalism. The theory would 
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be significantly simpler if we could judiciously choose the representatives^ in 
such a way that the factors a(g2, gi) in (I3.16P are simplified or eliminated 
altogether. Then we would have a much simpler linear unitary group repre- 
sentation (see Appendix [H]) instead of the projective group representation. 
In this subsection we are going to demonstrate that in any projective repre- 
sentation of the Poincare group such elimination of factors a(g 2 , g\) is indeed 
possible [44J. 

The proof of the last statement is significantly simplified if conditions 
(13.171) . (13.201) . and (13.211) are expressed in the Lie algebra notation. In the 
vicinity of the unit element of the group we can use vectors ( from the 
Poincare Lie algebra to identify other group elements (see eq. (IE. Ill ), i.e. 



g = & 

= exp^Cxj 

where t a is the basis of the Poincare Lie algebra (H, V, /C, J) from subsection 
11.3.11 Then we can write unitary representatives U g of inertial transforma- 
tions g in the form 




(3.22) 



where h is a real constant which will be left unspecified at this point J13 

and 

F a are ten Hermitian operators in the Hilbert space 7i called the generators 
of the unitary projective representation. Then we can write eq. ( 13.161) in the 
form 



U^=a(C0U (1 (3.23) 

Since a is unimodular we can set a(C,£) = exp[m(£,£)], where is 
a real function. The conditions (I3.20p and (13 .211) then can be rewritten in 
terms of K 

9 i.e., multiply unitary operators U g by unimodular factors U g — > f3(g)U g 
10 We will identify H with the Planck constant in subsection l4.1.1l 
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k(£5) = k(6,C)=0 (3.24) 

K(i,£) + K(x,£t) = <x£,()+k(x,£) (3.25) 

Note that we can write the lowest order term in the Taylor series for k near 
the group identity element in the form (see also eq. ( IE. 41) ) 

10 
ab=l 

The constant term, the terms linear in £ a and £ b , as well as the terms propor- 
tional to C a C b and i a i b are absent on the right hand of (13.261) as a consequence 
of the condition (13341 . 

Using the same arguments as during our derivation of eq. (1E.6|) . we can 
expand all terms in (13.231) around ( = £ = 



(.10 i 10 \ / • 10 1 10 

a=l bc=l / \ a=l bc=l 

10 \ . 10 / 10 \ 



ab=l / a=l \ bc=l 

10 



- ^E(c a +r + ...)(c fe +e 6 + ...)^ + ...] 

ab=l 

Equating the coefficients multiplying products £, a ( b on both sides, we obtain 



1 1 ' 1 

-^( F ab + F ba ) = -F a F b - ih ab + ®fab F c 

" c=l 

The left hand side of this equation is symmetric with respect to interchange 
of indices a <-> b. The same should be true for the right hand side. From this 
condition we obtain commutators of generators F 

10 

F a F b - F b F a = ihJ2 C lbFc + E ab (3.27) 
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where C c ah = f£ b — f b c a are familiar structure constants of the Poincare Lie 
algebra (I1.39P - (I1.46P and E ab = ih 2 {h a b—h ba ) are imaginary constants, which 
depend on the choice of representatives U g in rays [^]o These constants 
are called central charges. Our main task in this subsection is to prove that 
representatives U g can be chosen in such a way that E bc = 0, i.e., the central 
charges get eliminated. 

First we will choose an arbitrary set of representatives U g . In accordance 
with our notation in section 11.31 we will use symbols 



(#,P,j,K) (3.28) 

to denote the generators F a of the projective representation U g . These gener- 
ators correspond to time translation, space translation, rotations, and boosts, 
respectively. Then using the structure constants C bc of the Poincare Lie al- 
gebra from eqs (11.391) - (I1.46P we obtain the full list of commutators (I3.27p . 



3 



[J^Pj] = thJ2^kP k + E^ (3.29) 

fc=i 

3 

[Jijj] = ihJ^tmiJk + iE^) (3.30) 
fc=l 

3 

[Ji,Kj] = ih^eijkKk + E^ (3.31) 
fc=i 

[Pi,Pj] = (3.32) 

[Ji,&\ = Ef ] (3.33) 

[P U H] = Ef ] (3.34) 

h 3 

[Ki,Kj] = -i-Y,^k(Jk + iE [ P) (3.35) 



[K h P ] = -i^H8 ij + E^\ (3.36) 



c 



[Ki, H) = -ihPi + Ef ] (3.37) 



11 To be exact, we must write Ef, c on the right hand side of eq. (|3 . 27[) multiplied by the 
identity operator /. However, we will omit the symbol / here for brevity. 
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Here we arranged E^ c into nine sets of central charges E^ . . . E^ 9 \ In eq. 
( 13.301) and (13.351) we took into account that their left hand sides are an- 
tisymmetric tensors. So, the central charges must form an antisymmetric 
tensor as well, and, according to Table ID. 11 they can be represented as 
—fcJ2l=i e ijkEk an d ^ c ~ 2 Y?k=i e ijk E k > respectively, where E^ and E^ 
are 3- vectors. 

Next we will use the requirement that commutators (13.291) - (I3.37P must 
satisfy the Jacobi identity] 12 ! This will allow us to make some simplifications. 
For example, using P 3 = —^[Ji 7 P 2 ] + IE^ , and the fact that all constants 
E commute with generators of the group, we obtain 



[h, h\ = --^[([j 1 ,p 2 ] + ^ ) ),p 1 ] 

= -~[[Jl,P2],Pl] 

= ~[[A,A],Ji]-^[[Ji,A],A] 

= -^EjS,Ji]-^[B&,P 2 ] 
= 

so = 0. Similarly, we can show that E^ = E^ = = for all values 
of i,j = 1,2,3. 

Using the Jacobi identity we further obtain 



ih[J 3 ,P 3 ] = [[J 1 ,J 2 ),P 3 ] 

= [[p 3 ,j 2 },j 1 } + [[j u p 3 },j 2 } 

= iH[J 1 ,P 1 ]+ih[J 2 ,P 2 ] (3.38) 



and, similarly, 



ih[J x , A] = ih[J 2 , P 2 ] + ih[J 3 , P 3 ] (3.39) 

By adding eqs. (I3.38f) and (I3.39f) we see that 

[4P 2 ]=0 (3.40) 



12 



cq. (|E.10p . which is equivalent to the associativity conditions (|3.15p and (|3 . 25(1 
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Similarly, we obtain [Ji,Px] = [J3,Ps] = 0, which means that 

E$ = (3.41) 
Using the Jacobi identity again, we obtain 

ih[J 2 ,P 3 ) = [[J 3 ,Ji],P 3 ] 

= [[P 3 ,Jl],J 3 ] + [[J3,P3],Jl] 

= -ih[J 3 ,P 2 ] 

This antisymmetry property is also true in the general case (for any i,j = 
1,2, 3;t^i) 

[J i ,P j ] = -[J j ,P i \ (3.42) 

Putting together (13.401) and ( 13.421) we see that tensor [Jj, Pj] is antisymmetric. 
This implies that we can introduce a vector EjP such that 



3 
i=l 



and 



[JuPj] =ihJ2^k( p k + *E£ ] ) (3.43) 



i=l 



(3) 

Similarly, we can show that = and 



[Ji, Kj) = ih^eij^Kk + iE i 



(3)s 

k > 



i=i 



Taking into account the above results, commutation relations (13.291) - 
( 13.371) now take the form 
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3 



[Ji,Pj] = ihJ2^jk(Pk + iE^) (3.44) 
k=i 

3 

[Ji, Jj] = ihJ2^Jk(Jk + iE^) (3.45) 



k=i 

3 



[J^Kj] = ihJ2^jk(k k + iE^) (3.46) 
k=i 

[Pi, Pj\ = [J i ,H] = [P l ,H] = (3.47) 

h 3 

[ki, kj] = -i J2^k(Jk + iE { J ] ) (3.48) 



fe=i 



[i^] = -i^H5 ij + E%\ (3.49) 
= -iHPi + E^ (3.50) 

where £ on the right hand sides are certain imaginary constants. The next 
step in elimination of the central charges E is to use the freedom of choos- 
ing unimodular factors (3(g) in front of operators of the representation U g : 

— * — * 

Two unitary operators Ug and (3(QUg differing by a unimodular factor (3(() 
generate the same subspace transformation. Correspondingly, the choice of 
generators F a has some degree of arbitrariness as well. Since (3(Q are uni- 
modular, we can write 



10 

(3(£) = eMn(())*i + iJ2 R ^ a 

a=l 

— » 

Therefore, in the first order, the presence of factors (3(() results in adding 
some real constants R a to generators F a . We would like to show that by 
adding such constants we can make all central charges equal to zero. 

Let us now add constants R to the generators Pj, Jj, and Kj and denote 
the redefined generators as 



Pj = Pj + Rt 
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J, = J j + Rf 
Ki = K 3 + Rf 



Then commutator (I3.45j) takes the form 

[Ji, Jj] = [Ji + R? , Jj + R^f 1 } 

— [Ji, Jj] 
3 

= ih^e ijk (J k + iE^] 



k=l 



So, if we choose R k = iE^\ then 

3 

[i/j, Jj\ ih ^ tjjkJk 
fc=i 

and central charges are eliminated from this commutator. 

Similarly, central charges can be eliminated from commutators 



3 

and 



fc=i 



3 



[Ji,Kj] = ih^2e ijk K k (3.51) 



k=l 

by choosing R^ = iE^' and Rf' = iE®' . From eq. (13.511) we then obtain 

[K lt K 2 ] = ~[[J 2 ,K 3 ],K 2 ] 

= ~[[J2,K 2 ],K 3 }-~[[K 2 ,K 3 IJ 2 ] 

ih 
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so, our choice of the constants R^\ an d R^ eliminates the central 



(7) 

charges E\ . 

From eq. (13.511) we also obtain 



[K 3 ,H] = ~[[J U K 2 ),&\ 

= -I [[#,ir 2 ],J 1 ]-l[[J 1 ,#],i^ 2 ] 

= -[JuP*] 
= -ihP 3 

which implies that the central charge E^ is canceled as well. Finally 



[Ki,P*] = ~[[J2, K 3 ], P 2 ] 

= -^[[J 2 ,P 2 },K 3 } + ^[[K 3 ,P 2 },J 3 ] 



and 



[Ki,Pi] = -^[[J2,K 3 ],P 1 ] 

- l -[[J2,Pi],K 3 \ + i -[[K 3 ,P 1 ],J 3 \ 



[K 3 ,P 3 



This implies that E^' — if i ^ j, and we can introduce a real scalar E^ 
such that 



E (8) _ E (8) _ E (8) = _^ E (8) 
a \\ — ^22 — -^33 — 2 

Cr 



and 



[K i ,P i ] = ~6 v (H + E®) 
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Finally, by redefining the generator of time translations H = H + E^ 8 ' we 
eliminate all central charges from the commutation relations of the Poincare 
Lie algebra. 



3 



[J^Pj] = ihJ^djkPk (3.52) 
fc=i 

3 

[Ji,Jj] = ih^^EijkJk (3.53) 



fc=i 

3 



[Ji,Kj] = ih^2e ijk K k (3.54) 

k=l 

[P u Pj\ = [J i ,H} = [P u H} = Q (3.55) 

h 3 

[Ki,Kj] = -i—^eijkJk (3.56) 



[K u Pj] = -i^HSij (3.57) 
[Ki,H] = -ihPi (3.58) 



Thus Hermitian operators H, P, J, and K provide a representation of the 
Poincare Lie algebra and the redefined unitary operators (3{g)U g form a 
unique unitary representation of the Poincare group that corresponds to the 
given projective representation U g in the vicinity of the group identity. We 
have proven that each projective representation is equivalent to a certain uni- 
tary representation, which are much easier objects for study (see Appendix 

ED. 

Commutators (13.521) - (13.581) are probably the most important equations 
of relativistic quantum theory. In the rest of this book we will have many 
opportunities to appreciate a deep physical content of these formulas. 



3.2.3 Single- and double-valued representations 

In the preceding subsection we eliminated the phase factors a(g2,gi) from 
eq. (13.161) by resorting to Lie algebra arguments. However, these arguments 
work only in the vicinity of the group's unit element. There is a possibility 
that non-trivial phase factors may reappear in the multiplication law (13.1 6ft 
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when the group manifold has a non-trivial topology and group elements are 
considered which are far from the unit element. 

The simplest example of a group with such a non-trivial topology is the 
rotation group (see Appendix [D]) . Note that two rotations around the same 
axis by angles <fi and <p+2iTn (with integer n) are physically indistinguishable. 
Then the region of independent rotation vectors^! in IR 3 can be described as 
the interior of the sphere of radius tt with opposite points on the surface of 
the sphere identified. This set of points will be referred to as ball IT (see Fig. 
13.11) . The unit element {0} is in the center of the ball. We will be interested 
in one-parameter families of group elements which form continuous curves in 
the group manifold EL Since the opposite points on the surface of the ball 
are identified in our topology, any continuous path that crosses the surface 
must reappear on the opposite side of the sphere (see Fig. 13.1( a)). 

A topological space is simply connected if every loop can be continuously 
deformed to a single point. An example of a simply connected topological 
space is the surface of a sphere. However, the manifold II of the rotation 
parameters is not simply connected. The loop shown in Fig. 13.1( a) crosses 
the sphere once and can not be shrunk to a single point. However, the loop 
shown in Fig. 13.1( b) can be continuously deformed to a point. It appears 
that for any rotation R there are two classes of paths from the group's unit 
element {0} to R. They are also called the homotopy classes. These two 
classes consist of paths that cross the surface of the sphere n even and odd 
number of times, respectively. Two paths from different classes cannot be 
continuously deformed to each other. 

Just as in the Poincare algebra, the central charges can be eliminated 
in the Lie algebra of the rotation group by a proper choice of numerical 
constants added to generators. Then a unitary representation of the rotation 
group can be constructed in which the identity rotation is represented by 
the identity operator, and by traveling a small loop in the group manifold 
from the identity element {0} back to {0} we will end up with the identity 
operator / again. However, if we travel the long path {0} — > A — > A' — > 
{0} in Fig. 13.1( a). there is no guarantee that in the end we will find the 
same representative of the identity transformation. We can get some other 
equivalent unitary operator from the ray containing J, so the representative 
of {0} may acquire a phase factor e^ after travel along such a loop. On 



13 Recall from Appendix ID. 51 that direction of the rotation vector <f> coincides with the 
axis of rotation, and its length <f> is the rotation angle. 
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Figure 3.1: The space of parameters of the rotation group is not simply 
connected: (a) a loop which starts from the center of the ball {0}, reaches 
the surface of the sphere II at point A, and then continues from the opposite 
point A' back to {0}; this loop cannot be continuously collapsed to {0}, 
because it crosses the surface an odd number of times (1); (b) a loop {0} — > 
A — > A' — > B — > B' — > {0} which crosses the surface of the sphere II twice 
can be deformed to the point {0}. This can be achieved by moving the points 
A' and B (and, correspondingly the points A and B') close to each other, so 
that the segment A' — > B of the path disappears. 
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the other hand, making two passes on the loop {0} — > A — > A' — > {0} — > 
A — > A' — > {0} we obtain a loop which crosses the surface of the sphere 
twice, and hence can be deformed to a point. Therefore e 2% ^ = 1, and e 1 ^ = 
±1. This demonstrates that there are two types of unitary representations 
of the rotation group: single-valued and double-valued. For single-valued 
representations, the representative of the identity rotation is always I. For 
double-valued representations, the identity rotation has two representatives 
/ and —J, and the product of two operators in (13.161) may have a non-trivial 
sign factor 



u g\ u 92 - J - U gi92 

Since the rotation group is a subgroup of the Poincare group, the latter 
group also has a non-trivial global topology. Then, one should also take 
into account both single- and double-valued representations of the Poincare 
group. 

3.2.4 The fundamental statement of relativistic quan- 
tum theory 

The most important result of this chapter is the connection between relativity 
and quantum mechanics summarized in the following statement (see, e.g., [H]) 

Statement 3.2 (Unitary representations of the Poincare group) In a 

relativistic quantum description of a physical system, inertial transforma- 
tions are represented by unitary operators which furnish a unitary (single- or 
double-valued) representation of the Poincare group in the Hilbert space of 
the system. 

It is important to note that this statement is completely general. The Hilbert 
space of any isolated physical system (no matter how complex) must carry a 
unitary representation of the Poincare group. Construction of Hilbert spaces 
and Poincare group representations in them is the major part of theoretical 
description of physical systems. The rest of this book is primarily devoted 
to performing these difficult tasks. 

Basic inertial transformations from the Poincare group are represented in 
the Hilbert space by unitary operators: e~^ Pr for spatial translations, e~^ J * 
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for rotations, e~^ Kc ® for boosts, and e% Ht for time translations^ A gen- 
eral inertial transformation g = {<fi,v(9),r,i} is represented by the unitary 
operatoi0 



U g = e-^e-^ Kc9 e~^e^ m (3.59) 

Then, in the Schrodinger picture state vectors transform between different 
inertial reference frames according tc@ 



= (Jg\V) (3.60) 

In the Heisenberg picture inertial transformations of observables have the 
form 



F' = U g FU g x (3.61) 

For example, the equation describing the time evolution of the observable F 
in the Heisenberg picturd^l 



F(t) = ei Ht Fe-i m (3.62) 

= F + l[H, F]t - hp, [H, F}}t 2 + ... (3.63) 

can be written in the differential form 

dF(t) i 
~1T ~ h [H ' F] 

which is the familiar Heisenberg equation. 



14 The exponential form of the unitary group representatives follows from eq. (|3.22p . We 
use a different sign for the time translations, because, unlike space translations, rotations, 
and boosts, they are normally considered as active transformations. 

15 compare with eq. (|1.16p 

16 We will see in subsection 15.2.41 that this is active transformation of states. In most 
physical applications one is interested in passive transformations of states, which are given 
by the inverse operator U~ 1 . 

17 see eq. <[E7T5|> 
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Note also that analogous "Heisenberg equations" can be written for trans- 
formations of observables with respect to space translations, rotations, and 
boosts 



^ - 4™ 
d ~f ~ 4™ 

m = — — [k, f] 

de h 



We already discussed the point! 18 ! that transformations of observables with 
respect to inertial transformations of observers cover many interesting prob- 
lems in physics (the time evolution, Lorentz transformations, etc.). From the 
above formulas we see that solution of these problems requires the knowl- 
edge of commutators between observables F and generators of the Poincare 
group representation H, P, J, and K. In the next chapter we will discuss 
definitions of various observables, their connections to Poincare generators, 
and their commutation relations. 



see subsection l3.1.3l 
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Chapter 4 

OPERATORS OF 
OBSERVABLES 



Throwing pebbles into the water, look at the ripples they form on 
the surface, otherwise, such occupation becomes an idle pastime. 

Kozma Prutkov 



In chapters [2] and [3] we established that in quantum theory any physical sys- 
tem is described by a complex Hilbert space H, pure states are represented 
by rays in TC, observables are represented by Hermitian operators in TC, and 
there is a unitary representation U g of the Poincare group in TC which de- 
termines how state vectors and operators of observables change when the 
preparation device or the measuring apparatus undergoes an inertial trans- 
formation. Our next goal is to clarify the structure of the set of observables. 
In particular, we wish to find which operators correspond to such familiar 
observables as velocity, momentum, energy, mass, position, etc, what are 
their spectra, and what are the relationships between these operators? 

In this chapter we will focus on observables whose operators can be ex- 
pressed as functions of generators (P, J, K, H) of the Poincare group rep- 
resentation Ug. In chapter [7J we will meet other observables, such as the 
number of particles. They cannot be expressed through ten generators of the 
Poincare group. 
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4.1 Basic observables 



4.1.1 Energy, momentum, and angular momentum 

The generators of the Poincare group representation in the Hilbert space of 
any system are Hermitian operators H, P, J, and K, and we might suspect 
that they are related to certain observables pertinent to this system. What 
are these observables? In order to get a hint, let us now postulate that the 
constant h introduced in subsection 13.2.21 is the Planck constant 



h = 6.626- 10~ 34 — (4.1) 

s 

whose dimension can be also expressed as < h >=< mass >< speed >< 
distance >. Then the dimensions of generators can be found from the con- 
dition that the arguments of exponents in (I3.59f) must be dimensionless 

• < H >= < ^^ > =< mass >< speed > 2 ; 

• < P >= -rp^P^ - =< mass >< speed >; 

<distance> r 

• < J >=< h >=< mass >< speed >< distance > 

• < K >= - <h \ =< mass >< distance >; 

<speed> > 

Based on these dimensions we can guess that these are observables of energy 
(or Hamiltonian) H, momentum P, and angular momentum J of the sys- 
temQ We will call them basic observables. Operators if, P, and J generate 
transformations of the system as a whole, so we will assume that these are 
observables for the entire system, i.e., the total energy, the total momentum, 
and the total angular momentum. Of course, these dimensionality consider- 
ations are not a proof. The justification of these choices will become more 
clear later, when we consider properties of operators and relations between 
them. 

Using this interpretation and commutators in the Poincare Lie algebra 
(13.521) - (13.581) . we immediately obtain commutation relations between oper- 
ators of observables. Then we know which pairs of observables can be simul- 
taneously measured. For example, we see from (I3.55P that energy is simul- 
taneously measurable with the momentum and angular momentum. From 



1 There is no common observable directly associated with the boost generator K, but 
we will see later that K is related to observables of position and spin. 
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(13.531) it is clear that different components of the angular momentum cannot 
be measured simultaneously. These facts are well-known in non-relativistic 
quantum mechanics. Now we have them as direct consequences of the prin- 
ciple of relativity. 

From commutators (13.521) - (13.581) we can also find formulas for transfor- 
mations of operators H, P, J, and K from one inertial frame to another. For 
example, each vector observable F = P, J or K transforms under rotations 
a£| 



F(0) = e'i J ^Fer^ = Fcos0 + — (F • — )(1 — cos0) — F x — sin $4.2) 



The boost transformation law for generators of translations i^l 



P(0) = e-* Krf PeK Kc * = P + ^(P - e -) (cosh - 1) - -^-tfsinh 6(4.3) 

cO 

H(0) = e-* Kc °He* KcS = HcoshO - c(P • °-) sinhtf (4.4) 



It also follows from (13.551) that energy H, momentum P, and angular mo- 
mentum J do not depend on time, i.e., they are conserved quantities. 



4.1.2 The operator of velocity 

The operator of velocity is defined as^ (see, e.g., [451 BE]). 



Denoting V(#) the velocity of the system measured in the frame of reference 
moving with the speed v = ctanh# along the x-axis, we obtain 



2 see eq. (|D.19D 

3 see eqs. (lL49|) and (TOO) 

4 The ratio of operators is well-defined here because P and H commute with each other. 
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P r 2 



V x (9) = e-*"'«'-jj-ei 



c 2 P x cosh 9 — cH sinh 9 
H cosh # — cP x sinh 6? 
c 2 P x H- 1 -ctanhfl 

1 - cP x H-Himh9 
V x — ctanh# 

1 - ^tanh# 

1 V x v 

-L -9 



(4.5) 



yl J (l-f tanhfl)cosh# (1-^) ' 1 J 

I/m = Vz - (A7) 

z{> (l-^tanh£)cosh# (1-^) 1 J 

These formulas coincide with the usual relativistic law of addition of veloci- 
ties. In the limit c — > oo they reduce to the familiar non-relativistic form 



W = 
V z (v) = V z 



4.2 Casimir operators 

Observables H, P, V and J depend on the observer, so they do not represent 
intrinsic fundamental properties of the system. For example, if a system has 
momentum p in one frame of reference, then there are other (moving) frames 
of reference in which the momentum takes any other value from R 3 . The sys- 
tem's momentum depends on both the state of the system and the reference 
frame in which the observation is made. Are there observables which reflect 
some intrinsic observer-independent properties of the system? If there are 
such observables (they are called Casimir operators ), their operators must 
commute with all generators of the Poincare group. It can be shown that 
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the Poincare group has only two independent Casimir operators [UJ . Any 
other Casimir operator of the Poincare group is a function of these two. So, 
there are two invariant physical properties of any physical system. One such 
property is mass, which is a measure of the matter content in the system. 
The corresponding Casimir operator will be considered in subsection 14.2.21 
Another invariant property is related to the speed of rotation of the system 
around its own axis or spin. The Casimir operator corresponding to this 
invariant property will be found in subsection 14.2.31 

4.2.1 4- vectors 

Before addressing the Casimir operators, let us introduce some useful defi- 
nitions. We will call a quadruple of operators (Aq, Ai, A2, A3) a 4~v ectoi^ if 
(A\, A2, A3) is a 3- vector, Ao is a 3-scalar, and their commutators with the 
boost generators are 

c[K.i,Aj} = -ihAoS i:j (4.8) 
c[£,Ao] = -thA (4.9) 

Then, it is easy to show that the ^-square A 2 — Aq of a 4-vector is a 4-scalar, 
i.e., it commutes with both rotations and boosts. For example, 

[K X ,A 2 -A 2 ] = [K x ,Al + A 2 y + A 2 z -Al} 

= — (A X A + A A X -A A X -A X A ) 

c 

= 

Therefore, in order to find the Casimir operators of the Poincare group we 
should be looking for two functions of the Poincare generators, which are 
4- vectors and, in addition, commute with H and P. Then 4-squares of these 
4-vectors are guaranteed to commute with all Poincare generators. 

4.2.2 The operator of mass 

It is easy to see that four operators (H, cP) satisfy all conditions specified in 
subsection 14.2 . 11 for 4-vectors. These operators are usually called the energy- 



5 see also Appendix 11.11 
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momentum ^-vector. Then we can construct the first Casimir invariant called 
the mass operator as the 4-square of this 4- vector 



M = +—VH 2 - P 2 c 2 (4.10) 
<r 

The operator of mass must be Hermitian, therefore we demand that for any 
physical system H 2 — P 2 c 2 > 0, i.e., that the spectrum of operator H 2 — P 2 c 2 
does not contain negative values. Honoring the fact that masses of all known 
physical systems are non-negative we choose the positive value of the square 
root in (14.101) . Then the relationship between the energy, momentum, and 
mass takes the form 

H = +VP 2 c 2 + M 2 c 4 (4.11) 
In the non-relativistic limit (c — > oo) we obtain from eq. ( 14. lift 



p2 

H « Mc 2 + 



2M 

which is the sum of the famous Einstein's rest mass energy E = Mc 2 and 

PL 

2AT 



the usual kinetic energy term 



4.2.3 The Pauli-Lubanski 4- vector 

The second 4- vector commuting with H and P is the Pauli-Lubanski operator 
whose components are defined as^| 



W° = (P-J) (4.12) 

W = ^-HJ - c[P x K] (4.13) 

Let us check that all required 4-vector properties are, indeed, satisfied for 
(W°, W). We can immediately observe that 



6 These definitions involve products of Hermitian commuting operators, therefore oper- 
ators W° and W are guaranteed to be Hermitian. 
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[J,W°] = 

so W° is a scalar. Moreover, W° changes its sign after changing the sign of 
P so it is a pseudoscalar0 W is a pseudovector, because it does not change 
its sign after changing the signs of K and P and 



3 

[Ji,Wj] = ih^2e ijk W k 



k=l 

Let us now check the commutators with boost generators 

C[K X ,W ] = C[K X ,P X J X + PyJy + P Z J Z ] 

H J 

= -iK—f- -cP y K z + cP z K y ) 
= -ihW x (4.14) 
c[K x ,W x ] = [K x ,HJ x -c 2 PyK z + c 2 P z Ky] 
ih( PxJx -^yJy PzJz) 

= -ihW° (4.15) 
c[K x ,W v ] = [K x ,HJy-c 2 P z K x + c 2 P x K z ] 

= lh(HK z - P X Jy - HK Z + P X Jy) 

= (4.16) 
[K X ,W Z ] = (4.17) 

Putting equations (I4.14p - (14.171) together we obtain the characteristic 4- 
vector relations (fl~8j) - (149|) 

c[K,W°] = -iHW (4.18) 
c[Ki,Wj] = -thdijW (4.19) 

Next we need to verify that commutators with generators of translations 
are all zero. First, for W° we obtain 



7 For definitions of pseudoscalars, pseudovectors, etc. see subsection ll.2.41 
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[W°, H] = [P • J, H] = 

[W ,P X ] = [J X P X + JyPy + J Z P Z ,P X 

Py [Jy i P X \ ~\~ Pz [J. Z 5 Px\ 

= -ikPyP Z + ikP Z Py 

= 



For the vector part W we obtain 



[W,H] = -c[[PxK],ff] 

= -c[P, H] x K - cP x [K, H] 
= 

[W X ,P X ] = -[HJ x ,P x ]-c[\PxK] x ,P x ] 

c 

C[PyK z P z Ky, P X \ 

= 

[W x ,Py] = - c [HJ X ,Py]-C[[PxK] X ,Py] 

= ^HP Z -C[PyK Z -P Z Ky,Py] 

= *HP.-*HP. 

c c 

= 

So, all components of the 4-vector (W , W) commute with all components of 
(H, P). This proves that the 4-square of the Pauli-Lubanski 4-vector 



s 2 = w 2 - wl 

is a Casimir operator. Although operators (W°, W) do not have direct phys- 
ical interpretation, we will find them very useful in the next section for de- 
riving the operators of position R and spin S. For these calculations we will 
need the commutators between components of the Pauli-Lubanski 4-vector. 
For example, 
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[W x ,W y ] = [W x ,-HJ y + cP x K z -cP z K x ] 

= ih(-HW z -W°P z ) 
[W ,W X ] = [W ,^HJ x -cP y K z + cP z K y ] 

= -m\p X W],. 
The above equations are easily generalized for all components 

'h 3 

[ w ii w i\ = l -Ys e ^ HW k- cW ° p ^ ( 4 - 2 °) 

fc=l 

[Wo, Wj] = -ih[P x W]j (4.21) 

4.3 Operators of spin and position 

Now we are ready to tackle the problem of finding expressions for spin and 
position as functions of generators of the Poincare group [1HI SSI EDI l5T] - 

4.3.1 Physical requirements 

We will be looking for the total spin operator S and the center-of-mass posi- 
tion operator R which have the following natural properties: 

(I) Owing to the similarity between spin and angular momentum^] we 
demand that S is a pseudo vector (just like J) 

8 It is often stated that spin is a purely quantum-mechanical observable which does 
not have a classical counterpart. We do not share this point of view in this book. From 
classical mechanics we know that the total angular momentum of a body is a sum of two 
parts. The first part is the angular momentum resulting from the linear movement of the 
body as a whole with respect to the observer. The second part is related to the rotation 
of the body around its own axis, or spin. The only significant difference between classical 
and quantum intrinsic angular momenta (spins) is that the latter has a discrete spectrum, 
while the former is continuous. 
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3 

[Jj, S{] = i>fi> 2_j ^ijk^k 
k=l 

(II) and that components of S satisfy the same commutation relations as 
components of J (I3.53|) 

3 

[S^Sj] =ihY,tijkS k (4.22) 
fc=i 

(III) We also demand that spin can be measured simultaneously with mo- 
mentum 



[P,S] = 0; 

(IV) and with position 

[R, S] = (4.23) 

(V) From the physical meaning of R it follows that space translations of 
the observer simply shift the values of position. 



e 


^ a R x e^ a 


— R x — & 


e~ 


i p * a R y e* p * a 


= Ry 


e~ 


Ti p * a R z e^ p * a 


= R z 



This implies the following commutation relations 



[R u Pj) = ihSij 



(4.24) 
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(VI) Finally, we will assume that position is a true vector (see subsection 

02D ' 



[J h R j ]=ih^2e ijk R k (4.25) 

k=l 

4.3.2 The spin operator 

Now we would like to make the following guess about the form of the spin 
operatoifl 



S = _ -llii (4.26) 

Mc M(Mc 2 + H) v ; 

HJ PxK P(P J) 

— i I a 27) 

Mc 2 M {H + Mc 2 )M K ' ; 

which is a pseudovector commuting with P as required by the above condi- 
tions (I) and (III) . Next we can verify that condition (II) is also valid for this 
operator. To calculate the commutators f)4.22p between spin components we 
denote 



F = -M- l (Mc 2 + H)- 1 (4.28) 
use commutators ( 14.201) and (14.211) . the equality 



(P . W) = -HCP ■ J) = -HW° (4.29) 

c c 



and eq. ( ID. 151) . Then 



[S X ,S V ] = [FW P x + ^FW P y + ^] 



9 Note that operator S has the mass operator M in the denominator, so expressions 
(|4.26[) and (|4. 2T|) have mathematical sense only for systems with strictly positive mass 
spectrum. 
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FP x (PxW) y FP y (P x W) x . HW z -cW P z 

[ Mc Mc M 2 c 3 

F[P x [P x W]] z HW Z - cW P z ^ 



ih(- 



Mc M 2 c 3 
F(P Z (P-W)-W Z P 2 ) , HW z -cW P z 



Mc M 2 c 3 1 

F(P z HW Q c- 1 -W Z P 2 ) HW z -cW P z ^ 

[ Mc + M 2 <? ] 

ihWJ^ + -^-)+ihP z w°< HF 1 



Mc M 2 (?' v Mc 2 M 2 c 2 ' 

For the expressions in parentheses we obtain 



P 2 F H P 2 H 



Mc M 2 c 3 M 2 c(Mc 2 + H) M 2 (? 

H(Mc 2 + H)- P 2 c 2 

M 2 c 3 (Mc 2 + H) 
H(Mc 2 + H) - (Mc 2 + H)(H - Mc 2 ) 
M 2 c 3 (Mc 2 + H) 



Mc 



and 



HF 1 H 1 



Mc 2 M 2 c 2 M 2 c 2 (Mc 2 + H) M 2 c 2 
H - (Mc 2 + H) 
M 2 c 2 (Mc 2 + H) 
1 



M(Mc 2 + H) 

F 



Thus, property (I4.22p follows 



[s x ,s y ] = ih(^J- + FW Q p z 

= ihS z 
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Let us now prove that spin squared S 2 is a function of M 2 and £ 2 , i.e., a 
Casimir operatoJ^I 



W 2 2W FP ■ W Q „ 2 
+ ~T7 + W$P 2 F 2 



M 2 c 2 Mc 

w2 + 



M 2 c 2 Mc 2 
W 2 „^„,2H 



+ WZF(— + P 2 F) 



M 2 C 2 » "MC 2 

W 2 TXr2 2H(Mc 2 + H)- P 2 c 2 
+ WqF- 



M 2 C 2 u Mc 2 (Mc 2 + H) 
W 2 + 2HMc 2 + M 2 c 4 



M 2 C 2 U M 2 c 2( Mc 2 + 

w 2 - iy 2 

M 2 c 2 

s 2 



M 2 c 2 



So far we guessed the form of the spin operator and verified that the required 
properties are satisfiedl"] In subsection 14.3.61 we will demonstrate that S is 
the unique operator satisfying all conditions from subsection 14.3.11 

4.3.3 The position operator 

Now we are going to switch to the derivation of the position operator. Here 
we will follow a similar route: we will first guess the form of the operator R 
and then in subsection 14.3.71 we will prove that this is the unique expression 
satisfying all requirements from subsection 14.3. 11 Our guess for R is the 
Newton- Wigner position operatoi^ [18], H9J [50l [51] [52] 



10 The invariance of the absolute value of spin is evident for macroscopic freely moving 
objects. Indeed, no matter how we translate, rotate or boost the frame of reference we 
cannot stop the spinning motion of the system or force it to spin in the opposite direction. 

11 Property (IV) will be examined in subsection 14.3.31 

12 Similarly to the operator of spin (see footnote on page I115p . the Newton- Wigner 
position operator is defined only for systems whose mass spectrum is strictly positive. 
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R = --(H-'K + KH- 1 ) f F * S . (4.30) 

2 V ; H(Mc 2 + H) K 1 

Irr-lj, cPxW 

~ CH K -—Jp-MH(Mci + H) (4 - 31) 
which is a true vector having the property (V), e.g., 

[R X ,P X ] = - C ^\{E- l K x + K x R- x ),P x \ 

= ^(H-'H + HH- 1 ) 

= ih 

[R x ,P y ] = —[(H^Ks + KsH-^Py] 

= 



Let us now calculate^ 



J -R x P 

t 2rr It, t, C " [ P X S] X P 

3 + cH KxP+ h(mAh) 

J + C^KXP-^ T ^(P(P.S)-SP 2 ) 

J + JH-K x P - ^ (Mc C 2 2 + g) (P(P • S) - |(lf - Mc 2 )(tf + Mc 2 )) 

J + c^KxP + S C2P(P " S) 



13 Note that [iC^ - K y P x ,H] = -ih(P x P y - P y P x ) = 0, therefore K x P commutes 
with P and operator P _1 K x P is Hcrmitian. In this derivation we also use 

p P-Jg P 2 (P-J)(P-Afc 2 ) 

Afc 2 P 2 Mc 2 
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-J + 
S 



c 2 P(P-J) c* _ _ 

H{Mc 2 +H) H 



Therefore, just as in classical physics, the total angular momentum is a sum 
of two parts: the orbital angular momentum R x P and the intrinsic angular 
momentum or spin S 

J=RxP+S 

Finally, we can check that condition (IV) is satisfied, e.g., 



[S x ,R y ] = [J x - [R X P] x , Ry] 

= ihR z -[P y R z -P z R y ,R y ] 

= ihR z — ihR z 

= 



Theorem 4.1 All components of the position operator commute with each 
other: [R iy Rj] = 0. 

Proof. First, we calculate the commutator [HR x ,HR y ] which is related to 
[R x , R y ] via formula 



[HR X , HRy] = [HR X , H]R y + H[HR X , R y ) 

= H [R x ,H]R y + H [H, R y ]R x + H 2 [R x , R y ] 

= thC 2 {P X Ry ~ RyP X ) + H 2 [R X , Ry] 

= ihc 2 [P x R] 2 + H 2 [R x ,R y ] 

= -ihc 2 J z + ihc 2 S z + H 2 [R x ,R y ] (4.32) 
Using formula (14.311) for the position operator, we obtain 

[HR X , HR y ] = [-c 2 if 1 -^^ + cF[PxW] I ,A-T¥+ cf [ Px 

2 ti Z ti 
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Non-zero contributions to this commutator are 

[-c 2 K x ,-c 2 K y ] = c 4 [K x ,K y ] 
= —ihc 2 J z 
r iJic P x n i ihc r P x 

-,-CKy] = —[Ky, 



1 2 H yi 2 H : 



[-c 2 K x ,+cF[PxW] y 
c 3 _ P Z W X -P X W Z1 



-\K,. 



M ' H + Mc 2 1 
c 3 P Z W X -P X W Z P Z [K X ,W X ] [K X ,P X ]W Z 

M [ (H + Mc 2 ) 2 [ *' J H + Mc 2 H + Mc 2 ' 
ihc 3 (MF 2 (P z W x - P X W Z )P X + FP.Wqc- 1 - FHW z c~ 2 ) (4.33) 



[cF[P x W] x , -c 2 K y ] 

= -C 3 (-MF 2 (PyW Z - P Z Wy)[K y , H] + FP Z [Ky, Wy] ~ F [K y , Py]W ' g ) 

= ihc 3 (MF 2 (P y W z - P z W y )P y + F P Z W ^ - FHW z c- 2 ) (4.34) 

and 



[cP[Px W] I)C F[Px Wy 

C 2 F 2 [PyW Z - P Z Wy, P Z W X ~ P X W Z ] 

C 2 F 2 (P z Py[W Z , W X ] - P 2 [Wy, W X ] + P X P Z [Wy, W z ] ) 

iheF 2 (P z P y (HW y - cW Py) + P 2 (HW Z - cW P z ) + P X P Z (HW X - cW P x )) 
thcF 2 (-W cP z (P 2 + P 2 + Pf ) + HP Z (P X W X + + P Z W Z )) 

ihc 2 F 2 {-W P z P 2 + HP Z {P • W)/c) 
^c 2 P 2 (-W ^ 2 + P 2 P^ /c 2 ) 
ihF 2 W (-P z (H 2 - M 2 c A ) + # 2 P 2 ) 
^c 4 ^ P, 

(P + Mc 2 ) 2 (4 ' 35) 
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Adding together eqs (I4.33[) and ( 14. 34ft and using (14. 29ft we obtain 

[-c 2 K x , cF[P x W] y ] + [cF\P x W] x , -c 2 K y ] 
= ihc\MF 2 \P x [P x W]] 2 + 2FP z W c~ l - 2FHW z c~ 2 ) 
= ihc 3 (MF 2 (P z (P ■ W) - W Z P 2 ) + 2FP z W c~ 1 - 2FHW z c~ 2 ) 
= ihc 3 (MF 2 (P z HW /c - W Z P 2 ) + 2FP z W c~ 1 - 2FHW zC - 2 ) 
= ihc 2 MF 2 P z W (H - 2(H + Mc 2 )) + ihcMF 2 W z (-(H - Mc 2 )(H + Mc 2 ) 

+2H(H + Mc 2 )) 

, . , , ihcW z 
= ihc^P.WoiFc- 1 - M 2 F 2 c) + — (4.36) 

Adding together eqs (I4.35P and (I4.36P we finally calculate 

jtjcW 

[HR X , HR y ] = -ihc 2 J z + ihc 3 P z W (F - M 2 F 2 c) + +ihc 4 M 2 F 2 W P z 

= — mc J z + inc — TT7TT „ - nx + T1-) 

y M(H + Mc 2 ) Mc J 

= —ihc 2 J z + ihc 2 S z 
Comparing this with eq. (14.321) we obtain 

H 2 [R X , Ry] = 

and 

[R x , Ry] = 



4.3.4 An alternative set of basic operators 

So far, our plan was to construct operators of observables from 10 basic 
generators {P, J, K, H}. However, this set of operators is often difficult 
to use in calculations due to rather complicated commutation relations in 
the Poincare Lie algebra (13.521) - ( 13.581) . For systems with a strictly positive 
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spectrum of the mass operator, it is sometimes more convenient to use an 
alternative set of basic operators {P, R, S, M} whose commutation relations 
are much simpler 



[P,M] = [R,M} = [S,M] = [R l ,R J ] = [P l ,P J ]=0 (4.37) 
[Ri, Pj] = ih5 i:j 
[P,S] = [R,S] = 

3 

[Si,Sj] = ih^ijkSk (4.38) 
fe=i 

Summarizing our previous discussion, we can express operators in this set 
through generators of the Poincare group 



P = P (4.39) 

r 2 rP * W 

R = --( g -'K + Kg -)- Mg(Me2 + g) (4.40) 

S = J-RxP (4.41) 

M = +\VH 2 - P 2 c 2 (4.42) 
c 2 

Conversely, we can express generators of the Poincare group {P,K, J,H} 
through operators {P, R, S, M}. The momentum operator P is the same in 
both sets. For the energy and angular momentum we obtain 



H = +VM 2 c 4 + P 2 c 2 (4.43) 
J = R x P + S (4.44) 

and the expression for the boost operator is 



1 (_£W + K)-^x S 



2c 2 V 2 v ; Mc 2 + H 



2c 2 V 2 v ; Mc 2 + H J Mc 2 + H 
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-(H^KH + K + K + HKH- 1 ) 

K (4.45) 

These two sets provide equivalent descriptions of Poincare invariant theories. 
Any function of operators from the set {P,J,K,if} can be expressed as a 
function of operators from the set {P, R, S, M} and vice versa. We will use 
this property in subsections 14.3. 5\ 16.3.21 and 16.3.31 



4.3.5 Canonical form and "power" of operators 

In this subsection, we would like to mention some mathematical facts which 
will be helpful in further calculations. When performing calculations with 
functions of Poincare generators, we meet a problem that the same operator 
can be expressed in many equivalent functional forms. For example, accord- 
ing to (I3.58P K X H and HK X — ihP x are two forms of the same operator. To 
solve this non-uniqueness problem, we will agree to write operator factors 
always in the canonical form, i.e., from left to right in the following ordeiF*!: 



C(yP X i Pyi Pzi , Jxi Jy, J zi Kxi -Kyi -^Cs (4.46) 

Consider, for example, the product K y P y J x . This operator is not in the 
canonical form. To bring it to the canonical form, first we need to move the 
momentum factor to the left. Using (13.571) we obtain 

KyPyJx PyKyJx ~t~ \Ky-Py\J x 

= P y K y Jx-^HJx (4.47) 

The second term in eq. (14.471) is already in the canonical form, but the first 
term is not. We need to switch factors J r and K v there. Then 



14 Since H,P x ,P y , and P z commute with each other, the part of the operator depend- 
ing on these factors can be written as an ordinary function of commuting arguments 
C(P X , P y , P z , H)i whose order is irrelevant. 
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PyJx-^y H~ *y[-**-y-) Jx\ 2 x 

P y J x K y - ihP y K z - ^HJ X (4.48) 

Now all terms in ( 14.481) are in the canonical form. 

The procedure for bringing a general operator to the canonical form is 
not more difficult than in the above example. If we call the original operator 
the primary term, then this procedure can be formalized as the following 
sequence of steps: First we transform the primary term to the canonical 
form. We do that by switching the order of pairs of neighboring factors if 
they occur in the "wrong" order. Let us call them the "left factor" L and the 
"right factor" R. If R happens to commute with L, then such a change has 
no other effect. If R does not commute with L, then the result of the switch 
is LR — > RL + [L, R] . This means that apart from switching we must add 
another secondary term to the original expression which is obtained from the 
primary term by replacing the product LR with the commutator [L, R] @ 
At the end of the first step we have all factors in the primary term in the 
canonical order. If during this process all commutators [L, R] were zero, then 
we are done. If there were nonzero commutators, then we have a number of 
additional secondary terms. In the general case, these terms are not yet in 
the canonical form, and the above procedure should be repeated for them 
resulting in tertiary, etc. terms until all terms are in the canonical order. 

Then, for each operator there is a unique representation as a sum of terms 
in the canonical form 



KPT 

y y°x 



F = C 00 + f: C^Ji + ]T + £ CljJ iKj + ]T C%K iKj + . . (4.49) 

i=l i=l ij=l ij=l 

where C af3 = C a/3 (P X , P y ,P z , H) are functions of translation generators. 

We will also find useful the notion of a power of terms A in (I4.49P , which 
will be written as pow(A)) and defined as the number of factors J and K 
in the term. For example, the first term on the right hand side of (14.49)) 
has power 0. The second and third terms have power 1, etc. The power of a 

15 The second and third terms on the right hand side of (|4.48[1 are secondary. 
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general operator (which is a sum of several terms) is defined as the maximum 
power among terms in A. For operators considered earlier in this chapter, 
we have 

pow [H] = pow [P] = pow [V] = 
pow [W°] = pow [W] = pow [S] = pow [R] = 1 



Lemma 4.2 If L and R are operators from the list ( 4-46 ) and [L,R] ^ 7 
then 



pow([L, R]) = pow(L) + pow(R) — 1 

Proof. The commutator [L, R] is non-zero in two cases. 

1. pow(L) = 1 and pow(R) = (or, equivalently, pow(L) = and 
pow(R) = 1). From commutation relations (13.521) . (13.551) . (13.571) . and (13.581) . 
it follows that non-vanishing commutators between Lorentz generators and 
translation generators are functions of translation generators, i.e., have zero 
power. The same is true for commutators between Lorentz generators and 
arbitrary functions of translation generators C(P X , P y , P z , H). 

2. If pow(L) = 1 and pow(R) = 1, then pow([L, R}) = 1 follows directly 
from commutators (I3.53p . (13.541) . and (I3.56p . ■ 

The primary term for the product of two terms AB has exactly the same 
number of Lorentz generators as the original operator, i.e., pow (A) +pow(B). 

Lemma 4.3 For two terms A and B, either secondary term in the product 
AB is zero or its power is equal to pow(A) + pow(B) -1. 

Proof. Each secondary term results from replacing a product of two gener- 
ators LR in the primary term with their commutator [L, R]. According to 
Lemma \4. 2\ if [L, R] ^ such a replacement decreases the power of the term 
byl. ■ 



The powers of the tertiary and higher order terms are less than the power of 
the secondary terms. Therefore, for any product AB 
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pow(AB) = pow(BA) = pow(A) + pow(B) 

This implies 

Theorem 4.4 For two non- commuting terms A and B 

pow([A, B}) = pow(A) + pow(B) — 1 

Proof. In the commutator AB — BA, the primary term of AB cancels 
out the primary term of BA. If [A, B] ^ 0, then the secondary terms do not 
cancel. Therefore, there is at least one non-zero secondary term whose power 
is pow(A) + pow(B) — 1 according to Lemma ■ 

Having at our disposal basic operators P, R, S, and M we can form 
a number of Hermitian scalars, vectors, and tensors which are classified in 
table 14. ll according to their true/pseudo character and power: 



Table 4.1: Scalar, vector, and tensor functions of basic operators 





power 


power 1 


power 2 


True scalar 


P 2 ; M 


P R + R P 


R 2 - S 2 


Pseudoscalar 




PS 


R S 


Pseudovector 




S; P x R 




True vector 


P 


R; P x S 


R x S 


True tensor 


PiPi 


J^£=l ^ijkSk: P%Rj ~\~ RjPi 




Pseudotensor 




^y^jfc— i ^-ijkRki Pi^j 


RiSj 



4.3.6 The uniqueness of the spin operator 

Let us now prove that ( 14.261) is the unique spin operator satisfying conditions 
(I) - (IV) from subsection 14.3.11 Suppose that there is another spin operator 
S' satisfying these conditions. Denoting the power of the spin components 



This theorem was used by Berg in ref. [50j . 
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by p = pow(S' x ) = pow(S' y ) = pow(S' z ) we obtain from (14.221) and Theorem 

S3 

pow([S' x ,S' y \) = pow(S' z ) 
2p — 1 = p 

Therefore, the components of S' must have power 1. The most general form 
of a pseudovector operator having power 1 can be deduced from Table 14.11 

S' = b(M, P 2 )S + f(M, P 2 )P x R + e(M, P 2 )(S ■ P)P 

where b, f, and e are arbitrary real functions. From the condition [S', P] = 
we obtain f(M, P 2 ) = 0. Comparing the commutatoj^l 

[S' x ,S' y ] = [bS x + e(S-P)P x ,bS y + e(S-P)P y ] 

= b 2 [S X} S y ] - ihebP x [S x P]„ + ihebP y [S x P} x 

= ihb 2 S z -iheb(P x [S x P]) z 

= ih{b 2 S z - ebP 2 S z + eb{S ■ P)P Z ) 

with the requirement ( 14. 22ft 

[S' x ,S' y ) = ihS' z 

= ih(bS z + e(S-P)P z ) 

we obtain the system of equations 

b 2 ~ebP 2 = b 
eb = e 

whose solution is b = 1 and e = 0. Therefore, the spin operator is unique 
S' = S. 

17 Here we used equation [S, (S • P)] = iHS x P. 



128 



CHAPTER 4. OPERATORS OF OBSERVABLES 



4.3.7 The uniqueness of the position operator 

Assume that in addition to the Newton- Wigner position operator R there 
is another position operator R' satisfying all properties (IV) - (VI). Then 
it follows from condition (V) that R' has power 1. The most general true 
vector with this property is 

R = a(P 2 , M)R + d(P 2 , M)S x P + g(P 2 , M)P 

where a, d, and g are arbitrary real functions. From the condition (I4.23[) it 
follows, for example, that 



= [R' x , Sy) 

= d(P 2 ,M)[S y P z -S z P y ,S y ] 
= ihd(P 2 ,M)P y S x 

which implies that d(P 2 , M) = 0. From [R' t , Pj] = ih5ij it follows that 



ih = [R' x ,p x ] 

= a(P 2 ,M)[R x ,P x ] 
= iha(P 2 ,M) 

This implies that a(P 2 ,M) = 1. Therefore the most general form of the 
position operator is 



R = R + g(P 2 , M)P (4.50) 

In Theorem 111.11 we will consider boost transformations for times and posi- 
tions of events in non- interacting systems of particles. If the term g(P 2 , M)P 
in (I4.5UI) were non-zero, we would not get an agreement with Lorentz trans- 
formations (1I.14j) - (1I.17j) known from Einstein's special relativity. Therefore, 



we will assume that the factor g(P 2 ,M) is zero. So, from now on, we will 
use the Newton- Wigner operator R as the representative of the position ob- 
servable. 

It follows from the commutator f)4.24p that 
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[R X ,P£] = ihnP?- 1 (4.51) 

so for any function f(P x ) 



OP 

For example, 



\R,H] = [R, \/W + M¥ 



3P 

ifrPc 2 



VP 2 c 2 + M 2 c 4 
Pc 2 



ftV 



Therefore, as expected, for an observer shifted in time by the amount t, the 
position of the physical system appears shifted by \t: 



R(t) 



exp(^Ht)Rexp(~Ht) 

h h 
R+^[^,R]t 
R + Vt 



(4.52) 



(4.53) 



4.3.8 Boost transformations of the position operator 

Let us now find how the vector of position (I4.30p transforms with respect to 
boosts, i.e., we are looking for the connection between position observables 
in two inertial reference frame moving with respect to each other. For sim- 
plicity, we consider a massive system without spin, so that the center-of-mass 
position in the reference frame at rest O can be written as 
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c 2 

R = CKH' 1 + H^K) 

2 v j 

First, we need to determine the boost transformation for the operator of 
boost. For example, the transformation of the component K y with respect 
to the boost along the rc-axis is obtained by using eqs. ( IE. 131) . (13.541) and 
(J336D 

K y {6) 
= e~^ ce K y e^ c9 

= K y - ^[K x , K y ] - ^[K x , [K m Ky]} + [K m [K x , Ky}}} + ... 

9 9 2 9 3 

- K y --J Z + -Ky-—J Z ... 

= K v cosh 9 J z sinh 9 

y c 

Then the ^/-component of position in the reference frame O' moving along 
the x-axis is 

R y (9) = e-l K «*R u ei K * c$ 

= -t-e-l K ^\K y E- x + H- x Ky)ei K * cQ 

c 2 7 
= (K y cosh 9 - — sinh 9) (H cosh 9 - cP x sinh 9)' 1 

c 2 7 
(H cosh 9 - cP x sinh 9)^ (K y cosh 9-— sinh 9) (4.54) 

Similarly, for the x- and z-components 

c 2 

R x {9) = — K x (H cosh 9 -cP x sinh 9)' 1 
c 2 

— (H cosh 9-cP x sinh 9)~ l K x (4.55) 

c 2 7 

RJQ) = (K z cosh6 + sinh 9) (H cosh 9 -cP x sinh 9)~ [ 

2 c 

c 2 7 

(H cosh 9 -cP x sinh 9)-\K z cosh9 + ^sinh9) (4.56) 

2 c 
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Furthermore, we can find the time dependence of the position operator in 
the moving reference frame O'. We use label t' to indicate the time measured 
in the reference frame O' by its own clock and notice that the time translation 
generator H' in O' is different from that in O 



H' = e~i K * c0 Hei K * c0 (4.57) 

Then we obtain 



R(0,f) = e i*'''R(0) e -i^' 

= e-t K * c9 et m 'Re-t Ht ' e* KxC0 

= e-i K * cd (R + Vt')e* K * cd 

= R(0)+V(0)t' (4.58) 



where position R(#) and velocity V(#) in the reference frame O' are given 
by eqs. fl4T54l) - (fl~55j) and (gSJ) - (B2D, respectively. 
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Chapter 5 

SINGLE PARTICLES 



Physics is becoming so unbelievably complex that it is taking longer 
and longer to train a physicist. It is taking so long, in fact, to 
train a physicist to the place where he understands the nature of 
physical problems that he is already too old to solve them. 

Eugene P. Wigner 



Our discussion in the preceding chapter could be universally applied to an 
arbitrary isolated physical system, be it an electron or the Solar System. We 
have not specified how the system was put together and we considered only 
total observables pertinent to the system as a whole. The results we obtained 
are not surprising: the total energy, momentum and angular momentum of 
any isolated system are conserved, and the center of mass is moving with 
a constant speed along straight line (I4.53p . Although the time evolution of 
these total observables is rather uneventful, the internal structure of com- 
plex (compound) physical systems may undergo dramatic changes due to 
collisions, reactions, decays, etc. The description of such transformations is 
the most interesting and challenging part of physics. To address such prob- 
lems, we need to define how complex physical systems are put together. The 
central idea of this book is that all material objects are composed of elemen- 
tary particles i.e., systems without components and internal structure. In 
this chapter we will study these most fundamental ingredients of nature. 

We established in subsection 13.2.41 that the Hilbert space of any physical 
system carries a unitary representation of the Poincare group. Any unitary 
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representation of the Poincare group can be decomposed into a direct sum of 
irreducible representations. Elementary particles are defined as physical sys- 
tems for which this sum has only one summand. Therefore, the Hilbert space 
7i a of a stable elementary particle a carries an irreducible unitary represen- 
tation of the Poincare group. The classification of irreducible representations 
of the Poincare group and their Hilbert spaces was given by Wigner [2] . From 
Schur's first Lemma IH.ll we know that in any irreducible unitary represen- 
tation of the Poincare group, the two Casimir operators M and S 2 act as 
multiplication by a constant. So, all different irreducible representations, 
and, therefore, all elementary particles, can be classified according to the 
values of these two constants - the mass and the spin squared. Of course, 
there are many other parameters describing elementary particles, such as 
charge, magnetic moment, strangeness, etc. But all of them are related to 
the manner in which particles participate in interactions. In the world where 
all interactions are "turned off" , particles have just two intrinsic properties: 
mass and spin. 

There are only six known stable elementary particles for which the clas- 
sification by mass and spin applies (see Table 1571]) . Some reservations should 
be made about this statement. First, for each particle in the table (except 
photons) there is a corresponding antiparticle having the same mass and spin 
but opposite values of the electric, baryon, and lepton charges^] So, if we also 
count antiparticles, there are eleven different stable particle species. Second, 
there are many more particles, like muons, pions, neutrons, etc., which are 
usually called elementary but all of them are unstable and eventually decay 
into particles shown in Table loTTl This does not mean that unstable particles 
are "made of" stable particles or that they are less elementary. Simply, stable 
particles from Table I57H have the lowest mass, and there are no lighter species 
to which they could decay without violating conservation laws. Third, we 
do not list in Table 15.11 quarks, gluons, Higgs scalars, and other particles 
predicted theoretically, but never directly observed in experiment. Fourth, 
strictly speaking, the photon is not a true elementary particle as it is not 
described by an irreducible representation of the Poincare group. We will see 
in subsection 15. 4. 41 that a photon is described by a reducible representation of 
the Poincare group which is a direct sum of two irreducible representations 
with helicities +1 and -1. Fifth, neutrinos are not truly stable elementary 
particles. According to recent experiments, three flavors of neutrinos are os- 



1 see subsection 17. 2 .11 
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cillating between each other over time. Finally, it may be true that protons 
are not elementary particles as well. They are usually regarded as composed 
of quarks. This leaves us with just one truly stable and elementary particle, 
which is the electron. 

Table 5.1: Properties of stable elementary particles 

Particle Mass Spin/helicity 



Electron 


0.511 MeV/c 2 


1/2 


Proton 


938.3 MeV/c 2 


1/2 


Electron neutrino 


< 1 eV/c 2 


1/2 


Muon neutrino 


< 1 eV/c 2 


1/2 


Tau neutrino 


< 1 eV/c 2 


1/2 


Photon 





±1 



In the following we will denote m the value of the mass operator in the 
Hilbert space of elementary particle and consider separately two cases: mas- 
sive particles (m > 0) and massless particles (m = 0). 



5.1 Massive particles 

5.1.1 Irreducible representations of the Poincare group 

The Hilbert space 7i of a massive elementary particle carries an unitary 
irreducible representation U g of the Poincare group characterized by a single 
positive eigenvalue m of the mass operator M. As discussed in subsection 
14.3.31 the position operator R is well-defined in this case. The components 
of the position and momentum operators satisfy the commutation relations 
of the 6-dimensional Heisenberg Lie algebra^ 

[Pi,P 3 ] = [^,^1 = 
[Ri, Pj] = ihS i:j 

Then, according to the Stone- von Neumann theorem lH.2[ operators P x , P y , P z 
and R x , R y , R z have continuous spectra occupying entire real axis (— oo, oo). 



2 see eqs. ([3755]) . ({4724]) . and Theorem IO 
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There exists a decomposition of unity associated with three mutually com- 
muting operators P x ,P y ,P z , and the Hilbert space H can be represented as 
a direct sum of corresponding eigensubspaces H p of the momentum operator 
P 

Let us first focus on the subspace Ho with zero momentum. This subspace 
is invariant with respect to rotations, because for any vector |0) from this 
subspace the result of rotation e~^ J ^\0) belongs to Ho 

Pe~* J *|0) = e -s J< M-%e~£ J<? |0) 

= e - * J *((P- W(l-cos0) +Pcos0-P x ^sin0)|O) 

<p <p <p 

= 

This means that representation U g induces a unitary representation V g of the 
rotation group in Ho- 

The generators of rotations in H are, of course, represented by the angular 
momentum vector J. However, in the subspace Ho, they can be equivalently 
represented by the vector of spin S, because 

S z \0) = J x \0) - [R x P] z |0) 

= J Z \0)-{R X Py-RyP X )\0) 

= J K \0) 

We will show later that the representation of the Poincare group is irre- 
ducible if and only if the representation V g of the rotation group in Ho is irre- 
ducible. So, we will be interested only in such irreducible representations V g . 
The classification of unitary irreducible representations of the rotation group 
(single- and double-valued) depends on one integer or half-integer parameter 

which we will call the spin of the particle. The trivial one-dimensional rep- 
resentation is characterized by spin zero (s = 0) and corresponds to a spinless 
particle. The two-dimensional representation corresponds to particles with 



3 see Appendix IH. 31 



5.1. MASSIVE PARTICLES 



137 



spin one-half (s = 1/2). The 3- dimensional representation corresponds to 
particles with spin one (s = 1), etc. 

It is customary to choose a basis of eigenvectors of S z in TL Q and denote 
these vectors by \0,a), i.e., 



P\0,a 
H\0,a 
M\0,a 
S 2 \0,a 
SJO, a 





mc 2 \0, cr) 
m|0, a) 

h 2 s(s + 1)|0, cr) 
h<j\0, a) 



where a = 
vectors is 



-s, — s + 1, . . . , s — 1, s. The action of a rotation on these basis 



e-&\0,a) = e-i a *\0,a) = ^ ^ v (0)|O,a') 



(5.1) 



where D s are (2s + 1 ) X (2s + 1) matrices of the representation V g . This 
definition implies thaty 



and 



cr'=— s 

s 

e -*jfc £>X(0 2 )|o,<t"> 

o"=-s 

s s 

E E ^X(^)^(0l)|O,Cr') 

cr" = — S cr' = — S 

s s 

E E ^U0l)£X(0 2 )|O )C r'> 



cr — — s a"= — s 



'Here </>i</>2 denotes the composition of two rotations by vectors </>i and <p2- 
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o= 1/2 



g=1/2 



a=-l/2 








a=-l/2 a=l/2 



Figure 5.1: Construction of the momentum- spin basis for a spin one-half par- 
ticle. Spin eigenvectors (with eigenvalues a = —1/2, 1/2) at zero momentum 
are propagated to non-zero momentum p and p' by using pure boosts A p and 
A p /. There is a unique pure boost A which connects momenta p and p'. 



which means that matrices D s furnish a representation of the rotation group. 
5.1.2 Momentum-spin basis 

In the preceding subsection we constructed basis vectors |0, a) in the subspace 
TCo- We also need basis vectors |p, a) in other subspaces TC P with p ^ 0. We 
will build basis |p, a) by propagating the basis |0,<r) to other points in the 
3D momentum space using pure boost transformations^] The unique pure 
boost which transforms momentum to p is (see fig. 15. ip 



5 Of course, this choice is rather arbitrary. A different choice of transformations con- 
necting momenta and p (e.g., boost coupled with rotation) would result in a different 
but equivalent basis set. However, once the basis set has been fixed, all formulas should 
be written with respect to it. 



s 



A p = e-t K ^ 



(5.2) 
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where 



P = - sinrT 1 (5.3) 
p mc 



Therefore we can write 



|p,a) = N(p)X p \0,a) 

= N(p)e-* Kc °t>\0,a) (5.4) 

where N(p) is a normalization factor. Here we will just assume that this 
factor does not depend on the direction of p. The explicit expression for 
N(p) will be given in eq. ( 15. 19ft . 

To verify that vector (15 ,4p is indeed an eigenvector of the momentum 
operator with eigenvalue p we use eq. H4.3[) 



P|p,<r) = iY(p)Pe^ Kc0p |O,a) 

= N(p)e-^ Kce ^e^ Kc ^Pe-T, Kc ^\0, a) 

= N(p)e-Ti Kc °v^Hsmh9J0,a) 

= N(p)e-i Kce ^mcsmh9 p \0,a) 

= iV(p)pe-^ Kc ^|0,a) 

= p|p,o") 

Let us now find the action of the spin component S z on the basis vectors 



S z \p,a) = N(p)S z e-^\0,a) 

6 Here we take into account that Wo|0, a) = P|0, a) = 0. We also use boost transfor- 
mations (|4. 3[) and (|4.4[) of the energy-momentum 4-vector (H, cP) and similar formulas 
for the Pauli-Lubanski 4-vector (Wo,W). For brevity, we denote 9 Z the z-component of 
the vector 9 P and 9 its absolute value. 
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Kc0 D iKc6U/ W z 



iV(p)e^* Kc ^e* Kc ^ 



W P Z 



Mc M(Mc 2 + H) 



e r 



Kc6», 



p |0,o-> 



iV(p)e~^ 



Kce c 



.W* + ^[(W-§)(cosh0-l) - W sinhfl] 



Mc 



(W cosh 9 - (W • f) sinhfl)(P, + ^[(P • g)(cosh0 - 1) - ±# sinhfl]) 



iV(p)e"h 



M(Mc 2 + if cosh - C (P • f ) sinh ( 
.W, + %[(W.f)(cosh0-l)] 



|0,a> 



+ 



(W- §)sinh#(! 



Mc 
±Mc 2 sinh 0]) 



iV(p)e~* 



M(Mc 2 + Mc 2 cosh 



Kc0 



Mc 9 K 



))|0,a) 

6* , , cosh 6* 
6 



sinh # 



Mc 



Mc(l + cosh i 



\0,a) 



= N(p)e~^ Kc °*>S z \0,a) 
= N(p)e-^ Kc ^ha\0 1 a) 
= ha\p,a) 

So, Ip, a) are eigenvectors of the momentum, energy, and z-component of 
spiiu 



Pip, 


*) 


= p|p,^) 


H\p, 


°) 


= ^p|P,0") 


M|p, 


*) 


= m|p, a) 


s 2 | P , 


o) 


= h 2 s(s + l)|p,t7> 


s z \p, 


°) 


= Hp^) 



where we denoted 



7 Note that eigenvectors of the spin operator S (|4.26[) are obtained here by applying 
pure boosts to vectors at p = 0. Different transformations (involving rotations) connecting 
bases in points and p (see footnote on page 1138)) would result in different momentum- 
spin basis and in different spin operator S' (see |53j). Does this contradict our statement 
about the uniqueness of the spin operator in subsection 14.3.61 ? Not really. The point is 
that the alternative spin operator S' (and the corresponding alternative position operator 
R') will not be expressed as a function of basic generators of the Poincare group. This 
condition was important for our proof of the uniqueness of S (and R) in section T4. 31 
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Figure 5.2: Mass hyperboloid in the energy-momentum space for massive 
particles, and the zero-mass cone for m — 0. 



uo p = a/ m 2 c 4 + p 2 c 2 (5.5) 

the one-particle energy 

The common spectrum of the energy- momentum eigenvalues (u p , p) can 
be conveniently represented as points on the mass hyperboloid in the 4- 
dimensional energy- momentum space (see Fig. 15. 2J) . For massive parti- 
cles, the spectrum of the velocity operator V = is the interior of a 
3-dimensional sphere |v| < c. This spectrum does not include the surface of 
the sphere therefore massive particles cannot reach the speed of light J^l 

5.1.3 Action of Poincare transformations 

We can now define the action of transformations from the Poincare group 
on the basis vectors |p,er) constructed above@ Translations act by simple 
multiplication 

8 In quantum mechanics, the speed of propagation of particles is not a well-defined 
concept. The value of particle's speed is definite in states having certain momentum. 
However, such states are described by infinitely extended plane waves (|5.31|) . and one 
cannot speak about particle propagation in such states. So, strictly speaking, the speed of 
the particle cannot be obtained by measuring its positions at two different time instants 
and dividing the traveled distance by the time interval. This is a consequence of the 
non-commutativity of the operators of position and velocity. 

9 We are working in the Schrodinger picture here. 
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e-t Pa | P)(T ) = e -i pa |p,o-) (5.6) 
e i m \p,a) = e^ p '|p,a> (5.7) 

Let us now apply rotation e~^ J * to the vector |p, a) and use eq. (15.1 p 

e -i J< ?|p,a) = AT(p) e -i J Vt Kce p|0,a) 

= A(p)e^ J V^ Kc M J V^|0,cT> 

= Ar(p)e-^ lK)c ^ DMfiM 

a' = -s 
s 

= iV(p)e^ Kc Vp D a , a ($)\0,a') 

cr' = — s 

s 

= D^S^R^a') (5.8) 

a' = -s 

This means that both momentum and spin of the particle are rotated by the 
angle 0, as expected. 

Applying a boost A = e~i Kcd to the vector |p, a) and using (15 .4p we 
obtain 

A|p,<r) = AA(p)A p |0,a> (5.9) 

The product of boosts on the right hand side of eq. (15. 9p is a transformation 
from the Lorentz group, so it can be represented in the form (boost) x (rotation) 

AA P = K'R$ w{pA) (5-10) 
Multiplying both sides of eq. (15.101) by XI, , we obtain 

A p /AAp = R $w(vA) (5.11) 

Since R^ is a rotation, it keeps invariant the subspace with zero momentum 
Tio. Therefore, the sequence of boosts on the left hand side of equation ( 15. lip 
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returns each vector with zero momentum |0, a) back to the zero momentum 
subspace (see Fig. 15. ip . The zero momentum vector is mapped to a vector 
with momentum p by the boost A p . Subsequent application of A transforms 
this vector to 



Ap = P + ^[(p-^)(coshfl-l) + ^sinhf 

u u C 



Then A p / is the boost connecting zero momentum with momentum Ap, 
and we may write 



%,(p,a) = *x£AAp (5-12) 

The rotation angle on the left hand side of eq. (I5.12p is called the Wigner 
angle. Explicit formulas for </>^(p,A) can De found, e.g., in ref. [54J. Then, 
substituting (15.121) in (I5.10p . we obtain 



e-* Kce \p,a) = AiV(p)A p |0,a) 

= N(p)X Ap R $wipA) \0,a) 

s 

= iV(p)A Ap D s a , a ($ w (p,A))\0,a') 

cr' = — s 

= iv^) E ^(^(P,A))|A P , -') (5.13) 

Eqs. (15. 8p and (15.131) show that rotations and boosts are accompanied 
with turning the spin vector in each subspace 7i v by rotation matrices D s . 
If the representation of the rotation group D s were reducible, then each 
subspace H p would be represented as a direct sum of irreducible components 

K 



and each subspace 
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H = ©peiJ 3 it p 

would be irreducible with respect to the entire Poincare group. Therefore, in 
order to construct an irreducible representation of the Poincare group in 7i, 
the representation D s must be an irreducible unitary representation of the 
rotation group, as was mentioned already in subsection 15.1.11 In this book 
we will be interested in describing interactions between electrons and protons 
which are massive particles with spin 1/2. Then the relevant representation 
D s of the rotation group is the 2-dimensional representation described in 
subsection IH.31 

Let us now review the above construction of unitary irreducible repre- 
sentations of the Poincare group for massive particleso First we chose a 
standard momentum vector p = and found a little group, which was a 
subgroup of the Lorentz group leaving this vector invariant. The little group 
turned out to be the rotation group in our case. Then we found that if the 
subspace Hq corresponding to the standard vector carries an irreducible rep- 
resentation of the little group, then the entire Hilbert space is guaranteed to 
carry an irreducible representation of the Poincare group. In this represen- 
tation, translations are represented by multiplication (15. 6p - (15.71) . rotations 
and boosts are represented by formulas (15.81) and (15 . 13j) . respectively. It can 
be shown that a different choice of the standard vector in the spectrum of 
momentum would result in a representation of the Poincare group isomorphic 
to the one found above. 

5.2 Momentum and position representations 

So far we discussed the action of inertial transformations on common eigen- 
vectors |p, ct) of the operators P and S z . All other vectors in the Hilbert 
space 7i can be represented as linear combinations of these basis vectors, 
i.e., they can be represented as wave functions ?/>(p,cr) in the momentum- 
spin representation. Similarly one can construct the position space basis from 
common eigenvectors of the (commuting) Newton- Wigner position operator 
and operator S z . Then arbitrary states in T~C can be represented in this basis 
by their position-spin wave functions ip(r, a). In this section we will consider 



This construction is known as the induced representation method [55| . 
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the wave function representations of states in greater detail. For simplic- 
ity, we will omit the spin label and consider only spinless particles. It is 
remarkable that formulas for the momentum-space and position-space wave 
functions appear very similar to those in non-relativistic quantum mechanics. 

5.2.1 Spectral decomposition of the identity operator 

Two basis vectors with different momenta |p) and |p') are eigenvectors of the 
Hermitian operator P with different eigenvalues, so they must be orthogonal 



If the spectrum of momentum values p were discrete we could simply nor- 
malize the basis vectors to unity (p|p) = 1. However, this normalization 
becomes problematic in the continuous momentum space. We will call eigen- 
vectors |p) improper states and use them to conveniently write arbitrary 
"proper" normalizable state vectors as integrals 



where i/>(q) is called the wave function in the momentum representation. It 
is convenient to demand, in analogy with f 1 2 . 3 9 [) . that normalizable wave 
functions ip(q) are given by the inner product 



This implies that the inner product of two basis vectors is given by the Dirac's 
delta function (see Appendix IB]) 



Then in analogy with eq. (1F.18|) we can define the decomposition of the 
identity operator 



(p|p / ) = 0ifp^p / 




(5.14) 




(q|p) = tf(q-p) 



(5.15) 




(5.16) 
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so that for any normalized state vector one can verify that 

I*) = J l^> 

dp|p)<p|tt) 

^pIp)^(p) 



= l*> 

The identity operator, of course, must be invariant with respect to Poincare 
transformations, i.e., 



/ = U(A,r,t)IU~ L (A,r 1 t) 



The invariance of / with respect to translations follows directly from eqs ( 15. 6ft 
and (15.71) . The invariance with respect to rotations can be proven as follows 



/' = e-i^Iei^ 

= e-W(/dp|p)(p|) e W 



dp 



dq det 
dq\q)(q 



dq 



q)(q| 



where we used the fact that det |c/p/<iq| is the Jacobian of transformation 
from variables p to q = -R^p, which is equal to the determinant of the 
rotation matrix det(i? r) = 1. 

Let us consider more closely the invariance of / with respect to boosts. 
Using eq. (15.131) we obtain 



I' 
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e * 



Kc(9 



rfp|Ap)(Ap| 



N(p) 



iV(Ap) 



dq det 



dA^q 



c/q 



|q)(q| 



iV(A" 1 q) 



iV(q) 



(5.17) 



where A/"(q) is the normalization factor introduced in (15. 4R and det |dA _1 q/<iq| 
is the Jacobian of transformation from variables p to q = Ap. This Jacobian 
should not depend on the direction of the boost 9, so we can choose this 
direction along the z-axis to simplify calculations. Then 



A~ l q x 
A-\ y 

A^q z 



0.x 



q z cosh 9 y m 2 c A + p 2 c 2 sinh 9 

c 



m 2 c A + c 2 q 2 + c 2 q 2 + c 2 {q z cosh 9 \/ m 2 c 4 + q 2 c 2 sinh 9) 2 

u; q cosh — cq z sinh 6* 



and 



det 



dq 



det 



cosh 6* 



1 



cifc sinh t 



■\J m 2 c^+q^c 2 tj m 2 c 4 +q 2 c 2 

cq z sinh 9 



m 2 c 4 + q 2 c 2 





1 



Y' m 2 c 4 +g 2 c 2 



(5.18) 



Inserting this result in eq. (I5.17P we obtain 



/' /dp^|p>( P | 

Wn 



iV(p) 
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Thus, to ensure the invariance of J, we should seO± 



N(p) = — (5.19) 



Putting together our results from eqs (15.61) - (I5.8p . (I5.13p . and (I5.19p . we 
can define the action of an arbitrary Poincare group element on basis vectors 
|p, a). Bearing in mind that in a general Poincare transformation (A, r, t) we 
agreec@ first to perform translations (r,t) and then boosts/rotations A, we 
obtain for the general case of a particle with spin 



U(A,v,t)\p,a) 

U(A;0, 0)e-T. Fr e^ Ht \p,a) 



, e -ip. r+ ^ p t D a ,Mw(p,A))\Ap,<r') (5.20) 



5.2.2 Wave function in the momentum representation 



The inner product! 13 ! of two normalized vectors = f dpip(p)\p) and |$) 
J dp<p(p)\p) can we written in terms of their wave functions 



(*|$) = J dprfpV*(p)0(p / )(p|p') 

= [dpdp'r(p)<t>(p')5(p-p') 

= J d P V>*(p)0(p) (5.21) 

So, for a state vector with unit normalization, the wave function ip(p) 
must satisfy the condition 



11 We could also multiply this expression for iV(p) by an arbitrary unimodular factor, 
but this would not have any effect, because state vectors and their wave functions are 
defined up to an unimodular factor anyway. 

12 see eq. (|1.6I) 

13 see Appendix lF.il 
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1 = ($|$) = 




This wave function has a direct probabilistic interpretation, e.g., if Q is a 

region in the momentum space, then the integral j dp\ip(p)\ 2 gives the prob- 

n 

ability of finding particle's momentum inside this region. 

Poincare transformations of the state vector can be viewed as trans- 
formations of the corresponding momentum-space wave function, e.g., using 
eq. §M) 

e"^ Kc V(p) = ( P |e-^ Kc0 >) 

= ./^A^pl*) 

V ^ P 

= .f^m-'p) (5-22) 

V 

Then the invariance of the inner product (15.211) can be easily proven 



where we used property 

dp d(Ap) 

Up UJ\ p 

which is valid for any transformation A from the Lorentz group (e.g., boosts 
and rotations). 



= / rfp0*(A- 1 p )^(A- 1 p )^P 
J u p 

= f ^P *(A- 1 p )^(A- 1 P )^ lp 

J ^A-!p 

= J dp0*(p)v(p) 
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The action of Poincare generators and the Newton- Wigner position op- 
erator on the momentum-space wave functions of a massive spinless particle 
can be derived from formula (I5.20p 



PMP) = PMP) (5-23) 
#V(P) = ^VKP) (5-24) 

KMP) = -Bm^e-^V(P) 
c s^o do 



ih d / ^m?c 4 + p 2 c 2 cosh 6 1 — cp^ sinh 6 1 
c d9 y y/m 2 ^ + p 2 c 2 

V>(Pa; cosh 6* a/ m 2 c 4 + p 2 c 2 sinh 0, p y , p z ) 

c 2 dp x 2u p 
RMp) = -^{H- X K X + K X H- X )^) 

= ih-^-Mp) (5.26) 
dp x 

jMp) = {RyPz - RzPyMp) 

= Mp^-Pv^Mp) (5-27) 

5.2.3 The position representation 

In the preceding section we considered particle's wave function in the mo- 
mentum representation, i.e., with respect to common eigenvectors of three 
commuting components of momentum P x ,P y , and P z . Three components of 
the position operator R x , R y , and R z also commute with each other and 
their common eigenvectors |r) also form a basis in the Hilbert space 7i of 
one massive spinless particle. In this section we will describe particle's wave 
function with respect to this basis set, i.e., in the position representation. 
First we can expand eigenvectors |r) in the momentum basis 



14 see Theorem 14.1 
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|r> = (2nh)- 3 / 2 J rfp^ r (p)|p) (5.28) 
The momentum-space eigenfunctions are 

^r(p) = (p|r) 

= (2nh)~ 3/2 e-* pr (5.29) 

as can be verified by substitution of ( 15.261) and ( 15.291) to the eigenvalue equa- 
tion 

R^ r (p) = (27rfr)- 3/2 R e^ pr 

= ih{2<Khy 3 l 2 4- e-i pr 
dp 

= r(2nh)- 3/2 e-r^ r 
= Wv(p) 

As operator R is Hermitian, its eigenvectors with different eigenvalues r 
and r' must be orthogonal. Indeed, using eq. (IB.lj) we find that the factor 
(2nh)~ 3 / 2 in (I5.29P ensures the delta- function inner product 

(r'|r) = (2nh)- 3 J dpdp'e-* pr+ * p ' T ' (p'\p) 

= (2irh)~ 3 J dpdp'e-^ pr+ ^ p ' r '5(p - p') 

= (2nh)- 3 J dpe-^ {r - r>) 

= S(r-r') (5.30) 

which means that |r) are improper states just as |p) are. Similarly to (15.141) . 
a normalized state vector |\&) can be represented as an integral over the 
position space 

= / drip(r)\r) 
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where ip(r) = (r\^f) is the wave function of the state in the position 
representation. The absolute square |f/>(r)| 2 of the wave function is the prob- 
ability density for particle's position. The inner product of two vectors |\&) 
and |$) can be expressed through their position-space wave functions 

= j drdr'0*(r)V'(r / )(r|r / ) 

tt'fWf(r')(S(r-r') 
dr(f>*(r)ip(r) 



Using Eqs. (I5.28P and (15. 29j) we find that the position space wave function 
of the momentum eigenvector is the usual plane wave 



^p(r) = (r|p) 

= (2rth)- 3/2 e^ pr (5.31) 

As expected, eigenvectors of position are given by delta-functions in its own 
representation (I5.30p l^l 

From (15.161) we can also obtain a position-space representation of the 
identity operator 

J dr|r)(r| = (2nh)- 3 J rfrc/prfp / e~^ p ' r |p)(p , |e^ pr 
d P dp'\p}(p'\5(p-p') 
dp\p)(p\ 



= I 

Similar to momentum-space formulas ( 15. 23ft - ( 15.271) we can represent 
generators of the Poincare group by their action on the position-space wave 
functions. For example, it follows from ( 15.61) . ( 15. 28ft and ( 15.291) that 



15 



Note that position eigenfunctions derived in ref. [49j do not satisfy this requirement. 
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e hPa j G?i"0( r )| r ) = J dr0(r)|r + a) 
= J dvip(r — a)|r) 

Therefore we can write 



e ft Pa ^)(r) = ^(r — a) 



and 



Pip(r) = zMim — e ftP£ Wr) 

= ih lim — ib(r — a) 
a^o da 

= -ifti^r) (5.32) 
ar 

Other operators in the position representation have the following formf' 1 *' 



d 2 

HipCr) = \/m 2 c 4 — /i 2 c 2 -—■?/> ( r ) 

dr 2 



If d 2 / d 2 

K x ib(r) = - ( \ m 2 c 4 — h 2 c 2 ——x + x\ m 2 c 4 — h 2 c 2 —-z I ib(r) 
2 \ V dr 2 V ctr 2 1 

R^)(r) = r-^(r) 



16 



Here we used a formal notation for the Laplacian operator 

d 2 _ a 2 d*_ 

dr 2 dx 2 dy 2 dz 2 
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The switching between the position-space and momentum-space wave 
functions of the same state are achieved by Fourier transformation formulas. 
To derive them, assume that the state has a position-space wave function 
tp(r). Then using (I5.28j) and f 1 5 . 2 9 j) we obtain 



I*) = J drip(r)\r) 

= (2nhy 3/2 [ drip(r) / dpe-f,P r \p) 



= (27rh)- 3 / 2 J dp( J dr^(r)e-i pr )\p) 
and the corresponding momentum-space wave function is 

V>(p) = (2irh)- 3/2 J dn/>(r)e^ pr (5.33) 

Inversely, if the momentum-space wave function is ip{p), then the position- 
space wave function is 

V>(r) = (2nhy 3/2 J dpe^ vr i){p) (5.34) 

5.2.4 Inertial transformations of observables and states 

Here we would like to discuss how observables and states change under iner- 
tial transformations of observers. We already touched this issue in few places 
in the book, but it would be useful to summarize the definitions and to clarify 
the physical meaning of transformations. What do we mean exactly when 
expressing observables and states in the reference frame O' (primed) through 
observables and states in the reference frame O (unprimed)? 



F' = U g FU g l (5.35) 
= U g \m) (5.36) 



where 
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O 




O' 



Figure 5.3: Rods for measuring the x-component of position in the reference 
frame O and in the frame O' displaced by the distance a. 



h Qh 



is a unitary representative of the inertial transformation g in the Hilbert 
space of the systemf^l 

Let us start with transformations of observables (15.351) . For defmiteness 
we will assume that F is the x-component of position (F = R x ) and that g 
is a translation on the distance a along the x-axis 



In our interpretation 



U g = e~^ a 



R' 



■* p * a ILex p * a 



(5.37) 



is the operator that describes measurements of position in the reference frame 
O' with respect to axes and measuring rods in this frame. In fig. 15.31 we 
show a measuring rod in the reference frame O. The zero pointer on this rod 
coincides with the origin of the coordinate system O. The operator R x is the 
mathematical representation of position measurements performed with this 
rod. The measuring rod R' x associated with the observer O' is shifted on the 



see eq. (|3.-59|) 
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distance a with respect to the rod X. The zero pointer on X' coincides with 
the origin of the coordinate system O'. Position measurements performed by 
X and X' on the same particle yield different results. For example, if the 
particle sits in the origin of the reference frame O, then measurement by the 
rod X yields position value x = 0, but measurements by the rod X' yields 
x' = —a. For this reason we say that observables R x and R' x are related by 



R x — R x — a 

Of course, the same relationship is obtained by a formal application of (I5.37P 



R' x — Rx — —[P x , Rx]a 
= R x — a 

The position operator R x can be represented also through its spectral 
decomposition 



Rx 



dxx\x)(x\ 



where \x) are eigenvectors (states) with position values x. Then eq. (15. 3 7ft 
can be rewritten as 



R' x = e~Ti Pxa I dxx\x)(x\ efi 



rPxa 



dxx\x + a){x + a\ 



— oo 
oo 



dx(x — a) | x) (x | 



R r — (3 
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From this we see that the action of U g on state vectors 

e~i Pxa \x) = \x + a) 

should be interpreted as an active shift of the states, i.e., translation of the 
states on the distance a in this case. However, in many cases we are not 
interested in active transformations applied to states@ We are usually in- 
terested in knowing how the state of the system looks from the point of view 
of an inertially transformed observer, i.e., we are interested in passive trans- 
formations applied to the states. Apparently such passive transformations 
should be represented by inverse operators U g x 

This means, in particular, that if the vector \^f) = \x) describes a state of the 
particle located at point x from the point of view of the observer O (measured 
by the rod X), then the same state is described by the vector 

= e^ Pxa \x) = \x - a) 

from the point of view of the observer O' (the position is measured by the 
rod X'). 

The above considerations find their most important applications in the 
case when the inertial transformation U g is time translation. As we estab- 
lished in subsection 14.3.71 the position operator in the time translated refer- 
ence frame O' takes the form 

R' x = ei m R x e-^ m 

= R x + V x t 

If we want to find how the state vector looks from the time translated 
reference frame O', we should apply the inverse transformation 



18 One can also interpret them as results of inertial transformations U g being applied to 
the state preparation device. 
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= e -t m \y) (5.38) 

It is common to consider a continuous sequence of time shifts parameterized 
by the value of time t and to speak about time evolution of the state vector 
\^(t)). Then eq. (15.381) can be regarded as a solution of the time-dependent 
Schrodinger equation 



ihj t \^{t)) = H\V(t)) (5.39) 

For actual calculations it is more convenient to deal with numerical functions 
rather than with abstract state vectors. So, (15.391) can be multiplied on 
the left by certain basis bra-vectors. For example, if we multiply (I5.39P by 
position eigenvectors (r|, we obtain the Schrodinger equation in the position 
representation 



ih—^(r,t) = H^(r,t) (5.40) 

(JjL 

where \I/ (r, t) = (r|\I>(t)) is the wave function in the position representa- 
tion and the action of the Hamiltonian on this wave function is denoted by 
H^(r,t) = (r\H\V(t)). 



5.3 The classical limit of quantum mechanics 

In section 12.5.21 we indicated that distributive (classical) propositional sys- 
tems are particular cases of orthomodular (quantum) propositional systems. 
Therefore, we may expect that quantum mechanics includes classical me- 
chanics as a particular case. However, this is not obvious how exactly the 
phase space of classical mechanics is "embedded" in the Hilbert space of 
quantum mechanics. We expect that there must exist a close link between 
these two approaches, and we would like to analyze this link in the present 
section. We will use as an example a single spinless particle with non-zero 
mass m > 0. 
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5.3.1 Quasiclassical states 

In the macroscopic world we do not meet localized eigenvectors of the position 
operator |r). According to eq. f)5.29p . such states have infinite uncertainty 
of momentum which is rather unusual. Similarly, we do not meet states with 
sharply defined momentum. Such states are delocalized over entire universe 
(15.311) . The reason why we do not see such states is not well understood 
yet. The most plausible hypothesis is that eigenstates of the position or 
eigenstates of the momentum are susceptible to small perturbations (e.g., due 
to temperature or external radiation) and rapidly transform to more robust 
wave packets or quasiclassical states in which both position and momentum 
have good, but not perfect localization. 

So, when discussing the classical limit of quantum mechanics, we will not 
consider general states allowed by quantum mechanics. We will limit our 
attention only to the class of states |^ro,po) that we will call quasiclassical. 
Wave functions of these states are assumed to be well-localized around a 
point ro in the position space and also well-localized around a point po in 
the momentum space. Without loss of generality such wave functions can be 
represented as 

^ r0jP0 (r) = <r|* r0)P0 > = Vro (r)e^° r (5.41) 

where r) ro (r) is a smooth (non-oscillating) function with a maximum near the 
value of position ro- As we will see later, in order to discuss the classical limit 
of quantum mechanics the exact choice of the function rj ro (r) is not important. 
For example, it is convenient to choose it in the form of a Gaussian 

^ ro , Po (r) = iVe-( r - ro ) 2 / d2 e^ or (5.42) 

where parameter d controls the degree of localization and N is a coefficient 
required for the proper normalization of the wave function 

J rfr|^ ro , po (r)| 2 = l 

The exact magnitude of this coefficient is not important for our discussion, 
so we will not calculate it here. 
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5.3.2 The Heisenberg uncertainty relation 

Wave functions like (15.421) cannot possess both sharp position and sharp 
momentum at the same time. They are always characterized by non-zero 
uncertainty of position Ar and non-zero uncertainty of momentum Ap. These 
uncertainties are roughly inversely proportional to each other. To see the 
nature of this inverse proportionality, we assume, for simplicity, that the 
particle is at rest in the origin, i.e., r = po = 0. Then the position wave 
function is 



^ 0> o(r) = Ne~ r2 / d2 (5.43) 
and its counterpart in the momentum space is (see eqs. (15.331) and (IB. 151) ) 

V>o,o(p) = (2irhy 3/2 N j dre- r2/d2 e~r^ 

= (2K)-' i/2 Nd 3 e- p2d2/{4h2) (5.44) 

Then the product of the uncertainties of the momentum-space (Ap pa 2 j) 
and position-space (Ar pa d) wave functions is 



ArAp pa 2h 

This is an example of the famous Heisenberg uncertainty relation which tells 
that the above uncertainties must satisfy the inequality 



ArAp > h/2 (5.45) 

In the language of propositional lattices from section [231 this relationship 
means the following: Let x be a proposition corresponding to the interval Ar 
of the position values and y be a proposition corresponding to the interval 
Ap of the momentum values. Then their meet is not empty x A y > only 
if the sizes of the two intervals satisfy the inequality (15.451) . 
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5.3.3 Spreading of quasiclassical wave packets 

Suppose that at time t — the particle was prepared in the state with well- 
localized wave function (I5.43p . i.e., the uncertainty of position Ar « d is 
small. The corresponding time-dependent wave function in the momentum 
representation is 



V(p,*) = e*"Vo,o(p,0) 



= ( 2 h) ~ 3/2 Nd 3 e~ p2d2 /{Ah2) e^ V m2c4 +P 2c2 
Returning back to the position representation we obtain the wave functio^ 1 ' 1 

V>(r,t) = (2h)-\-^ 2 Nd 3 |dp e -^V(4^) e tpr e f 

w (2ft)- 3 7r- 3 / 2 iVd 3 e£ mc2t / rfpexp(-p 2 (^7 - — ) + -pr) 

y 4fr 2mra n 



7i i™„2, , r 2 



(2^- 3 7r- 3 / 2 iV^( ^ 2 - ) 3 / 2 e> c2f exp(- ,., 
,-3 N « ( 4^ 2 m /2 |mc2 , 



(2ftr 3 iVcf(- -) 3/ ^ mct exp( 

N( — ) 3 / 2 e> c2 * expf — ) 

K d?m-2iht> Pl d 2 m-2^t J 



and the probability density 
p(r,t) = 



I Afi2/ d^w? \3/2 / 2r 2 o? 2 ?7i 2 . 
1 1 ^ 4 m 2 + 4fr 2 t 2 ' ) eXP ^ _ c/ 4 m 2 + 4^ 2 t 2 ^ 



Then the size of the wave packet at time t is easily found as 



19 Due to the factor e P 2rf2 /( 4?i2 ) ; nly small values of momentum contribute to the inte- 
gral, and we can use the non-relativistic approximation \J m 2 c 4 + p 2 c 2 w mc 2 + and 
eq. (IRT5| . 



162 



CHAPTER 5. SINGLE PARTICLES 



. d 4 m 2 + 4hH 2 
At large times t — > oo this formula simplifies 



Ar(t) « — 
am 

So, the position-space wave packet is spreading out, and the speed of spread- 
ing v s is inversely proportional to the uncertainty of position d ~ Ar in the 
initially prepared state 



v s — — p^ — (5.46) 
dm m 

One can verify that at large times this speed does not depend on the shape 
of the initial wave packets. The important parameters are the size of the 
wave packet d and the particle's mass m. 

A simple estimate demonstrates that for macroscopic objects this spread- 
ing of the wave packets can be safely neglected. For example, for a particle 
of mass m = 1 mg and the initial position uncertainty of d = 1 micron, the 
time needed for the wave function to spread to 1 cm is more than 10 11 years. 
Therefore, for quasiclassical states of macroscopic particles, their positions 
and momenta are well defined at all times, and particles have well-defined 
trajectories. 



5.3.4 Classical observables and the Poisson bracket 

Besides large masses of involved objects and their good localization in both 
position and momentum spaces, there is another feature distinguishing clas- 
sical world from the quantum one. This is very small value of the Planck 
constant h (14. ip . In most circumstances, the resolution of classical measuring 
devices is much poorer than the quantum of action h [56]. Thus, from the 
point of view of classical mechanics, all quasiclassical states (15.4ip . indepen- 
dent on shapes of their functions ^ ro ( r )) l°°k as approximate eigenstates of 
both position and momentum operators simultaneously: 
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R|*r ,po> « r |* r0)P0 ) (5.47) 

P|*r ,po) ~ Pol^ro.po) (5-48) 

so all of these states can be represented as one point (r , po) in the phase 
space. All observables for a massive spinless particle can be expressed as 
functions /(P,R) of momentum and position operators^ Then it follows 
from (15.471) and (I5.48j) that quasiclassical states are also eigenstates of any 
such observable 



ro,Po ) ~ /(r ,Po)|^r , P o) 

The expectation value of observable /(R, P) in the quasiclassical state |\?r ,po) 
is just the value of the corresponding function /(r , Po) 



</(R,P)> = /(r ,Po) 

and the expectation value of a product of two such observables is equal to 
the product of expectation values 



</(R,P)<7(R,P)> = /(r ,Po)<7(r ,Po) 

= (/(R,P)>(p(R,P)> 

This agrees with our phase space description derived from axioms of the 
classical propositional system in subsection 12.4.41 

The above discussion indicates that in the classical limit the Plank con- 
stant h should be set to zero. According to (13.521) - (I3.58j) . all commutators 
are proportional to h, so in this limit all operators of observables commute 
with each other. There are two important roles played by commutators of 
observables in quantum mechanics. First, the commutator of two observables 
determines whether these observables can be measured simultaneously. Van- 
ishing commutators of classical observables implies that all of them can be 
measured simultaneously in agreement with classical Assertion 12.21 Second, 
commutators of observables with generators of the Poincare group allow us to 



see subsection 14.3.41 
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perform transformations of observables from one reference frame to another, 
as in the case of time translations (I3.63[) . However, the zero classical limit 
of these commutators as h — > does not mean that the right hand side of 
eq. (I3.63P becomes zero and that the time evolution stops in this limit. The 
right hand side of (I3.63P does not vanish even in the classical limit, because 
the commutators in this expression are multiplied by factors —4. In the limit 
fi^Owe obtain 

F{t) =F-[H, F} P t + ±[H, [H, F]p} P t 2 + ... (5.49) 

where 

\f, g] P = lim ^ [/(R, P), g(R, P)] (5.50) 

is called the Poisson bracket. So, even though commutators of observables 
are effectively zero in classical mechanics, we can still use the non-vanishing 
Poisson brackets in calculations of the action of inertial transformations on 
observables. 

The exact commutator of quantum mechanical operators /(R, P) and 
g(R, P) can be generally written as a series in powers of H 

[f, g] = ihk\ + ih 2 k2 + ih 3 k3 . . . 

where fc» are Hermitian operators. From eq. (15.501) it is clear that the Poisson 
bracket is equal to the coefficient of the dominant term of the first order in 

[f,g]p = h 

As a consequence, the classical Poisson bracket [/, g]p is much easier to calcu- 
late than the full quantum commutator [/, g]. The following theorem demon- 
strates that calculation of the Poisson bracket can be reduced to simple dif- 
ferentiation. 



21 This observation suggests, in particular, that there is no unique way to perform quan- 
tization, i.e., a construction of a quantum counterpart of a classical theory by switching 
from classical Poisson brackets to quantum commutators. 
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Theorem 5.1 Iff(R, P) and g(R, P) are two observables of a massive spin- 
less particle, then 



Proof. Consider for simplicity the one-dimensional case (the 3D proof is 
similar) in which eq. (I5.5ip becomes 



te ^ lfW P)l-V.*_V.|| ( , 62) 

First, functions f(R,P) and g(R,P) can be represented by their Taylor ex- 
pansions around the origin (r = 0, p — 0) in the phase space, e.g., 



f(R,P) = C o + C 1Q R + C 01 P + C 11 RP + C 2Q R 2 + Co 2 P 2 + C 21 R 2 P + ... 
g{R, P) = A)o + D W R + D 01 P + D n RP + D 20 R 2 + D 02 P 2 + D 21 R 2 P + . . 

where C and D are numerical coefficients, and we agreed to write factors R 
to the left from factors P. Then it is sufficient to prove formula f 1 5 . 5 2 j) for 
/ and g being monoms of the form R n P m . In particular, we would like to 
prove that 



[R n P m , R q P s } P 



d(R n P m ) d(R q P s ) d(R n P m ) d(R q P s ) 

OR dP dP dR 

ns J R n+ "- 1 P m+s - 1 - mg J R n+9_1 P m+s - 1 

(ns - mq)R n+q - l P m+s - 1 (5.53) 



We will prove this formula by induction. The result (I5.53P holds if / and g 
are linear in R and P, i.e., when n, m, q, s are either or 1. For example, in 
the case n — 1, m — 0, q — 0, s — 1 formula (I5.53|) yields 



[R,P]p = i 

which agrees with definition (I5.5(jp and quantum result f)4.24p . 
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Suppose that we established the validity of ( 15. 53ft for the set of higher 
powers n,m,q,s as well as for any set of lower powers n',m',q',s', where 
n' < n, m! < m, q' < q, s' < s. The proof by induction now requires us to 
establish the validity of the following equations 



[R n P m ,R q+1 P s } P = (ns-mq-m)R n+q P m+s - 1 

[R n P m ,R q P s+1 ] P = (ns-mq + n)R n+q - 1 P m+s 

[R n+1 P m ,R q P s ] P = (ns-mq + s)R n+q P m+s - 1 

[R n P m+1 ,R q P s ] P = {ns -mq-q)R n+q ~ 1 P rn+s 



Let us prove only the first equation. Three others are proved similarly. Using 
eqs. (14.511) and f)5.53j) we, indeed, obtain 



[R n P m ,R q+1 P s ]p = -lim -[R n P m ,R q+1 P s ] 

h^o h 

= -lim I \R n P m , R]R q P s - lim l -R\R n P m , R q P s 



[R n P m , R] P R q P s + R[R n P m , R q P s } P 
-mR n+q P m+s ' 1 + {ns - mq)R n+q P m+s - 1 
(ns -mq- m)R n+q P m+s - 1 



Therefore, by induction, eq. (15.521) holds for all values of n, m, q, and s. 



Let us apply the above formalism of Poisson brackets to the time evo- 
lution. We can use formulas (15.491) and ( 15.511) in the case when F is either 
position or momentum and obtain 



*g> = - W R,P),R]^M ,5,5) 



where one recognizes the classical Hamilton equations of motion. 
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5.3.5 Time evolution of wave packets 

In this subsection we will investigate further the connection between the time 
evolution of quantum wave functions and classical particle trajectories. 

As we established in subsection 15.3.11 a quasiclassical wave packet at time 
t = can be generally represented in the form (15.411) . Now we are going to 
establish how this wave packet evolves with time. We saw in subsection 15.3.31 
that in many cases the spreading of the wave packet can be ignored. So, we 
will assume that the shape of the packet (given by the function 77 (r)) does not 
change with time, however the center of the packet moves along trajectory 
R(t). Moreover, we will denote the momentum of the wave packet by P(i)o 
For generality, we also need to assume that the packet acquires an additional 
phase factor exp(|0(t)) with time. Then the time-dependent quasiclassical 
wave packet is described by the following ansatz 



#(r,*) = 77(r - R(t)) exp(^4(t)) (5.56) 
A(t) = P(t)(r-R(t)) + 0(t) (5.57) 



where R(t), P(t), 4>{t) are yet undetermined numerical functions] 23 ! In order 
to find these functions we insert (15.561) - (15.571) in the Schrodinger equation 

(J52QD 

which is valid for the position-space wave function \I/(r, t) of a single particle 
moving in an external potential V(r)@ Omitting for brevity time arguments 
and denoting time derivatives by dots we can write 



22 This means that the exponential r-dependent factor is approximately exp(iP(t)r). 

23 Note that function A{t) in the exponent has been chosen in such a way that if <f>{t) = 0, 
then the phase of the wave function in the center of the wave packet (r = R(t)) remains 
constant at all times. 

24 Hcre we make several assumptions and approximations to simplify our calculations. 
First, the ideas of interaction and inter-particle potentials (that can depend on both po- 
sitions and momenta of particles) will be introduced only in Chapter [6] (see eq. (|6.82|) V 
Here we assume that the potential V(r) depends on the position of the particle and does 
not depend on the particle's momentum. Second, almost everywhere in this book we are 
dealing with isolated physical system. However, particle in a potential is not an isolated 
system. Nevertheless, this is a good approximation in the case when the object creating 
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h 2 d 2 ^(r) 
2m dr 2 



-V(r)tf(r) 



-iK(^r • R) — (P • r)r] + (P ■ R)n + (P • R)r] 
dr 

h 2 d 0$(r) 
2m dr dr 

h 2 d ( dn , % AS i „ , i . s 

h 2 fd 2, q 2i dr] P 2 \ i 

2^[d^ + J { dr-- P) -^ 7] ) eM h A) 



exp(-A) 



-V{R)r) 



dV(r) 



dr 



(r - R)rj exp(-A) 

r=R / n 



There are three kinds of terms in this expression: those proportional to H°, h 1 , 
and h 2 . They must vanish independently. The latter terms are too small; 
they are beyond the accuracy of the quasiclassical approximation and can be 
ignored. The terms that are first order in ft result in 



R = £ 

m 



which is the usual relationship between velocity and momentum for momentum- 
independent potentials^ ft? terms lead to equation 



;P • r) + (P • R) + (P • R) 



P 2 V{R) dV(r) 
2m dr 



r=R 



fr-R) 
(5.59) 



The function P(t) can be determined from the first Hamilton's equation 



dV(r) 
dr 



the potential V(r) is heavy, so that its dynamics does not depend on the dynamics of the 
considered (light) particle. Third, here we are working in the non-relativistic approxima- 
tion. 

25 This is also the 2nd Hamilton's equation (|5.55j) . 
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So, we can rewrite (15.591) as an equation for the last undetermined (phase) 
function <fi(t) 



dt 2m v v 

The solution of this equation for particle propagating in the time interval 
[to,t] is given by the so-called action integral 



(j>{t) = 0(t o ) + / dt' 



P 2 (t') 



(5.60) 



to 



Finally we conclude that the center of a quasiclassical wave packet moves 
along a trajectory determined by Hamilton's equations of motion (I5.54p - 
(15.551) . This is not different from classical mechanics. In addition, there is 
a fully quantum effect: the change of the overall phase of the wave packet 
according to eqs. (I5.56P - (15.571) and (I5.60p . This phase change explains 
the interference effect discussed in section 12.11 When the wave packet is 
divided into two sub-packets (e.g., by using a screen with a double-slit or a 
double-hole) and there is no external potential (V(r) = 0), then momentum 
(and speed) of each sub-packet remains constant (P 2 (t) = const), so that 
the action integral (15.601) is proportional to the distance traveled by the sub- 
packet. When two sub-packets overlap, their interference (constructive or 
destructive) is fully determined by the difference in their traveling distances 
(from the slit to the observation point). Some experimental manifestations 
of the phase formula fl 5 . 6 1) in the presence of a non-vanishing potential V 
will be discussed in subsection 112.2.51 



5.4 Massless particles 

5.4.1 Spectra of momentum, energy, and velocity 

In the case of massless particles (m = 0), such as photons, the method 
used in section 15.11 to construct irreducible unitary representations of the 
Poincare group does not work. For massless particles the position operator 
(14.311) cannot be defined. Therefore we cannot apply the Stone-von Neumann 
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theorem IH.2I to figure out the spectrum of the operator P. To find the 
spectrum of P we will use another argument. 

Let us choose a state of the massless particle with arbitrary nonzero 
momentum p (we assume that such a state exists in the spectrum of the mo- 
mentum operator P). There are two kinds of inertial transformations that 
can affect the momentum: rotations and boosts. Any vector p' obtained 
from p by rotations and boosts is also in the spectrum of P. So, we can use 
these transformations to explore the spectrum of the momentum operator. 
Rotations generally change the direction of the momentum vector, but pre- 
serve its length p, so all images of p generated by rotations form a surface of 
a sphere with radius p. Boosts along the momentum vector p do not change 
the direction of this vector, but do change its length. To decrease the length 
of the momentum vector we can use a boost vector 6 which points in the 
direction that is opposite to the direction p, i.e., 6/6 = —p/p. Then, using 
formula (14. 3 j) and equalit}@ 

u) p = cp (5.61) 

we can write 



P 

Pr 



P + — [p(cosh 6—1 
p 

pfcosh 6 — sinh 6} 



— p sinh 6] 



pe 



so the transformed momentum reaches zero only in the limit 6 — > oo. This 
means that the point p = does not belong to the spectrum of the mo- 
mentum of any massless particle^. Then, from the energy-momentum re- 
lationship (14.111) we see that for massless particles the mass hyperboloid 
degenerates to a cone (I5.6ip with the point p = deleted (see Fig. 15.21) . 
Therefore, the spectrum of velocity V = Pc 2 /H is the surface of a sphere 
|v| = c. This means that massless particles can move only with the speed of 
light in any reference frame. 

26 This equality follows from eq. (|5.5[) if m = 0. 

27 The physical meaning of this result is clear because there are no photons with zero 
momentum and energy. 
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Statement 5.2 (invariance of the speed of light) The speed of massless 
particles (e.g., photons) is equal to c independent on the velocity of the source 
and/or observer. 

5.4.2 The Doppler effect and aberration 

Let us find the relationship between photon energies in the reference frame 
O and in the frame O' moving with velocity v = cf tanh^ relative to O. We 
denote H(0) the photon's energy and P(0) its momentum in the reference 
frame O. We also denote H{9) and P(6) the photon's energy and momentum 
in the reference frame O'. Then using (14. 4p and (I5.6ip we obtain the usual 
formula for the Doppler effect 



H(6) = #(0)cosh#-cP(0) • -sinh# 

9 

v ' \ c H (°) p (°) 6 j 

= H{0) cosh (9(1 — ~ cos 0o) (5.62) 

where we denoted (f) the angle between the direction of photon's propagation 
(seen in the reference frame O) and the direction of movement of the reference 
frame O' with respect to O 



Sometimes the Doppler effect formula is written in another form where 
the angle <fi between the photon momentum and the reference frame velocity 
is measured from the point of view of O' 



From (14.41) we can write 
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n 

H(0) = H(9)cosh9 + cP(9) ■ -sinh# 
H(9) cosh 9(1 + ^cos0) 



Therefore 



The difference between angles O and 0, i.e., the dependence of the direc- 
tion of light propagation on the observer is known as the aberration effect. 
In order to see the same star in the sky observers O and O' must point their 
telescopes at different directions. These directions make angles O an d 0, 
respectively, with the direction | of the relative velocity of O and O' . The 
connection between these angles can be found by taking the scalar product of 
both sides of (14.31) with | and taking into account eqs. (I5.62p . (15.631) . (15.641) . 
and cP{6) = H(9) 



cos0 = (cosh 6 cos 0o — sinh 6) 

P(6) 

cosh 9 cos 0o — sinh 9 
cosh6'(l — - cos0 o ) 
cos 0o — v/c 

1 - - c COS 0o 

Our derivations above referred to the case when there was one source of 
light and two observers moving with respect to each other (see fig. 15.5( a)). 
However, this setup is not characteristic for most astronomical observations 
of the Doppler effect. In these observations one typically has one observer 
and two sources of light (stars) that move with respect to each other with 
velocity v (see fig. 15.5( b)). Let us assume that the distance between these 
stars is much smaller than the distance from the stars to the Earth. Photons 
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S S S' 




Figure 5.4: To the discussion of the Doppler effect: (a) observer at rest O 
and moving observer O' measure light from the same source (e.g., star) S; 
(b) one observer O measures light from two sources S and S' that move with 
respect to each other. 



emitted simultaneously by S and S' move with the same speed c and arrive 
to Earth at the same time. Two stars are seen by O in the same region of 
the sky independent on the velocity v. We also assume that sources S and 
5" are identical, i.e., they emit photons of the same energy in their respective 
reference frames. Further, we assume that the energy h(0) of photons arriving 
from the source S to the observer O is known. Our goal is to find the energy 
(denoted by h{6)) of photons emitted by S' from the point of view of O. 
In order to do that, we introduce an imaginary observer O' whose velocity 
v with respect to O is the same as velocity of S' with respect to S and 
apply the principle of relativity. According to this principle, the energy of 
photons from 5" registered by O' is the same as the energy of photons from S 
registered by O, i.e., h(0). Now, in order to find the energy of photons from 
S' seen by O we can apply formula ( 15.651) with the opposite sign of velocity 



w = co 3 mi-U^) (5 ' 66) 

where <ft is the angle between velocity v of the star S' and the direction of 
light arriving from stars S and S' from the point of view of O. 

The Doppler effect and light aberration discussed in this subsection were 
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measured in experiments with high precision. More discussion of experimen- 
tal verifications of relativistic effects is in subsection II 1 .3.21 

5.4.3 Representations of the little group 

Next we need to construct unitary irreducible representations of the Poincare 
group for massless particles. To do that we can slightly modify the method 
of induced representations used for massive particles in section 15. 11 

We already discussed in subsection 15.4.11 that vector p = (0,0,0) (which 
was chosen as the standard vector for the construction of induced representa- 
tions for massive particles in section 15. ip does not belong to the momentum 
spectrum of a massless particle. We also mentioned that the choice of the 
standard vector is arbitrary and representations built on different standard 
vectors are unitarily equivalent. Therefore, we can choose a different stan- 
dard momentum vector 

k= (0,0,1) (5.67) 

in the massless case. 

The next step is to find transformations of the little group which leave 
this vector invariant. The energy-momentum 4- vector corresponding to the 
standard vector (I5.67P is (ck, ck) = (c, 0, 0, c). Therefore, in the 4D notation 
from Appendixll.lt the matrices of little group elements must satisfy equation 



S 



c 




c 


















c 




c 



Since the little group is a subgroup of the Lorentz group, we also have (see 
eq. ((LSD) 

S T gS = g 

One can verify that the most general matrix S with these properties has the 
form [57] 
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S(Xi, X 2 , 



i + i(xl + xl) X, X 2 -±(Xl + Xt) 

Xi cos 9 + X 2 sin 9 cos 9 sin 9 —X\ cos 9 — X 2 sin 9 

—Xi sin 6* + X 2 cos # — sin 9 cos # Xi sin 9 — X 2 cos 9 

Uxf + xi) X, X 2 l-l(Xf + Xl) 



where X%, X 2 , and 9 are independent real parameters. The three generators 
of these transformations are obtained by differentiation 



Mi 



lim 



d 



x 1 ,x 2 ,e^o dX 1 



S(X 1 ,X, 



2- 






1 








1 








-1 

















1 









Mo 



lim 







>odX< 



■S(Xi, X 2 , 1 



1 



1 
1 








R = lim ^-S(X h X 2 , 
x 1 ,x 2 ,e^o 89 










1 



0-100 




Jz 



where J and K, are Lorentz group generators fjl.9j) and fll.lOp . The commu- 
tators are easily calculated 



[M x ,M y ] = 

[R,M y ] = -M x 
[R,M X ] = My 



These are commutation relations of the Lie algebra of the group of "transla- 
tions" (M x and M y ) and rotations (R) in a 2D plane. 
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The next step is to find full set of unitary irreducible representations of the 
little group. To achieve that we introduce Hermitian operators II = (III, II2) 
and = J z , which correspond to the Lie algebra generators M and R, 
respectively. So, the little group "translations" and rotations are represented 
in the Hilbert space 7Yk by unitary operators e~^ niX , e~~i U2V , and e~n e ^. 

Suppose that the Hilbert space Ti^ contains a state vector [7?) which is 
an eigenvector of II with nonzero "momentum" 7r 7^ 

n|7?) = (tTi, 7T 2 ) |7f> 

then vector 

e _ fi e ^|7ri, 7r 2 ) = cos0 + 7r 2 sin0, 7i"i sin0 — 7r 2 cos0) (5.69) 

also belongs to the subspace Ti-^. The vectors f!5.69j) form a circle irf + 
7r| = const in the 2D "momentum" plane. Therefore, the subspace 7ik is 
infinite-dimensional. If we used such a representation of the little group to 
build the unitary irreducible representation of the Poincare group, we would 
obtain massless particles having an infinite-dimensional subspace of internal 
(spin) degrees of freedom, or "continuous spin" . Such particles have not been 
observed in nature, so we will not discuss such possibility further. The only 
case having relevance to physics is the "zero-radius" circle 7? = 0. Then the 
subspace 7ik is one-dimensional, "translations" are represented trivially 

e -i flr |7r = 0) = |tt = 0) (5.70) 
and rotations around the z-axis are represented by unimodular factors. 

e -i e *|vf = 0) = e'T^ln = 0} = e iTlt) \n = 0) (5.71) 

The allowed values of the parameter r can be obtained from the fact that 
the representation must be single- or double- valued@ Therefore, the rotation 
through the angle <fi = 2tt can be represented by either 1 or -1, and r must 
be either integer or half-integer number: r = . . . , —1, —1/2, 0, 1/2, 1, . . .. We 
will refer to the parameter r as to helicity. This parameter distinguishes 
different massless unitary irreducible representations of the Poincare group, 
i.e., different types of elementary massless particles. 

28 see Statement [O 
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5.4.4 Massless representations of the Poincare group 

Now we want to build a basis in the Hilbert space of a massless particle 
with helicity r. First we choose an arbitrary basis vector |k) in the (one- 
dimensional) subspace 7ik with standard momentum. Similarly to what we 
did in the massive case, we are going to propagate this vector to all values of 
momentum using transformations from the Lorentz group and thus build a 
basis in the full Hilbert space Ji. So, we need to define an element A p of the 
Lorentz subgroup, which connects the standard momentum k with arbitrary 
momentum p 

A p k = p 

We will choose A p to be a Lorentz boost along the z-axis 



B r 



cosh# sinh# 

10 

10 

sinh^ cosh# 



(5.72) 



followed by a rotation R p which brings direction k = (0, 0, 1) 



to — 

p 



A P = RpB p (5.73) 

(see Fig. 15.51) . The rapidity 9 = log{p) is such that the length of B p k is 
equal to p. The absolute value of the rotation angle in R p is 



COS(/> = 




(5.74) 



and the direction of is 



kx £ 
P. 

(pI+p 2 



I sin 



v 



Py,Px,0) 
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Figure 5.5: Each point p (except p = 0) in the momentum space of a massless 
particle can be reached from the standard vector k = (0, 0, 1) by applying a 
boost Bp along the z-axis followed by a rotation R p . 



The full basis |p) in 7i is obtained by propagating the basis vector |k) to 
other fixed momentum subspaces H p (compare with eq. (15.41) ) 



|p> = -=tf(A p ,0,0)|k> (5.75) 

vIpI 

Here we used notation from subsection 15.2.11 in which C/(A p ,0, 0) denotes 
the unitary representative of the Poincare transformation consisting of the 
Lorentz transformation A p and zero translations in space and time. Now we 
can consider how general elements of the Poincare group act on these basis 
vectors. Let us apply a general transformation from the Lorentz subgroup 
U(A, 0, 0) to an arbitrary basis vector |p) 



C/(A,0,0)|p) = C/(A,0,0)C/(A p ,0,0)|k) 

= U(X Ap , 0, 0MA Ap , 0, 0)U(A, 0, 0)C/(A p , 0, 0) |k) 

= £/(A Ap ,O,0MA Ap AA p ,O,0)|k> 

= U(X Ap , 0, 0)U(B A ^R Ap AR p B p , 0, 0) |k) 

The product of boost transformations A A pAA p = B^R Ap AR p B p on the right 
hand side brings vector k back to k (see Fig. 15.51) . therefore this product 
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is an element of the little group. The "translation" part of this element is 
irrelevant for us due to eq. (15.701) . The relevant angle of rotation around the 
z-axis is called the Wigner angle 0w(p,A)@ According to eq. (I5.7ip . this 
rotation acts as multiplication by a unimodular factor 



Thus, taking into account (I5.75P we can write for arbitrary Lorentz transfor- 
mation A 



For a general Poincare group transformation we obtain, similarly to eq. 



As was mentioned in the beginning of this chapter, photons are described 
by a reducible representation of the Poincare group which is a direct sum 
of two irreducible representations with helicities r = 1 and r = — 1. In the 
classical language these two irreducible components correspond to the left 
and right circularly polarized light. 



Explicit expressions for the Wigner rotation angle can be found in [54j [58] . 



f/(AXpAA p , 0, 0)|k) = e ^(P,A)| k ) 



f/(A,0,0)|p> 
[/(A Ap ,0,0)e iT ^( p ' A )|k) 




dE2QD, 




(5.76) 
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Chapter 6 
INTERACTION 



I myself, a professional mathematician, on re-reading my own 
work find it strains my mental powers to recall to mind from the 
figures the meanings of the demonstrations, meanings which I my- 
self originally put into the figures and the text from my mind. But 
when I attempt to remedy the obscurity of the material by putting 
in extra words, I see myself falling into the opposite fault of be- 
coming chatty in something mathematical. 



Johannes Kepler 



In the preceding chapter we discussed isolated elementary particles moving 
freely in space. Starting from this chapter we will focus on compound systems 
consisting of two or more particles. In addition we will allow a redistribution 
of energy and momentum between different parts of the system, in other 
words we will allow interactions. In this chapter, we will limit our analysis to 
the cases in which creation and/or destruction of particles is not allowed, and 
we will consider only few massive spinless particles. Starting from chapter [7] 
we will lift these limitations. 
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6.1 The Hilbert space of a many-particle sys- 
tem 

In this section we will construct the Hilbert space of a compound system. In 
quantum mechanics textbooks it is usually tacitly assumed that this space 
should be built as a tensor product of Hilbert spaces of the components. Here 
we will show how this statement can be proven from postulates of quantum 
logicQ For simplicity, in this section we will work out the simplest case 
of a two-particle system. These results will be generalized to the general 
n-particle case at the end of this section. 

6.1.1 The tensor product theorem 

Let Cx, £2, and £ be quantum propositional systems of particles 1, 2, and the 
compound system 1+2, respectively. It seems reasonable to assume that each 
proposition about subsystem 1 (or 2) is still valid in the combined system, 
so, it should be represented also as a proposition in £. Let us formulate this 
idea as a new postulate 

Postulate 6.1 (properties of compound systems) If £\ and £ 2 are quan- 
tum propositional systems describing two physical systems 1 and 2, and £ is 
the quantum propositional system describing the compound system 1 +2, then 
there exist two mappings 



which satisfy the following conditions: 

(I) They preserve all logical relationships between propositions. So that 



/ 2 :£ 2 



A(0a) 




and for any propositions x, y G £ 



1 



1 see sections [231 - 12.51 



6.1. THE HUBERT SPACE OF A MANY-PARTICLE SYSTEM 



183 



x < y fi(x) < fx{x) 

h(xAy) = fi(x)Afi(y) 

MxVy) = h{x)Vh{y) 

h{x^) = (Hx)) 1 

The same properties are valid for the mapping f2 : £2 — > £■ 

(II) The results of measurements on two subsystems are independent. 
This means that in the compound system all propositions about subsystem 
1 are compatible with all propositions about subsystem 2: 

fi(xi) «-> f 2 (x 2 ) 

where X\ G C\, Xi G L\ 

(III) If we have full information about subsystems 1 and 2, then we have 
full information about the combined system. Therefore, if Xi G L\ and x 2 G 
£2 are atoms then the meet of their images fi(xi) A f 2(^X2) is also an atomic 
proposition in C. 

The following theorem [SHI ED] allows us to translate the above properties 
of the compound system from the language of quantum logic to the more 
convenient language of Hilbert spaces. 

Theorem 6.2 (Matolcsi) Suppose that Hi, Ti.2, and TC are three complex 
Hilbert spaces corresponding to the propositional lattices Ci, C 2 , and C, re- 
spectively. Suppose also that fi and f 2 are two mappings satisfying all condi- 
tions from Postulate \6.1[ Then the Hilbert space Ji of the compound system 
is either one of the four tensor product^ H = Hi <S> H2, or H = H\® H2, 
orH = Hi®H* 2 , orH = H\®H*2. 

The proof of this theorem is beyond the scope of this book. 

So we have four ways to couple two one-particle Hilbert spaces into one 
two-particle Hilbert space. Quantum mechanics uses only the first possibility 

2 For definition of the tensor product of two Hilbert spaces see Appendix IF. 41 The star 
denotes a dual Hilbert space as described in Appendix IF. 31 
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This means that if particle 1 is in a state |1) G Hi and particle 
2 is in a state |2) e H 2 , then the state of the compound system is described 
by the vector |1) ® |2) e Hi ® H 2 . 

6.1.2 Particle observables in a multiparticle system 

The mappings fi and f 2 from Postulate 16.11 map propositions (projections) 
from Hilbert spaces of individual particles Hi and H 2 into the Hilbert space 
H = Hi <S> H 2 of the compound system. Therefore, they also map particle 
observables from Hi and H 2 to H. For example, consider an 1-particle ob- 
servable that is represented in the Hilbert space Hi by the Hermitian 
operator with a spectral decomposition (12.281) 

g (1 > = £ 9 p<" 

a 

Then the mapping fi transforms into a Hermitian operator fi(G^) in 
the Hilbert space H of the compound system 

a 

which has the same spectrum g as G^\ Then observables of individual 
particles, e.g., Pi, Ri in Hi and P 2 , H 2 in H 2 have well-defined meaning in 
the Hilbert space H of the combined system. 

In what follows we will use small letters to denote observables of individual 
particles in hE For example, the position and momentum of the particle 
1 in the two-particle system will be denoted as pi and ri. The operator of 
energy of the particle 1 will be written as hi = m\c A + pfc 2 , etc. Similarly, 
observables of the particle 2mH will be denoted as p 2 , r 2 , and h 2 . According 
to Postulate 16.1( H). spectral projections of observables of different particles 
commute with each other in H. Therefore, observables of different particles 
commute with each other as well. 

3 It is not yet clear what is the physical meaning of the other three possibilities. 
4 We will keep using capital letters for the total observables (H, P, J, and K) of the 
compound system. 
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Just as in the single-particle case, two-particle states can be also described 
by wave functions. From the properties of the tensor product of Hilbert 
spaces it can be derived that if ^i( r i) is the wave function of particle 1 
and 1^2(^2) is the wave function of particle 2, then the wave function of the 
compound system is simply a product 



In this case, both particles 1 and 2, and the compound system are in pure 
quantum states. However, the most general pure 2-particle state in Hi ® 
Ti.2 is described by a general (normalizable) function of two vector variables 
ip(ri, r 2 ) which is not necessarily expressed in the product form ( 16. ip . In this 
case, individual subsystems are in mixed states: the results of measurements 
performed on the particle 1 are correlated with the results of measurements 
performed on the particle 2, even though the particles do not interact with 
each other. The existence of such entangled states is a distinctive feature of 
quantum mechanics which is not present in the classical world. 

6.1.3 Statistics 

The above construction of the two-particle Hilbert space 7i = ® H.2 is 
valid when particles 1 and 2 belong to different species. If particles 1 and 2 
are identical, then there are vectors in 7i\ <S> 7i 2 that do not correspond to 
physically realizable states, and the Hilbert space of states is "less" than TCi <S> 
H.2- Indeed, if two particles 1 and 2 are identical, then no measurable quantity 
will change if these particles change places. Therefore, after permutation 
of two particles, the wave function may at most acquire an insignificant 
unimodular phase factor (3 



If we swap the particles again then the original wave function must be re- 
stored 




(6.1) 




(6.2) 



^(ri,r 2 ) 



/#(r 2 ,ri) 
/5 2 ^(ri,r 2 ) 
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Therefore (3 2 = 1 which implies 

P = ±l 

We have shown that the factor (3 for any state ip(vi, r 2 ) in Ti can be either 
1 or -1. Is it possible that in a system of two identical particles one state 
0i(ri, r 2 ) has factor (3 equal to 1 

0i(ri,r 2 ) = 0i(r 2 ,ri) (6.3) 
and another state 2 (r l5 r 2) has factor (3 equal to -1? 

2 (ri,r 2 ) = -0 2 (r 2 ,ri) (6.4) 

If eqs f)6.3p and (16 .4p were true, then the linear combination of the states <pi 
and (f>2 

■0(ri,r 2 ) = a0i(ri,r 2 ) + 60 2 (ri,r 2 ) 
would not transform like (16.21) after permutation 

^(r 2 ,ri) = a0i(r 2 ,ri) + 60 2 (r 2 ,ri) 
= a0i(r!,r 2 ) - 60 2 (ri,r 2 ) 
^ ±^(ri,r 2 ) 

It then follows that the factor (3 must be the same for all states in the Hilbert 
space Ti of the system of two identical particles. This result implies that all 
particles in nature are divided in two categories: bosons and fermions. 

For bosons (3 = 1 and two-particle wave functions are symmetric with re- 
spect to permutations. Wave functions of two bosons form a linear subspace 
7~i\ ® S ym'H2 C Ti\ ®Ti2- This means, in particular, that two identical bosons 
may occupy the same quantum state, i.e., the wave function ^>(ri)^(r 2 ) be- 
longs to the bosonic subspace Ti\ ® aym Tii ^Tii^Tii- 

For fermions, (3 = — 1 and two-particle wave functions are antisymmetric 
with respect to permutations. The Hilbert space of two identical fermions is 
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the subspace of antisymmetric functions Hi® aS ymH2 C H.1&H.2- This means, 
in particular, that two identical fermions may not occupy the same quantum 
state (this is called the Pauli exclusion principle ), i.e., the wavefunction 
■0(ri)^(r2) do not belong to the fermionic subspace Hi ® aS ym,H2 ^ Hi ®H2- 
A remarkable spin- statistics theorem has been proven in the framework 
of quantum field theory. This theorem establishes (in full agreement with 
experiment) that the symmetry of two-particle wave functions is related to 
their spin: all particles with integer spin (e.g., photons) are bosons and 
all particles with half- integer spin (e.g., neutrinos, electrons, protons) are 
fermions. 

All results of this section can be immediately generalized to the case of 
n-particle system, where n > 2. For example, the Hilbert space of n identical 
bosons is the symmetrized tensor product H = H\ ® sym H2 ® sy m ■ ■ ■ ®>symH n , 
and the Hilbert space of n identical fermions is the antisymmetrized tensor 

product H = Hi ®asym H 2 ®asym ■ ■ ■ ®asym H n . 

6.2 Relativist ic Hamiltonian dynamics 

To complete our description of the 2-particle system initiated in the preceding 
section we need to specify an unitary representation U g of the Poincare group 
in the Hilbert space H = Hi <8) H2U We already know from chapter H] that 
generators of this representation (and functions of generators) define total 
observables of the compound system. From subsection 16.1.21 we also know 
how to define observables of individual particles in H. If we assume that 
total observables in H may be expressed as functions of particle observables 
Pi, ri, p 2 , and r 2 , then the construction of U g is equivalent to finding 10 



5 For simplicity we will assume that particles 1 and 2 are massive, spinless, and not 
identical. 

6 These formulas work fine in systems with fixed number of particles. We will see in 
chapter [7] that in the case of variable number of particles it will be more convenient to 
express total observables in terms of particle creation and annihilation operators. 



Hermitian operator functions^] 




(6.5) 
(6.6) 
(6.7) 
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K(pi,ri,p 2 ,r 2 ) (6.8) 

which satisfy commutation relations of the Poincare Lie algebra (I3.52p - 
(13.581) . Even in the two-particle case this problem does not have a unique 
solution, and additional physical principles should be applied to make sure 
that operators ( 16. 51) - ( 16. 81) are selected in agreement with observations. For a 
general multiparticle system, the construction of the representation U g is the 
most difficult and the most important part of relativistic quantum theories. 
A large portion of the rest of this book is devoted to the analysis of different 
ways to construct representation U g . It is important to understand that once 
this step is completed, we get everything we need for a full description of the 
physical system and for comparison with experimental data. 

6.2.1 Non- interacting representation of the Poincare 
group 

There are infinitely many ways to define the representation U g of the Poincare 
group, in the Hilbert space Ti — Ti\ ® Ti.%. Let us start our analysis from 
one legitimate choice which has a transparent physical meaning. We know 
from chapter [5] that Hilbert spaces Ti\ and 7^2 carry irreducible unitary rep- 
resentations Ug and Ug of the Poincare group. Functions fi and / 2 defined in 
subsection 16.1.11 allow us to map these representations to the Hilbert space Ti 
of the compound system, i.e., to have representations of the Poincare group 
fi(Ug) and f%(Ug) in Ti. We can then define a new representation U g of the 
Poincare group in Ti by making a (tensor product) composition of fi(Ug) 
and f 2 (Ug). More specifically, for any vector |1) <g> |2) G Ti we define 

^ (|l)®|2)) = /i(^)|l)®/ 2 (^)|2) (6.9) 

and the action of Ug on other vectors in Ti follows by linearity. Represen- 
tation (16. 9j) is called the tensor product of unitary representations Ug and 
Ug, and is denoted by U® = U g ®U g . Generators of this representation are 
expressed as sums of one-particle generators 



H = ht + h 2 

Po = Pi + P2 



(6.10) 
(6.11) 
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Jo 
K 



jl +J2 

ki + k 2 



(6.12) 
(6.13) 



The Poincare commutation relations for generators (I6.10P - ( 16 . 1 3f) follow im- 
mediately from the fact that one-particle generators corresponding to parti- 
cles 1 and 2 satisfy Poincare commutation relation separately and commute 
with each other, according to Postulate 16.1( 11). 

With definitions (I6.10P - (16.131) . the inertial transformations of particle 
observables with respect to the representation U® are easy to find. For ex- 
ample, the positions of particles 1 and 2 change with time as 



Comparing this with eq. (14.531) we conclude that all observables of particles 
1 and 2 transform independently from each other as if these particles were 
alone. So, the representation (I6.10P - (16.131) corresponds to the absence of 
interaction and is called the non-interacting representation of the Poincare 
group. 

6.2.2 Dirac's forms of dynamics 

Obviously, the simple choice of generators (16. lOj) - (16.131) is not realistic, be- 
cause particles in nature do interact with each other. Therefore, to describe 
interactions in multi-particle systems one should choose an interacting repre- 
sentation Ug of the Poincare group in H. which is different from Ug. First we 
write the generators (if, P, J, K) of the desired representation U g in the most 
general form where all generators are different from their non-interacting 
counterparts by the presence of interaction terms denoted by deltas^ 

7 Our approach to the description of interactions based on eqs ()6.14|1 - (|6.17j) and their 
generalizations for multiparticlc systems is called the relativistic Hamiltonian dynamics 
|53j . For completeness, we should mention that there is a number of other methods for 
describing interactions which can be called non-Hamiltonian. Overviews of these methods 
and further references can be found in 61, 62. 63 . We will not discuss the non-Hamiltonian 
approaches in this book. 




r 2 (t) 



ri + vit 
r 2 + v 2 t 
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H = F + Ai?(r 1 ,p 1 ,r 2 ,p 2 ) (6.14) 

P = Po + AP^Pi.r^pjj) (6.15) 

J = J + AJ(ri,pi,r 2 ,p 2 ) (6.16) 

K = Ko + AK^p^ra.pa) (6.17) 

It may happen that some of the deltas on the right hand sides of eqs. (I6.14p 
- (I6.17P are zero. Then these generators and transformations coincide with 
the generators and transformations of the non-interacting representation Ug. 
Such generators and transformations are called kinematical. Generators 
which contain interaction terms are called dynamical. 



Table 6.1: Comparison of three relativistic forms of dynamics 

Instant form Point form Front form 

Kinematical generators 

{Px)o (K x ) {P x )o 

{Py)o {Ky)o (Py)o 

(Pz)o (K z ) -±(H + (P Z ) ) 

(Jx)o (Jx)o ^{(Kx)o + {Jy)o) 

(Jy)o (Jy)o 7f((-^»/)o - (Jx)o) 

(Jz) (Jz)o ' Wo 

(K z ) 

Dynamical generators 

H ' H ^-P M ) 

K x P x ~\/2^-^ x ^v) 

Ky Py ^K y + J x ) 

K, Py 



The description of interaction by eqs (16.141) - (16.171) generalizes traditional 
classical non-relativistic Hamiltonian dynamics in which the only dynamical 
generator is H . To make sure that our theory reduces to the familiar non- 
relativistic approach in the limit c — > oo, we will also assume that AH ^ 0. 
The choice of other generators is restricted by the observation that kinemat- 
ical transformations should form a subgroup of the Poincare group, so that 
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kinematical generators should form a subalgebra of the Poincare Lie algebraic 
The set (P, J, K) does not form a subalgebra. This explains why in the rel- 
ativistic case we cannot introduce interaction in the Hamiltonian alone. We 
must add interaction terms to some of the other generators P, J, or K in 
order to be consistent with relativity. We will say that interacting represen- 
tations having different kinematical subgroups belong to different forms of 
dynamics. In his famous paper [3], Dirac provided a classification of forms of 
dynamics based on this principle. There are three Dirac's forms of dynamics 
most frequently discussed in the literature. They are shown in Table 16 . 11 
In the case of the instant form dynamics the kinematical subgroup is the 
subgroup of spatial translations and rotations. In the case of the point form 
dynamics the kinematical subgroup is the Lorentz subgroup [01]. In both 
mentioned cases the kinematical subgroup has dimension 6. The front form 
dynamics has the largest number (7) of kinematical generators. 

6.2.3 Total observables in a multiparticle system 

Once the interacting representation of the Poincare group and its generators 
(H, P, J, K) are defined, we immediately have expressions for total observ- 
ables of the physical system considered as a whole. These are the total energy 
H, the total momentum P, and the total angular momentum J. Other total 
observables of the system (the total mass M, the total spin S, the center-of- 
mass position R, etc.) can be obtained as functions of these generators by 
formulas derived in chapter [H 

Note also that inertial transformations of the total observables (H, P, J, K) 
coincide with those presented in chapter [H For example, the total energy H 
and the total momentum P form a 4- vector whose boost transformations are 
given by eq. (14.31) - (14. 4p . Boost transformations of the center-of-mass posi- 
tion R are derived in subsection 14.3.81 Time translations result in a uniform 
movement of the center-of-mass with constant velocity along a straight line 
(14.531) . Thus we conclude that inertial transformations of total observables 
are completely independent on the form of dynamics and on the details of 
interactions acting within the multiparticle system. 

There are, however, properties that are dependent on the interaction. 
One such property is the relationships between total and one-particle observ- 



8 Indeed, if two generators A and B do not contain interaction terms, then their com- 
mutator [A, B] should be interaction-free as well. 
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ables. For example, in the instant form of dynamics the total momentum 
operator is just the sum of momenta of constituent particles (16. lip . In the 
point form of dynamics, there is an additional interaction term that depends 
on one-particle observables 



P = pi + p 2 + AP(ri,pi,r 2 ,p 2 ) 

Inertial transformations of observables of individual particles (r 1; p 1; r 2 , p 2 , • • •) 
also depend on the form of dynamics. They will be discussed in section 111.21 



6.3 The instant form of dynamics 
6.3.1 General instant form interaction 

In this book we will work exclusively in the Dirac's instant form of dynamics^ 
Then we can rewrite eqs ( 16.141) - (I6.17P as 



H = H + V (6.18) 

P = Po (6.19) 

J = J (6.20) 

K = K + Z (6.21) 

where we denoted V = AH and Z = AK. As we discussed in subsections 
14.1.11 and I6.2.3[ the observables H, P,J, and K are total observables that 
correspond to the compound system as a whole. The total momentum P, and 
the total angular momentum J are simply vector sums of the corresponding 
operators for individual particles. The total energy H and the boost operator 
K are equal to the sum of one-particle operators plus interaction terms. The 
interaction term V in the energy operator is usually called the potential 
energy operator. Similarly, we will call Z the potential boost. Other total 
observables (e.g., the total mass M, the total spin S, the center-of-mass 
position R, and its velocity V, etc.) are defined as functions of generators 
(16.181) - (I6.2ip by formulas from chapter HI For interacting systems, these 
observables may become interaction-dependent as well. 



9 In section Hi .21 and in subsection 1 1 4 . 4 . 3l we will discuss the reasons why this is a good 
choice. 
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Commutation relations (13.521) - (13.581) imply 



[Jo, VI 



[Po, V] = 



(6.22) 



[Zi, (Po),} 

[{KohZA + lZ^iKo^ + lZ^Zj} 
[Z,Ho) + [K ,V) + [Z,V] 



ihdij 



(6.23) 

(6.24) 
(6.25) 
(6.26) 












So, the task of constructing a Poincare invariant theory of interacting parti- 
cles has been reduced to finding a non-trivial solution for the set of equations 
(16.221) - (16.261) with respect to V and Z. These equations are necessary and 
sufficient conditions for the Poincare invariance of our theory. 

6.3.2 The Bakamjian-Thomas construction 

The set of equations (16.221) - (I6.26P is rather complicated. The first non-trivial 
solution of these equations for multiparticle systems was found by Bakamjian 
and Thomas |4J. The idea of their approach is as follows. Instead of work- 
ing with 10 generators (P,J,K,if), it is convenient to use an alternative 
set of operators {P, R, S, M}@ Denote {P , R , S , M } and {P , R, S, M} 
the sets of operators obtained by using formulas (14.391) - (14.421) from the non- 
interacting (P , Jo, K , H ) and interacting (P , Jo, K, H) generators, respec- 
tively. In a general instant form dynamics all three operators R, S, and M 
may contain interaction terms. However, Bakamjian and Thomas decided to 
look for a simpler solution in which the position operator remains kinematical 
R = Ro- It then immediately follows that the spin operator is kinematical 
as well 



S 



J - [R x P] 
J - [R x P ] 
So 



so the interaction U is present in the mass operator only. 



10 



see subsection 14.3.41 
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M = M + U 

From commutators (I4.37p . the interaction term U must satisfy 

[Po,E7] = [Ro,E7] = [J ,E7]=0 (6.27) 

So, we have reduced our task of finding 4 interaction operators V and Z 
satisfying complex equations (16.221) - (16.261) to a simpler problem of find- 
ing one operator U satisfying conditions (16.271) . Indeed, by knowing U and 
non-interacting operators M , Po, Ro, So, we can restore the interacting 
generators using formulas (14.431) - (14.451) 

P = P (6.28) 



H = +^/M 2 c 4 + Py (6.29) 

K = _-L (Roff + ™„)_£^ (6 ,0) 

J = Jo = [Ro x P ] + So (6.31) 

Now let us turn to the construction of U in the case of two massive spinless 
particles. Suppose that we found two vector operators n and p (they will be 
called relative momentum and relative position, respectively) such that they 
form a 6-dimensional Heisenberg Lie algebra0 



[iTi,pj] = ihSij (6.32) 
[tt^ttj] = \pi,pj] = (6.33) 

commuting with the center-of-mass position R and the total momentum P . 



[vf, P ] = [vf, Ro] = [p, P ] = [p, Ro] = (6.34) 

Suppose also that these relative operators have the following non-relativistic 
(c — > oo) limits 



11 see Appendix IH. 21 
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7T -> pi - p 2 

p -> ri - r 2 

Then any operator in the Hilbert space TC can be expressed either as a func- 
tion of (pi, ri, p 2 , r 2 ) or as a function of (Po, Ro, tt, p)- Moreover, the interac- 
tion operator U satisfying conditions [U, Po] = [U, Ro] = can be expressed 
as a function of tt and p only. To satisfy the last condition [U, Jo] = we 
will simply require U to be a function of rotationally invariant combinations 
of the relative position and momentum 

U = U(n 2 ,p 2 ,(n-p)) (6.35) 

In this ansatz, the problem of building a relativistically invariant interaction 
has reduced to finding operators of relative positions p and momenta n satis- 
fying eqs (16.321) - (16.341) . This problem has been solved in a number of works 
[31 [65J EH [67] . We will not need explicit formulas for the operators of relative 
observables, so we will not reproduce them here. 

For systems of n massive spinless particles (n > 2) similar arguments 
apply, but instead of one pair of relative operators 7? and p we will have n — 1 
pairs, 

7? r , p r , r = 1, 2, . . . , n — 1 (6.36) 

These operators should form a 6(n — l)-dimensional Heisenberg algebra com- 
muting with P and Ro- Explicit expressions for n r and p r were constructed, 
e.g., in ref. [68]. As soon as these expressions are found, we can build a 
Bakamjian-Thomas interaction in an n-particle system by defining the inter- 
action U in the mass operator as a function of rotationally invariant combi- 
nations of relative operators (16.361) 

U = U(ir 2 ,p 2 , (v?i • pi),vr 2 ,p 2 , (vr 2 • p 2 ), (t?i • p 2 ), (vr 2 • pi), . . .) (6.37) 

This form agrees with the relativistic idea that there are no preferred posi- 
tions and velocities and that interactions between particles must depend on 
their relative observables. 
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6.3.3 Bakamjian's construction of the point form dy- 
namics 

The Bakamjian-Thomas method of modifying the mass operator can be used 
to construct non-trivial Poincare-invariant interactions in non-instant forms 
of dynamics as well. In this subsection we would like to construct a particular 
version of the point form dynamics using the Bakamjian's prescription [69J. 
We start from non- interacting operators of mass M , linear momentum P , 
angular momentum J , position R , and spin S = Jo — [R-o x Po]> an d 
introduce two new operators 



M Q c 
M c' 

which satisfy canonical commutation relations 



X = M c 2 R 



[Xqu Qoj] — ihSij. 

Then we can express generators of the non-interacting representation of 
the Poincare group in the following form (compare with (I6.28|) - (I6.3ip ) 



P = M c 2 Q 

J = [X x Q ] + S 

Ko = -k\f^QlXo + Xo\f^Ql) [Q0XS ° ] 



2 V V 1 + y?l + Q 



Ho = Moc^l + Ql 

A point form interaction can be now introduced by modifying the mass op- 
erator Mq — > M provided that the following conditions are satisfied^ 2 ! 



[M,Qo] = [M,X ] = [M,S ]=0 

12 Just as in subsection l6.3.2i these conditions can be satisfied by defining M as a function 
of relative position and momentum operators commuting with Qo and Xq. 
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These conditions, in particular, guarantee that M is Lorentz invariant 

[M,K ] = [M,J ] =0. 

This modification of the mass operator introduces interaction in generators 
of the translation subgroup 

P = Mc 2 Q 

H = Mc 2 ^Jl + Ql (6.38) 
while Lorentz subgroup generators Ko and Jo remain interaction-free. 

6.3.4 Non-Bakamjian-Thomas instant forms of dynam- 
ics 

In the Bakamjian-Thomas construction, it was assumed that R = Ro, but 
this limitation is rather artificial, and we will see later that realistic particle 
interactions do not satisfy this condition. Any other variant of the instant 
form dynamics has position operator R different from the non-interacting 
Newton- Wigner position R . Let us now establish a connection between 
such a general instant form interaction and the Bakamjian-Thomas interac- 
tion. We are going to demonstrate that corresponding representations of the 
Poincare group are related by a unitary transformation. 
Suppose that operators 

(P Q ,Jo,K,#) (6.39) 

define a Bakamjian-Thomas dynamics, and W is a unitary operator com- 
muting with P and Jo@ Then a non-Bakamjian-Thomas instant form of 
dynamics (P , Jo, K 7 , H') can be build by applying the transformation W to 
operators (16.391) . 



13 In the case of two massive spinless particles such an operator must be a function of 
rotationally invariant combinations of vectors Po, 7?, and p. 
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J = WJoW- 1 (6.40) 

P = WPoW- 1 (6.41) 

K' = WKW~ l (6.42) 

H' = WHW- 1 (6.43) 



Since unitary transformations preserve commutators 

W[A,B]W- 1 = [WAW-^WBW- 1 ] 

the transformed generators (16.401) - (I6.43P satisfy commutation relations of 
the Poincare Lie algebra in the instant form. However, generally, the new 
mass operator M' = c~ 2 a/ (H 1 ) 2 — PqC 2 does not commute with R , so ( 16.40P 
- (I6.43P are not in the Bakamjian-Thomas form. 

The above construction provides a way to build a non-Bakamjian- Thomas 
instant form representation (Po, Jo, K', H') if a Bakamjian-Thomas represen- 
tation (P , Jo, K, H) is given. However, this construction does not answer the 
question if all instant form interactions can be connected to the Bakamjian- 
Thomas dynamics by a unitary transformation? The answer to this question 
is "yes": For any instant form interaction {P , R', S', M'} one can find a 
unitary operator W which transforms it to the Bakamjian-Thomas form [8] 

HZ-^Po, R', S', M'}W = {P , Ro, S„, M} (6.44) 
To see that, let us consider the simplest two-particle case. Operator 



T = I { — Ro 

commutes with P . Therefore, it can be written as a function of Po and 
relative operators tt and p: T(P ,7?, p). Then one can show that unitary 
operatoo 

14 The integral in (|6.45p can be treated as integral of ordinary function (rather than 
operator) along the segment [0, Po] in the 3D space of variable Po with arguments w, and 
p being fixed. 
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W 
W 



w 
Po 



T(P , 7f, p)rfP 



(6.45) 



performs the desired transformation (16.44j) . Indeed 

W^PqW = P 
W^JqW = J 

because W is a scalar, which explicitly commutes with P . Operator VV has 
the following commutators with the center-of-mass position 



[W,Rc 



Ro, [ °T(P,7T,p)dP 



5 



[W, [>V,R 



<9P vo 
-^T(P ,7f,p) 
-ifr(R' - R ) 




T(P,7f,p)dP 



Therefore 



WRoW- 1 



W^R'W 



Ro + -[W,R ] 

Ro + (R' — Ro) 
R' 

Ro 



2\h? 



[W, [W,R ]] + 



and 



W^S'W = W-^Jo-R'xPojW 
= Jo - Ro x P 
= So 
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Finally we can apply transformation W to the mass operator M' and obtain 
operator 

M = W~ l M'W 

which commutes with Ro and Pq. This demonstrates that operators on 
the right hand side of (I6.44p describe a Bakamjian-Thomas instant form of 
dynamics. 

6.3.5 Cluster separability 

As we saw above, the requirement of Poincare invariance imposes rather loose 
conditions on interaction (e.g., the interaction term U in the mass operator 
M = M + U must be a rotationally invariant function of relative variables). 
However, there is another physical requirement which limits the admissible 
form of interaction. We know from experiment that all interactions between 
particles vanish when particles are separated by large distances!^! So, if 
in a 2-particle system we remove particle 2 to infinity by using the space 
translation operator e^ P2a the interaction f!6.35|) must tend to zero 

lim e -^ P2a t/(7r 2 , p 2 , (tt • p))e^ P2a = (6.46) 

This condition is not difficult to satisfy in the two-particle case. However, in 
the relativistic multi-particle case the mathematical form of this condition 
becomes rather complicated. This is because now there is more than one 
way to separate particles in mutually non-interacting groups. The form of 
the n-particle interaction (I6.37P must ensure that each spatially separated 
m-particle group (m < n) behaves as if it were alone. This, in particular, 
implies that we cannot independently choose interactions in systems with 
different number of particles. The interaction in the n-particle sector of the 
theory must be consistent with interactions in all m-particle sectors, where 
m < n. 

We will say that a multi-particle interaction is cluster separable if for any 
division of the n-particle system (n > 2) into two spatially separated groups 
(or clusters) of I and m particles (I + m = n) 

15 We are not considering here a hypothetical potential between quarks which supposedly 
grows as a linear function of the distance and results in the confinement of quarks inside 
hadrons. 
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• (1) the interaction separates too, i.e., the clusters move independently 
from each other; 

• (2) the interaction in each cluster is the same as in separate Z-particle 
and m-particle systems, respectively. 

We will postulate that all interaction in nature have these properties 

Postulate 6.3 (cluster separability of interactions) : All interactions 
are cluster separable. 

A counterexample of a non-separable interaction can be built in the 4- 
particle case. The interaction Hamiltonian 

V = 1 r (6.47) 

|r x - r 2 ||r 3 - r 4 | 

has the property that no matter how far two pairs of particles (1+2 and 3+4) 
are from each other, the relative distance between 3 and 4 affects the force 
acting between particles 1 and 2. Such infinite-range interactions are not 
present in nature. 

In the non-relativistic case the cluster separability is achieved without 
much effort. For example, the non-relativistic Coulomb potential energy in 
the system of two charged particles ij^l 



Vu = "pr = i ~ I (6.48) 

I PI l r l- r 2| 

which clearly satisfies condition fl6.46p . In the system of three charged par- 
ticles 1, 2, and 3, the potential energy can be written as a simple sum of 
two-particle terms 



V = Ki2 + Ki3 + K 23 

111 

= i r+i r+i r ( 6 - 49 ) 

ri-r 2 r 2 -r 3 \r 1 - r 3 | 



16 Here we are interested just in the general functional form of interaction, so we are not 
concerned with putting correct factors in front of the potentials. 
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The spatial separation between particle 3 and the cluster of particles 1+2 can 
be increased by applying a large space translation to the particle 3. In agree- 
ment with Postulate I6.3[ such a translation effectively cancels interaction 
between particles in clusters 3 and 1+2, i.e. 



lim e« P3a (V 12 + V 13 + V 23 )e— p * a 

1 1 1 
llHl | + | + | - 

a^oo| ri -r 2 | |r 2 -r 3 + a ri - r 3 + a 



1 



ri - r 2 



Therefore, interaction (16.491) is cluster separable. As we will see below, in 
the relativistic case construction of a general cluster-separable multi-particle 
interaction is more difficult. 

Let us now make some definitions which will be useful in discussions 
of cluster separability. A smooth m-particle potential is defined as 

operator that depends on variables of m particles and tends to zero if any 
particle or a group of particles is removed to infinity!^! For example, the 
potential (16.481) is smooth while (16.471) is not. Generally, a cluster separable 
interaction in a n-particle system can be written as a sum 



v = j2 y {2) + E v(3) + ■■■ + vin) ( 6 - 5 °) 

{2} {3} 

where ^ s a sum °^ smooth 2-particle potentials over all pairs of 

particles; ^ s a sum °f smooth 3-particle potentials over all triples 

of particles, etc. An example is given by eq. (16.491) . 

6.3.6 Non-separability of the Bakamjian-Thomas dy- 
namics 

We expect that Postulate 16.31 applies to both potential energy and potential 
boosts. For example, in the relativistic case of 3 massive spinless particles 
with interacting generators 

17 In section [7. 41 we will explain why we call such potentials smooth. 
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H = H Q + V r (pi,ri,p2,r 2 ,P3,r 3 ) 
K = K + Z(pi,ri,p2,r 2 ,P3,r 3 ) 

the cluster separability requires, in particular, that 

lim e^ P3a 1/(pi,ri,p 2 ,r2,P3,r 3 )e-^ P3a = 14 2 (pi, ri, p 2) r 2 ) (6.51) 

a— >oo 

lim e* P3a Z(p 1 ,ri,p 2 ,r 2 ,p3,r 3 )e-* P3a = Z 12 ( P i,ri,p 2 ,r 2 ) (6.52) 

where Vi 2 and Zi 2 are interaction operators for the 2-particle system. 

Let us see if these principles are satisfied for interactions built by the 
Bakamjian-Thomas prescription. In this case the potential energy is 

V = H-H 

= V(Pi + P2 + Ps) 2 c 2 + (M + U{p u ri, p 2 , r 2 , p 3 , r 3 )) 2 c 4 

- y / (pi + P2 + P3) 2 c 2 + M V 
By removing particle 3 to infinity we obtain 

lim e^ P3a \/(pi, r x , p 2 , r 2 , p 3 , r 3 )e~^ P3a 

a^oo 

= V(Pi + P2 + Ps) 2 c 2 + (M + U (pi, ri, p 2 , r 2 , p 3 , oo)) 2 c 4 

- V /(pi + p 2 + P3) 2 c 2 + M 2 c 4 (6.53) 

According to (I6.5ip we should require that the right hand side of eq. (I6.53j) 
depends only on the variables of particles 1 and 2. Then we must set 

C/(pi,r 1 ,p 2 ,r 2 ,p 3 ,oo) = 

which also means that 



\/(pi,ri,p 2 ,r 2 ,p 3 ,oo) = V r 12 (p 1 ,ri,p 2 ,r 2 ) 

= 
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Similarly, we can show that interaction V tends to zero when either particle 
1 or particle 2 is removed to infinity. Therefore, interaction V is a smooth 3- 
particle potential. According to the Postulate I6.3[ this means that there is no 
interaction in any 2-particle subsystem: the interaction turns on only if there 
are three or more particles close to each other, which is clearly unphysical. 
So, we conclude that the Bakamjian-Thomas construction cannot describe 
a non-trivial cluster-separable interaction in many-particle systems (see also 
[70]). 



6.3.7 Cluster separable 3-particle interaction 

The problem of constructing relativistic cluster separable many-particle in- 
teractions can be solved by allowing non-Bakamjian-Thomas instant form in- 
teractions. Our goal here is to construct the interacting Hamiltonian H and 
boost K operators in the Hilbert space TC = H± <8> Ti. 2 <£> 'Hz of a 3-particle sys- 
tem such that it satisfies Postulate I6.3[ i.e., reduces to a non-trivial 2-particle 
interaction when one of the particles is removed to infinity. The same prob- 
lem can be alternatively formulated as the problem of relativistic addition of 
interactions. We saw in the example f)6.49p that in non-relativistic physics a 
cluster separable 3-particle interaction can be simply constructed by addition 
of 2-particle terms. The construction below is a generalization of this result 
to the relativistic case. In this construction we follow ref. [8]. 

Let us assume that 2-particle potentials Vy and Z^, i,j = 1,2,3 result- 
ing from removing particle k ^ i,j to infinity are known (they depend on 
variables of the i-th and j-th particles only). For example, when particle 3 
is removed to infinity, the interacting operators take the form 



lim 


e^ a He~ 


iP3 a = 


a— >oo 






lim 


e^ P3a Ke" 


tP3 a = 


a— >oo 






lim 


e^ P3a Me" 


£P3 a = 


a— >oo 






lim 




TiP3 a = 



H + V l2 = H l2 (6.54) 

K + Z 12 = K 12 (6.55) 

^Hf 2 -Py = M 12 (6.56) 
— — (K 12 i?i2 + H 12 Ki 2 ) 



2 K 12 12 ^ 12 1V M 12 H 12 (M 12 c 2 + H 12 ) 
= Ri 2 (6.57) 

where operators Hi 2 , Ki 2 , Mi 2 , and Ri 2 (energy, boost, mass, and center- 
of-mass position, respectively) will be considered as given. Similar equations 
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result from the removal of particles 2 or 3 to infinity. They are obtained 
from (16.541) - (16.571) by permutation of indices (1,2,3). Now we want to 
combine the two-particle potentials Vy and together in a cluster-separable 
3-particle interaction in analogy with (16.491) . It appears that we cannot 
form the interactions V and Z in the 3-particle system simply as a sum of 
2-particle potentials. One can verify that such a definition would violate 
Poincare commutators. Therefore 



V V 12 + V 23 + V 13 
Z 7^ Z 12 + Z 2 3 + Z 13 

and the relativistic "addition of interactions" should be more complicated. 

When particles 1 and 2 are split apart, operators Vi 2 and Z i2 must tend 
to zero, therefore 

lim e£ pia M 12 e~^ pia 

a^oo 

lim e^ P2a M 12 e~^ P2a 

a^oo 

lim e sP 3a M 12 e~^ P3a 

a^oo 

The Hamiltonian iJ 12 and boost K 12 define an instant form representation 
U\2 of the Poincare group in the Hilbert space 7i. The corresponding position 
operator (I6.57P is generally different from the non-interacting Newton- Wigner 
position operator 



= M 
= M 
= M 12 



R ° = 4^° + H <™ - mmmZ°h ) (6 ' 58) 

which is characteristic for the Bakamjian-Thomas form of dynamics. How- 
ever, we can unitarily transform the representation Uu, so that it acquires a 
Bakamjian-Thomas form with operators Ro, H12, Ki 2 , Mi 2 @ Let us denote 
such an unitary transformation operator by i?i 2 . We can repeat the same 
steps for two other pairs of particles 1+3 and 2+3, and write in the general 
case i,j = 1,2,3; i ^ j 



18 see subsection 16.3.41 
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— Ro 


BijHijBij 1 


= Hij 




= Ky 




= M tj 



Operators Bij = {B12, B± 3 , -B23} commute with Po and Jo- Since representa- 
tion Uij becomes non-interacting when the distance between particles % and 
j tends to infinity, we can write 



lim e^ P3a B 13 e^ P3a = 1 (6.59) 

a^oo 

lim e* P3a -B 23 e"* P3a = 1 (6.60) 

a— +00 

lim e> Aa B l2 e-i p ' Aa = B 12 (6.61) 

The transformed Hamiltonians and boosts K^- define Bakamjian-Thomas 
representations, and their mass operators now commute with R . So, 
we can add together to build a new mass operator 



M = M 12 + M13 + M 23 - 2M 

= B 12 M 12 B£ + B 13 M 13 B^ + B 23 M 23 B^ - 2M 

which also commutes with R . Using this mass operator, we can build a 
Bakamjian-Thomas representation with generators. 



H = \]p$ + M 2 (6.62) 

K = -i-(R F + #R ) - W °= - (6.63) 

2c 2 V ° ; MH(Mc 2 + H) y 1 

This representation has interactions between all particles, however, it does 
not satisfy the cluster property yet. For example, by removing particle 3 to 
infinity we do not obtain the interaction M\ 2 characteristic for the subsystem 
of two particles 1 and 2. Instead, we obtain a unitary transform of M i2 
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lim eft P3a Me"« P3a 

a^oo 

= lim e* P3a (B 12 M 12 B^ + B 13 M 13 B^ + B 23 M 23 B^ - 2M )e^ P3a 
= B 12 M 12 B u l - 2M + lim (e* P3a M 13 e-£ p3a + e^ P3a M 23 e-^ P3a ) 

a^oo 

= B 12 M 12 B U X - 2M + 2M 

= B 12 M 12 B^ (6.64) 

To fix this deficiency, let us perform a unitary transformation of the repre- 
sentation (I6.62p - (I6.63P with operator B (which must commute with P and 
J , of course, to preserve the instant form of the interaction) 

H = B^HB (6.65) 
K = B^KB (6.66) 
M = B- l MB (6.67) 

We choose the transformation B from the requirement that it must cancel 
factors Bij and B~j in eq. (16.641) as particle k moves to infinity. In other 
words, this operator must be unitary and have the following limits 



lim e^ a Be~^ Pza = B 12 (6.68) 
lim er^ 2a Be-^ P2a = B 13 (6.69) 
lim d Pia B(T^ Pia = B 23 (6.70) 



a^oo 



Otherwise the operator is arbitrary. One can check that one possible choice 
is 



B = exp (loggia + log B 13 + log B 23 ) 
Indeed, using eqs. (16.591) - (16.611) we obtain 

lim e^ P3a Be-r^ a 
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= lim e* P3a exp(log B 12 + log B 13 + log B 23 )e~i P3a 

a^oo 

= exp(log J Bi 2 ) 
= B 12 

Then, it is easy to show that the interacting representation of the Poincare 
group generated by operators (I6.65|) and (I6.66P satisfies cluster separability 
properties (16.541) - (16. 571) . For example, 



lim e^ P3a He-r^ a = lim e^B^HBe'^ 

a-^oo a^oo 

= lim B^e^J P$c 2 + AfVe-^Bia 
= B^yfp^ + (B 12 M 12 B^)WB 12 

= H\ 2 

Generally, operator B does not commute with the Newton- Wigner position 
operator (1 6 . 5 8 j) . Therefore, the mass operator (I6.67|) also does not commute 
with Rq, and the representation generated by operators (Po, Jo, K, H) does 
not belong to the Bakamjian-Thomas form. 



6.4 Bound states, dynamics, and scattering 

Suppose we constructed an interacting representation of the Poincare group 
Ug in the Hilbert space 7i of multiparticle system either by following the 
above Bakamjian-Thomas prescription or by other meanso What can we 
learn from this construction about the physical system? We already men- 
tioned that the knowledge of U g is sufficient for getting any desired phys- 
ical information about the system. In this section, we would like to make 
this statement more concrete by examining two types of information which 
can be compared with experiment: the mass and energy spectra, and the 
time evolution of observables. In the next section we will discuss description 
of scattering experiments, which are currently the most informative way of 
studying microscopic systems. 

19 See chapters [8] and [10] where we discuss a field-theoretic construction of relativistic 
particle interactions. 
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6.4.1 Mass and energy spectra 

The mass operator of a non-interacting 2-particle system is 




As particle's momenta can have any value in the 3D momentum space, the 
eigenvalues m of the mass operator have continuous spectrum in the range 

mi + vri2 < m < oo (6.72) 

where the minimum value of mass ni\ + m<i is obtained from ( 16. 71 ft when 
both particles are at rest pi = P2 = 0. It then follows that the common 
spectrum of mutually commuting operators Pq and 



#o = +v/M 2 c 4 + P 2 c 2 

is the union of mass hyperboloid@ in the 4-dimensional momentum-energy 
space. This spectrum is shown by the hatched region in Fig. 16.1( a). 

In the presence of interaction, the eigenvalues //„ of the mass operator 
M = M + U can be found by solving the stationary Schrodinger equation 



M\*) n = n n \*) n (6.73) 

It is well-known that in the presence of attractive interaction U, new discrete 
eigenvalues in the mass spectrum may appear below the threshold mi + m 2 . 
The eigenvectors of the interacting mass operator with eigenvalues /i n < mi + 
wi2 are called bound states . The mass eigenvalues highly degenerated. 

For example, if \^) n is an eigenvector corresponding to /i n , then for any 
Poincare group element g the vector U g \^) n is also an eigenvector with the 



with masses in the interval (|6.72l) 
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Figure 6.1: Typical momentum-energy spectrum of (a) non- interacting and 
(b) interacting two-particle system. 

same mass eigenvalue. To remove this degeneracy (at least partially) one can 
consider operators Po and H, which commute with M and among themselves, 
so that they define a basis of common eigenvectors 

M|*( P )) n = A*n|*(p)>n 

P |*(p))n = P | tt(p))n 

#|*(p))n = V / M 2 C 4 + P 2 C 2 |^(p)) n 

= V^+7^l^(p))n 

Then sets of common eigenvalues of Po and H with fixed \i n form hyper- 
boloids 

h n = a/ /i 2 c 4 + p 2 c 2 

which are shown in Fig. 16.1( b) below the continuous part of the common 
spectrum of Po and H. An example of a bound system whose mass spectrum 
has both continuous and discrete parts - the hydrogen atom - is considered 
in greater detail in subsection 110.3.41 

6.4.2 The Doppler effect revisited 

In our discussion of the Doppler effect in subsection 15.4.21 we were interested 
in the energy of free photons measured by moving observers or emitted by 
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moving sources. There we applied boost transformations to the energy E of 
a free massless photon. It is instructive to look at this problem from another 
point of view. Photons are usually emitted by compound massive physical 
systems (atoms, ions, nuclei, etc.) in a transition between two discrete energy 
levels E 2 and Ei, so that the photon's energy is^j] 



E = E 2 — Ei 

When the source is moving with respect to the observer (or observer is 
moving with respect to the source), the energies of levels 1 and 2 experience 
inertial transformations given by formula (14.41) . Therefore, for consistency, 
we need to prove that the Doppler shift calculated with this formula is exactly 
the same as that obtained in subsection 15.4.21 

Suppose that the compound system has two bound states characterized 
by mass eigenvalues mi and m 2 > mi (see Fig. 16 . 2j) . Suppose also that 
initially the system is in the state with mass m 2 , total momentum p 2 , and 
energy E 2 = \J m\c A + p 2 c 2 . In the final state we have the same system 
with the lower mass mi, different total momentum p x and energy E\ = 
\Jm\c A + p\c 2 and a photon with momentum k. From the momentum and 
energy conservation laws we can write 

p 2 = Pi + k (6.74) 
E 2 = E x + ck (6.75) 



m^c 4 + p 2 c 2 = J m\c A + p\c 2 + ck (6.76) 



Xc 4 + (p 2 - k) 2 c 2 + ck (6.77) 
Taking square of both sides of the equality ( 16.771) we obtain 



m 2 c 4 + p 2 c 2 = m 2 c 4 + _ k) 2 c 2 + 2c k^ m 2 C 4 + (p 2 - k) 2 C 2 + C*k 2 

1 



k\jm\c 2 + (p 2 — k) 2 = -jj 2 c 2 + p 2 k cos (f) — k 2 



21 The transition energy E is actually not well-defined, because the excited state 2 is 
not a stationary state. Therefore our discussion in this subsection is approximately valid 
only for long-living states 2, for which the uncertainty of energy can be neglected. See 
also section 114.11 . 
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Figure 6.2: Energy level diagram for a bound system with the ground state 
of mass mi and the excited state of mass m 2 . If the system is at rest, its 
excited state is represented by point A. Note that the energy of emitted 
photons (arrows) is less than (m 2 — m^c 2 . A moving excited state with 
momentum p 2 is represented by point B. The energies and momenta k of 
emitted photons depend on the angle between k and p 2 . 
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where /i 2 = m 2 — m 2 and is the angle between vectors P2 and ko From 
this we obtain 



rrqcrk + p 2 k - 2p 2 k A cos + k 

-/i 4 c 4 + p\k 2 cos 2 + A; 4 + [i 2 c 2 p 2 k cos — fi 2 c 2 k 2 — 2p 2 k 3 cos « 



4 

and a quadratic equation 



; 2/ 2 2,2 2 2/\ i 2 2 / ^ 4 4 n 

/c (m 2 c + p 2 — p 2 COS 0) — KjJ c p 2 COS — -fi c = (J 



with the solutio: 



& = o 2 2 i O 2 • 2 li tf^VZ COS 0+ J ^C 4 (m 2 C 2 + p 2 ) 

2m 2 <r + 2p 2 sin V v 
Introducing the rapidity of the initial state, we obtain p 2 = m 2 c sinh # and 

H 2 m 2 c 3 sinh 9 cos + /i 2 m 2 c 3 cosh 



2m 2 c 2 + 2m 2 c 2 sinh 2 # sin 2 
fi 2 c sinh 6 1 cos + cosh 9 
2m 2 cosh 2 9 — sinh 2 6> cos 2 

/i 2 C 1 

2m2 cosh 6(1 — - cos 0) 

This formula gives the energy of the photon emitted by a system moving 
with the speed v = ctanh^ 



E(6,4>) = ck 



H 2 c 2 



2m 2 cosh 6(1 — - cos < 
cosh#(l — - cos0) 



22 Note also that the vector k is directed from the light emitting system to the observer, 
so the angle <j> can be interpreted as the angle between the velocity of the source and the 
line of sight, which is equivalent to the definition of </> in subsection 15.4.21 

23 Only positive sign of the square root leads to the physical solution with positive k 
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where 



is the energy of the photon emitted by a source at rest. This is in agreement 
with our earlier result (I5.66p . 



6.4.3 Time evolution 

In addition to the stationary energy spectra discussed above, we are often 
interested in the time evolution of a compound system. This includes reac- 
tions, scattering, decays, etc. As we discussed in subsection !5.2.4[ in quantum 
theory the time evolution of states from time if to t is described by the time 
evolution operator 



U(t <- t') = e-i^'-*') (6.78) 
This operator has the following useful properties 

U(t<-t) = exp(-^tf(t-ti))exp(-^ff(ti-0) 

= U(t «- hpih «- if) (6.79) 

for any t%, and 

U(t<-t') = U- 1 (t'^t) (6.80) 

In the Schrodinger picture, the time evolution of a state vector is given 
by (J53HD 



\V(t)) = U(t<-lf)\V(lf)) (6.81) 
|\I/(t)) is also a solution of the time dependent Schrodinger equation 
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(aiL (JjL 

= i?e-W-*')|*(t')) 

= H\V(t)) (6.82) 
In the Heisenberg picture, the time dependence of operators is (see eq. ( I3.62p ) 



F(t) = U(t ^t')F{t')U{t' <-t) (6.83) 

In spite of simple appearance of formulas (16.811) and (I6.83p . the evaluation 
of the exponents of the Hamilton operator is an extremely difficult task. In 
rare cases when the eigenvalues E n and eigenvectors \^f) n of the Hamiltonian 
are known 



H\*) n = E n \*) n 

the initial state can be represented as a sum (and/or integral) of basis eigen- 
vectors 



|*(o)) = X^I*>- 

n 

and the time evolution can be calculated as 

|*(t)) = e -* Ht \V(p)) 



J2C n e-^\^) n (6.84) 



This approach to the time evolution will be used in our analysis of particle 
decays in section I14.ll 
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6.5 Scattering 

Unfortunately, formula (I6.84p has very limited value. First, the time evolu- 
tion of microsystems is very difficult to study experimentally. Second, the 
full spectrum of eigenvalues and eigenvectors of the interacting Hamiltonian 
H can be found only for very simple models. However, nature gives us a 
lucky break: there is a very important class of experiments for which the de- 
scription of dynamics by eq. (16.811) or (I6.83j) is not needed: this description 
is just too detailed. These are scattering experiments. They are performed 
by preparing free particles (or their bound states, like hydrogen atoms or 
deuterons), bringing them into collision and studying the properties of free 
particles or bound states leaving the region of collision. In these experiments, 
often it is not possible to observe the time evolution during interaction: par- 
ticle reactions occur almost instantaneously and we can only register the 
reactants and products which move freely before and after the collision. In 
such situations the theory is not required to describe the actual evolution 
of particles during the short interval of collision. It is sufficient to provide 
a mapping of free states before the interaction onto the free states after the 
interaction. This mapping is given by the S"-operator which we are going to 
discuss in this section. 

6.5.1 The scattering operator 

Let us consider a scattering experiment in which free states of reactants are 
prepared at time t = -ooo The collision occurs during a short time interval 
[t)',T]] around time zero (r/ < < rf). The free states of the products are 
registered at time t = oo, so that inequalities — oo<C7/<0<77<Coo hold. 
Here we assume that particles do not form bound states neither before nor 
after the collision. Therefore, at asymptotic times the exact evolution is well 

approximated by non-interacting operators Uq(t}' < oo) and U (oo <— rj), 

respectively, where Uo(t <— t') = exp(iH (t — t')). Then we can write for the 
time evolution from the infinite past to the infinite futurd^l 

U(oc < oo) 

« U (oo *- ri)U{r] «- T/)U (rf < oo) 

24 Infinite time here means time much greater than the time of collision. 
25 Here we use properties (|6.79[) and (|6.80p . 
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U (oo <- rj)U ( V <- 0)[U (0 <- 77)^(77 <- r/) W <- 0)]Z7 (0 <- V ')U (rj' <- -00) 
f/ (oo <- 77)^0(77 <- 0)^C/ (0 <- t/)17 (j/ <- -00) 

C/ (oo «- 0)S^C/ (0 < 00) (6.85) 



where 



S v ,rf = U (0 <- rj)U{T) <- v'Woiv' <- 0) (6.86) 

Eq. fl6.85p means that a simplified description of the time evolution in scat- 
tering events is possible in which the evolution is free at all times except sud- 
den change at t = described by the unitary operator S v>v r. Approximation 
(16.851) becomes more accurate if we increase the time interval [7/, 77] during 
which the exact time evolution is taken into account, i.e., 77' — ► —00, 77 — > 00. 
Therefore, the exact formula for the time evolution from —00 to 00 can be 
written as 

[/(oo < 00) = U (oo «- 0)5C/ (0 < 00) (6.87) 

where the S-operator (or scattering operator) is defined by formula^ 



5" = lim 

rf—*— oo,»;^oo ' 

lim C/ (0 <- 77)^(77 «- 77') C/oCV <- 0) 

if—*— oo,r)— >oo 

lim e -^ e ^(W) e iHoV ( 6 . 88 ) 

?7'— »— 00,77— *°° 

= lim 5(77) 

where 



5(77) = lim e-i^e^-^e^' (6.89) 



26 It can be shown that for properly prepared initial states and cluster separable inter- 
actions these limits exist. See also subsection 17.2.61 for discussions of the validity domain 
of the ^-operator. 
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Figure 6.3: A schematic representation of the scattering process. 

An important property of the S'-operator is its "Poincare invariance", i.e., 
zero commutators with generators of the non-interacting representation of 
the Poincare group (9j [71] 



[S, H ) = [S, P ] = [S, Jo] = [S, K ] (6.90) 

This, in particular means that in (16.871) one can change places of Uq and S, 
so that the interacting time evolution operator can be written as the free 
time evolution operator times the ^-operator 



U(oo < oo) = SU (oo < oo) (6.91) 

= U {oo < oo)S (6.92) 

A better understanding of how scattering theory describes time evolution 
can be obtained from fig. 16.31 In this figure we plot the state of the scattering 
system (represented abstractly as a point on the vertical function 
of time (the horizontal axis). The exact evolution of the state is governed 
by the full time evolution operator U and is shown by the thick line A — > 
D. In asymptotic regions (when t is large negative or large positive) the 
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interaction between parts of the scattering system is weak, and the exact 
time evolution can be well approximated by the free time evolution (described 
by the operator Uq and shown in the figure by two thin lines with arrows, 
one for large positive times CD and one for large negative times AB). This 
approximation is better for time points far from the interaction region t = 
0: The thick line asymptotically approaches thin lines in the remote past 
(around A) and in the remote future (around D). The past and future free 
evolutions can be extrapolated to time t — 0, and there is a gap B— C between 
these extrapolated states. The S-operator (shown by the dashed line) is 
designed to bridge this gap. It provides a mapping between extrapolated 
free states. Thus, the exact time evolution A — > D can be approximated by 
three steps. In this approximation, the system first evolves freely until time 
t — 0, i.e., from A to B. Then there is a sudden jump B — > C represented 
by the S'-operator. Finally, the time evolution is free again C — > D. As seen 
from the figure, this description of the scattering process is perfectly exact, 
as long as we are interested only in the mapping from asymptotic states in 
the remote past A to asymptotic states in the remote future D. However, 
it is also clear that scattering theory does not provide a good description 
of the time evolution in the interacting region around t — 0, because in 
the scattering operator S the information about particle interactions enters 
integrated over the infinite time interval t G [—00,00]. In order to describe 
the time evolution in the interaction region (t ~ 0) the S-matrix approach 
is not suitable. The full interacting time evolution operator U is needed for 
this purpose. 

In applications we are mostly interested in matrix elements of the S'- 
operator, 



where \i) is a state of non-interacting initial particles and |/) is a state of non- 
interacting final particles. Such matrix elements are called the S -matrix. The 
formulas relating the S-matrix to observable quantities, such as scattering 
cross-sections, can be found in any textbook on scattering theory. 

6.5.2 S-operator in perturbation theory 




(6.93) 



There are various techniques available for calculations of the S-operator. 
Currently, the perturbation theory is the most powerful and effective one. 
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To derive the perturbation expansion for the ^-operator, first note that the 
operator S(t) in (16.891) satisfies equation 



4-SYt) = 4- lim e-^e^^e^' 
at at f-y-oo 

= lim (e-faU-ime&Wet* * + e -**° t (lff)e* lf ( t - t ') e **° i ') 

t'-S— OC ft ft 

= lim L-^HH-H^^e^ 

t'-»-oc ft 

= lim i e -^oty e ^(t-f) e ^of 

t'-i— OC ft 

= lim le-^Ve^'e-t^e^^^e^'' 

t'-+-oo ft 

= lim V(t)e-H^M) e ^ 

t'-i— OC ft 

= (6.94) 



where we denotecP] 



V(t) = e-^W (6.95) 

One can directly check that a solution of eq. ( 16. 94ft with the natural 
initial condition S(—oo) = 1 is given by the "old-fashioned" perturbation 
expansion 



S(t) = 1 + \ [ V(f) dt' ! V{t') dt' ( V{t") dt" + ... 

J -oo * J -co J -oo 

Therefore 



27 Note that the f-dependence of V(t) does not mean that we are considering time- 
dependent interactions. The argument t has very little to do with actual time dependence, 
because real time dependence must be generated by the full interacting Hamiltonian H 
and not by the free Hamiltonian Hq as in eq. (|6.95p . Also note that the t-dependence in 
(|6 . 95[) is inverse in comparison with the true time dependence (|3.62[) of observables. This 
^-dependence is just added for the convenience of calculation of the S-operator. 
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• r+oo i r+oo rt 

S = 1 + t V(t)dt-— V{t)dt V(t') dt' + . . . (6.96) 

J-oo ft J -oo J -oo 

We will avoid discussion of the non-trivial convergence properties of the 
series on the right hand side of eq. (I6.96p . Throughout this book we will 
tacitly assume that all infinite perturbation series do converge. 

In this book we will often use the following convenient symbols for t- 
integrals 



Y(t) = \ f Y(t')dt' (6.97) 



h 



—oo 
+oo 



Y(t) ee l - I Y(t')dt' (6.98) 

In this notation the perturbation expansion of the S'-operator (I6.96P can be 
written compactly as 



S = l + TJ^ (6.99) 

where 

E(t) 

= V(t) + V(t)V(t) + V(t)V(t)V(t) + V{t)V{t)V{t)V{t) + . .(.6.100) 



Formula (16.961) is not the only way to write the perturbation expansion for 
the S'-operator, and, perhaps, not the most convenient one. In most books on 
quantum field theory the covariant Feynman-Dyson perturbation expansion 
[9] is used which involves a time ordering of operators in the integrands^] 



28 The time ordering symbol T when applied to a product of several t-dependent opera- 
tors changes their order in such a way that the time label increases from left to right. 
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-OO 



+ 3!^ / dt ^ d t3T[y(ti)V(t 2 )V(t 3 )} 



-oo 
+oo 



+ dt i dt ^dUT[V(t 1 )V(t 2 )V(t 3 )V(U)} + ... (6.101) 

— oo 

However, for our purposes (especially in chapter [TO]) we found more useful 
yet another equivalent perturbative expression suggested by Magnus [721 E2 



S = exp(F(t)) (6.102) 

where Hermitian operator F(t) will be referred to as the scattering phase 
operator. It is represented as a series of multiple commutators with time 
integrals 



F(t) = V(t) - ±\V®, V(t)) + l im, [V(t) , V(t))) 

+ l i[vs% v(t)] ,v(t)] - [[V(t) , V(t)),V(t)}) 

- ^[ [m,V(t)],[V(t) ,V(t)]] + ... (6-103) 

One important advantage of this representation is that expression ( 16.1021) for 
the S'-operator is manifestly unitary at each perturbation order. 
It follows from equation 



S(t) = 1 + Eg) = exp(F(t)) 

that operators E and F are related to each other 

29 The three perturbative expansions (old-fashioned, Feynman-Dyson, and Magnus) are 
equivalent in the sense that they converge to the same result if all perturbation orders are 
added up to infinity. However, in each fixed order n the three types of terms are different 
(the difference being of the order n + 1 or higher) . 
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F(t) 



E(t) 




■m- io g (i + E) 



(6.104) 



(6.105) 



so finding F or £ are equivalent tasks. 

6.5.3 Scattering equivalence of Hamiltonians 

The S-operator and the Hamiltonian provide two different ways to describe 
dynamics. The Hamiltonian completely describes the time evolution for all 
time intervals, large or small. On the other hand, the S-operator represents 
time evolution in the "integral" form, i.e., knowing the state of the system 
in the infinite past |\l/(— oo)), the free Hamiltonian H n , and the scattering 
operator S, we can find the state in the infinite future] 30 ! 



Calculations of the S'-operator are much easier than those of the full time 
evolution, and yet they fully satisfy the needs of current experiments in high 
energy physics. This situation created an impression that a comprehensive 
theory can be constructed which uses the S'-operator as the fundamental 
quantity rather than the Hamiltonian and wave functions. However, the S'- 
operator description is not complete, and such a theory would be applicable 
only to a limited class of experiments. 

In particular, the knowledge of the S-operator is sufficient to calcu- 
late scattering cross-sections as well as energies and lifetimes of stable and 
metastable bound states]^ However, in order to describe the time evolution 
and wavefunctions of bound states, the knowledge of the S-operator is not 
enough: the full interacting Hamiltonian H is needed. 

Knowing the full interacting Hamiltonian H, we can calculate the S- 
operator by formula ( 16.961) . However, the inverse is not true: the same S'- 
operator can be obtained from many different Hamiltonians. Suppose that 

30 seeeq. (jo321) 

31 The two latter quantities are represented by positions of poles of the S'-operator on 
the complex energy plane. 



*(oo)) 



[/(oo 
U (oo 



oo)|^(-oo)) 
-oo)S|^(-oo)) 
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two Hamiltonians H and H' are related to each other by a unitary transfor- 
mation e l * 



H' = e^ife"'* 

Then they yield the same scattering (and Hamiltonians H and H' are called 
scattering equivalent) as long as condition 



lim e -^ Hot ^ Hot = (6.106) 

t— >±oo 

is satisfiedjf! Indeed, in the limit t — > +oo,t' — > — oo we obtain [75] 



S" = lim e-^e^'^e^' 

lim e-^V^^V^e^' 

7]'—* — oo,Tj— >oo 

= lim (e~i Hov e i0 ei Hon )e~i Hov ei H{v ~ r >' ) ei HoV '(e~i Hori1 e' i ^ei H ° ri ') 

r/'^— oo,Tj— >oo 

lim e -^ OT es^-"')e^ Hor '' 
= 5 (6.107) 

Note that due to Lemma IF. Ill the energy spectra of two scattering equiv- 
alent Hamiltonians H and H' are identical. However, their eigenvectors are 
different and corresponding descriptions of dynamics (e.g., via eq. (I6.84p ) are 
different too. Therefore scattering-equivalent theories may be not physically 
equivalent. 



6.5.4 Scattering equivalence of the point and instant 
forms 

The S-matrix equivalence of Hamiltonians established in the preceding sub- 
section remains valid even if the transformation e** changes the relativistic 
form of dynamics [6, 7J. Here we would like to demonstrate this equivalence 

32 A rather general class of operators $ that satisfy this condition will be found in 
Theorem 110.21 from subsection 110.2.31 
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on an example of Dirac's point and instant forms of dynamics [6]. We will 
use definitions and notation from subsections 16.3.21 and 16.3.31 
Here we will prove that the unitary operator 



e = CoC 1 

where 



Co = exp(-2log(M c 2 )Z ) 
C = expHlog(Mc 2 )Z ) 

Zo = — (Qo • X + X • Qo) 

transforms from a point form dynamical to the Bakamjian-Thomas instant 
form dynamics J^l without altering the S'-operator. In other words, we will 
assume that a point form representation of the Poincare group is given, which 
is built on operators^] 



M ^ M 

P = Q Mc 2 

J = Jo 

R X " 



Mc 2 



and we will demonstrate that the set of operators OMO" 1 , @P0 _1 , OJO -1 , 
and ORG)" 1 generates a representation of the Poincare group in the instant 
form. Moreover, the S'-operators computed with the point-form Hamiltonian 
H = v M 2 c 4 + P 2 c 2 and the instant form Hamiltonian H' = OH® -1 are the 
same. 

Let us denote 



Q (6) = e ibZo Q e- ibZa , b e R 

from subsection 16.3.31 
from subsection 16.3.21 
in the sense described in subsection 14.3.41 
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From the commutator 



it follows that 



[z ,Qo] = ^Qo 



^Qo(6) = t[Z ,Qo] 
= -Qo 



and 



Qo(6) = e- 6 Q 

This formula remains valid even if b is a Hermitian operator commuting with 
both Qo and X . For example, if b = log(M c 2 ), then 

e i\og(M c 2 )ZoQ oe -ilog(M c 2 )Z _ e - lo §( M 'oc 2 )Q o 

Similarly, one can prove 

e Uog(Mc 2 )Z Q oe -ilog(Mc 2 )Zo = M -1 c -2q q 



e ilog(M c 2 )Zo Xoe -ilog(M c 2 )Z = MqC 2 Xo 
^(Mc^Z^^iM^Zo = Mc 2 X() 



which imply 



QP0-1 _ e -ilog(Moc 2 )Zo e ilog(Mc 2 )Z Q oMc 2 e -ilog(Mc z )Zo e ilog(Moc 2 )Zo 

_ e -i\og(M c 2 )Z Q oe ilog(Moc 2 )Zo 

= QoM c 2 

= Po 

ejoe- 1 = Jo 

QRQ-1 = e -i\og(M c 2 )Zo e ilog(Mc 2 )Z ^ M -l c -2 e ~ilog(Mc 2 )Z 0e ilog(M c 2 )Z 

_ e -i\og(M c 2 )Z ^ e ilog(M c 2 )Z 

= XoMq-V^Rq 
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From these formulas it is clear that the transformed dynamics corresponds 
to the Bakamjian-Thomas instant form. 

Let us now demonstrate that the operator S computed with the point 
form Hamiltonian H (16.381) is the same as the operator S' computed with 
the instant form Hamiltonian H' = GifB -1 . Note that we can write eq. 



are called M0ller wave operators. Now we can use the Birman-Kato invariance 
principle [76] which states that fi* (#,#„) = (f (H) , f (H Q )) where / is 
any smooth function with positive derivative. Using the following connection 
between the point form mass operator M and the instant form mass operator 



mm as 



S = tt + (H,H )tt-(H,H Q ) 



where operators 



n ± (/T,fl )= lim e -* Hor >e* H '' 



M' 



M 



we obtain 




Q ± (M,M ) 
Q ± (Q 1 M'(o,M ) 
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Therefore 



S' 



n + (H\H )n-(H',H ) 

Co^(#,#o)Co _1 Cofi-(#,#o)C< 

C n + (H,H )n-(H,H )c l 







but S commutes with free generators (16.901) and thus commutes with ( , 
which implies that S' = S, and transformation O conserves the 5-matrix. 

In addition to the scattering equivalence of the instant and point forms 
proved above, Sokolov and Shatnii [6j [7] established the equivalence of three 
major forms of dynamics - the instant, point, and front forms. Then, it seems 
reasonable to assume that the same S'-operator can be obtained in any form 
of dynamics. 

The scattering equivalence of the S-operator is of great help in practical 
calculations. If we are interested only in scattering properties and in ener- 
gies of bound states^ then we can choose the most convenient scattering- 
equivalent Hamiltonian and the most convenient form of dynamics. However, 
as we mentioned already, the scattering equivalence of Hamiltonians and 
forms of dynamics does not mean their complete physical equivalence. We 
will see in subsection 111. 2. 71 that the instant form of dynamics should be pre- 
ferred in those cases when desired physical properties cannot be described 
by the S'-operator. The remaining freedom to choose among instant-form 
scattering-equivalent Hamiltonians will be used in chapter [10] to solve the 
problem of ultraviolet infinities in QED. 



36 In high energy physics virtually all experimental information about interactions of 
fundamental particles comes from these data. 



Chapter 7 

THE FOCK SPACE 



This subject has been thoroughly worked out and is now under- 
stood. A thesis on this topic, even a correct one, will not get you 
a job. 

R.F. Streater 



The theory of interacting particles was formulated in chapter [6] in the Hilbert 
space with a fixed particle content. This theory was incomplete, because it 
could not describe many physical processes which can change particle types 
and numbers. Familiar examples of such processes include the emission and 
absorption of light (photons) in electrodynamics, decays, neutrino oscilla- 
tions, etc. The persistence of particle creation and destruction processes at 
high energies follows from the famous Einstein's formula E = mc 2 . This for- 
mula, in particular, implies that if a system of particles has sufficient energy 
E of their relative motion, then this energy can be converted to the mass m 
of newly created particles. Inversely, the mass can be converted to the kinetic 
energy, e.g., in decays. Generally, there is no limit on how many particles 
can be created in collisions, so the Hilbert space of any realistic quantum 
mechanical system should include states with arbitrary number of particles 
(from zero to infinity) of all types. Such a Hilbert space is called the Fock 
space. 
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For simplicity, in this chapter, and in the rest of this book we will consider 
a world in which there are only five particle species: electrons e~, positrons 
e + , protons p + , antiprotons p~, and photons We will limit our discussion 
to electromagnetic interactions between these particles, so we are going to 
neglect the internal structure of the (anti)proton and completely disregard 
strong, weak and gravitational interactions. In other words, we will build 
a description of these particles and their interactions in terms of quantum 
electrodynamics (QED). 

7.1 Annihilation and creation operators 

In this section we are going to build the Fock space TC of QED and introduce 
creation and annihilation operators which provide a very convenient notation 
for working with arbitrary operators in 7i. 

7.1.1 Sectors with fixed numbers of particles 

The number of particles of a given type is readily measured in experiment, so 
we can introduce 5 new observables in our theory: the numbers of electrons 
(Nei), positrons (N po ), protons (N pr ), antiprotons (N an ), and photons (N ph ). 
According to general rules of quantum mechanics, these observables must 
be represented by five Hermitian operators in the Hilbert (Fock) space H. 
Apparently, the allowed values (the spectrum) for the number of particles of 
each type are non- negative integers (0,1,2,...). We assume that these observ- 
ables can be measured simultaneously, therefore the corresponding operators 
commute with each other, and have common spectrum. So, the Fock space 
Ti separates into a direct sum of corresponding orthogonal eigensubspaces or 
sectors j, k,l,m) with i electrons, j positrons, k protons, / antiprotons, 
and m photons 



H = ®. 



00 

ijklm=0 



,H(i,j,k,l,m) 



(7.1) 



where 



1 We will consider other types of particles in our discussions of decays in sections 114.11 
andfll 
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N e iH(i,j,k,l,m) = iTC(i,j,k,l,m) 

N po H{i,j,k,l,m) = jH(i,j,k,l,m) 

N pr TC(i, j, k,l,m) = kTC(i,j,k,l,m) 

N an H(i,j,k,l,m) = lH(i,j,k,l,m) 

N p hH(i,j,k,l,m) = mH(i,j,k,l,m) 

The one-dimensional subspace with no particles 7^(0, 0, 0, 0, 0) is called 
the vacuum subspace. The vacuum vector |0) is then defined as a vector in 
this subspace, up to an insignificant phase factor. The one-particle sectors 
are built using prescriptions from chapter [51 The subspaces T~L(1, 0, 0, 0, 0) 
and TC(0, 1, 0, 0, 0) correspond to one electron and one positron, respectively. 
They are subspaces of unitary irreducible representations of the Poincare 
group characterized by the mass m = 0.511 MeV/c 2 and spin 1/2 (see Table 
15.11) . The subspaces 7i(0, 0, 1, 0, 0) and 7i(0, 0, 0, 1, 0) correspond to one pro- 
ton and one antiproton, respectively. They have mass M = 938.3 MeV/c 2 
and spin 1/2. The subspace 7^(0,0,0,0,1) correspond to one photon. It is 
characterized by zero mass, and it is a direct sum of two irreducible subspaces 
with helicities 1 and -1. 

Sectors with two or more particles are constructed as (anti) symmetrized 
tensor products of one-particle sectorsH For example, if we denote H e i the 
one-electron Hilbert space and 7i p h the one-photon Hilbert space, then sectors 
having only electrons and photons can be written as 



H(0,0,0,0,0) = |0) (7.2) 

7^(1,0,0,0,0) = H el (7.3) 

7^(0,0,0,0,1) = H ph (7.4) 

7^(1,0,0,0,1) = H el ®H ph (7.5) 

7^(2,0,0,0,0) = H el ® asym H el (7.6) 

ft(0,0,0,0,2) = H ph ® sym H ph (7.7) 

7^(1,0,0,0,2) = H el ®{H ph ® sym H ph ) (7.8) 

7^(2,0,0,0,1) = H ph ®{H e i® asym H e i) (7.9) 

7^(2,0,0,0,2) = {H ph ® sym H ph )®{li e i® asym n e i) (7.10) 



2 see discussion in section HO 
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In each sector of the Fock space we can define observables of individual 
particles, e.g., position momentum, spin, etc., as described in subsection 
16.1.21 Then, in each sector we can select a basis of common eigenvectors 
of a full set of mutually commuting one-particle observables. For future 
discussions it will be convenient to use the basis in which momenta and 
z-components of the spin a of massive particles (or helicity r of massless 
particles) are diagonal. For example, the basis vectors in the two-electron 
sector TC e i ®asym TC e i are denoted by 

|pi(7i; P202) 

7.1.2 Non- interacting representation of the Poincare 
group 

The above construction provides us with the Hilbert (Fock) space TC where 
multiparticle states and observables of our theory reside and where a conve- 
nient orthonormal basis set is defined. To complete the formalism we need to 
build a realistic interacting representation of the Poincare group in TC. Let 
us first fulfill an easier task and construct the non-interacting representation 
Ug of the Poincare group in the Fock space TC. 

From subsection 16.2.11 we already know how to build the non-interacting 
representation of the Poincare group in each individual sector of TC. This 
can be done by making tensor products (with proper (anti)symmetrization) 
of single particle irreducible representations Ug 1 , Uf, etc. Then the non- 
interacting representation of the Poincare group in the entire Fock space is 
constructed as a direct sum of sector representations. In agreement with the 
sector decomposition of the Fock space (17.21) - (17.10P we can write 

U° g = 1 © Uf © Uf © OJf © Uf) © OJf ® asym Uf) . . . (7.11) 

Generators of this representation will be denoted as (Ho, Po, Joj Ko). In 
each sector these generators are simply sums of one-particle generators (see 
eqs. (16.101) - (16.131) ). As usual, operators H , P , and J describe the total 
energy, linear momentum, and angular momentum of the non-interacting 
system, respectively. 
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Here we immediately face a serious problem. Consider, for example, the 
free Hamiltonian represented as a direct sum of components in each sector 

H = H (0, 0, 0, 0, 0) © H (l, 0, 0, 0, 0) © H (0, 0, 0, 0, 1) © H (l, 0, 0, 0, 1) © . . . 

It is tempting to use notation from section 16.21 and express the Hamiltonian 
in each sector using corresponding observables of individual particles pi, P2, 
etc. For example, in the sector TC(1, 0, 0, 0, 0), the free Hamiltonian is 

H (l, 0, 0, 0, 0) = y/mW + p 2 c 2 (7.12) 
while in the sector H(2, 0, 0, 0, 2) the Hamiltonian is^| 

H (2, 0, 0, 0, 2) = Pl c + p 2 c + + p\c 2 + sJm?c A + pjc 2 (7.13) 

Clearly, this notation is very cumbersome because it does not provide a 
unique expression for the operator H in the entire Fock space. Moreover, 
it is not clear at all how one can use this notation to express operators 
changing the number of particles, i.e., moving state vectors across sector 
boundaries. We need to find a better and simpler way to write operators in 
the Fock space. This task is accomplished by introduction of annihilation 
and creation operators in the rest of this section. 

7.1.3 Creation and annihilation operators. Fermions 

First, it is instructive to consider the case of the discrete spectrum of momen- 
tum. This can be achieved by using the standard trick of putting the system 
in a box or applying periodic boundary conditions. Then eigenvalues of the 
momentum operator form a discrete 3D lattice p^, and the usual continuous 
momentum spectrum can be obtained as a limit when the size of the box 
tends to infinity. 

Let us examine the case of electrons. We define the (linear) creation 
operator aj, a for the electron with momentum p and spin projection a by its 
action on basis vectors with n electrons 

3 Two photons are denoted by indices 1 and 2, and two electrons are denoted by indices 
3 and 4 
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|pi,cri; p 2 , o 2 \ . . . ; p„,cr n ) (7.14) 

We need to distinguish two cases. The first case is when the one-particle 
state (p, a) is among the states listed in (I7.14p . for example (p, a) = (pj, c^). 
Since electrons are fermions, and two fermions cannot occupy the same state 
due to the Pauli exclusion principle, this action leads to a zero result, i.e. 

a L,JP 1 >°'i;P 2 > ' 2 ' • • • ;p™> a n) = ( 7 - 15 ) 

The second case is when the created one-particle state (p, cr) is not among 
the states listed in (17.141) . Then the creation operator a pa just adds one 
electron in the state (p, a) to the beginning of the list of particles 

a l>,a\Pl> "I! P2, 0~2] ■ ■ • ; Pn, On) = |P, °\ Pi, V\\ P2, p„, CT n ) (7.16) 

Operator a pa has transformed the state with n electrons to the state with 
n + l electrons. Applying multiple creation operators to the vacuum state 
|0) we can construct all basis vectors in the Fock space. For example, 

a L-i a LJ°> = |Pi,oi;p 2 ,a 2 ) 

is a basis vector in the 2-electron sector. 

We define the electron annihilation operator operator adjoint to 

the creation operator a ' . It can be proven [H] that the action of a p a on 
the n-electron state (I7.14p is the following. If the electron state with pa- 
rameters (p, cr) was already occupied, e.g. (p, a) = (p i; <7j) then this state is 
"annihilated" and the number of particles in the system is reduced by one 

a P,o-|pi, • • • ; Pi-i, Pi, af, Pi+i, • • • ; p n , c n ) 
= (-l) P |Pi ; . . . ; pj_i, <Tj_i; p i+1 , a i+1 ; . . . ; p n , a n ) (7.17) 

where P is the number of permutations of particles required to bring the 
one-particle i to the first place in the list. If the state (p, a) is not present 
in the list, i.e., (p, a) ^ (p^ a,j) for each i, then 
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%>,ct|Pi, CI! P2, 0"25 • • • ; Pn, c n ) = o 



(7.18) 



Annihilation operators always yield zero when acting on the vacuum state 



The above formulas fully define the action of creation and annihilation 
operators on basis vectors in purely electronic sectors. These rules are easily 
generalized to all states: they do not change if other particles are present, and 
they can be extended to linear combinations of the basis vectors by linearity. 
Creation and annihilation operators for other fermions - positrons, protons, 
and antiprotons - are constructed similarly. 

For brevity we will refer to creation and annihilation operators collec- 
tively as to particle operators. This will distinguish them from operators 
of momentum, position, energy, etc. of individual particles which will be 
called particle observables. Let us emphasize that creation and annihilation 
operators are not intended to directly describe any real physical process of 
changing the number of particles in the system, and they do not correspond 
to physical observables. They are just formal mathematical objects that sim- 
plify the notation for other operators having more direct physical meaning. 
We will see how operators of observables are built from particle operators 
later in this book, e.g., in subsections 17.1.81 and 110. 37TI 

7.1.4 Anticommutators of particle operators 

Although definitions (I7.15P - (I7.18P clearly express the meaning of particle 
operators, they are not very convenient in practical calculations. The anti- 
commutation relations between particle operators are much more useful. Let 
us consider the following anticommutator of fermion operators 



in which (p, a) ^ (p',cr'). Acting on a state \p",a") which is different from 
both |p, a) and \p',a'), we obtain 



a PlCT |0) = 




= a p,0- a pV + Op'.cr'O 



t 



p,cr 
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(<<x a PV + a p',a' a \>,a) |P"» °") = a P >,a> |P, <7J p", a") 

= 

Similarly, we obtain 



(aU a p>' + a PV' c wlP> (T > = 

and 



( a i,* a P>,v' + a P>,<T> a i,*)\p'i a ') = a l,a\ Q ) + o p v'Ip> (7 ;pV) 

= |P,cr) - |P,cr> 
= 

One can easily demonstrate that the result is still zero when acting on zero-, 
two-, three-, etc. particle states as well as on their linear combinations. So, 
we conclude that 

{<V i(T /,aJ, CT } = 0, if (p,(j) ^ (pV) 
Similarly, in the case (p, a) = (p', a') we obtain 

Therefore for all values of p, p', a, and a' we have 

{ a P,a> a P>,<r'} = <W<W (7-19) 
Using similar arguments one can show that 

{(t P ,") a p'y} = o 
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7.1.5 Creation and annihilation operators. Photons 

For photons, which are bosons, the properties of creation and annihilation 
operators are slightly different from those described above. Two or more 
bosons may coexist in the same state. Therefore, we define the action of the 
photon creation operator c p T on a many-photon state as 

C p,r|Pl) r i;P2 ) T"2; • • -;Pn,T n ) = |p, TJ Pi, TiJ p 2 , T 2 ] ■ ■ • J Pn, T„) 

independent of whether or not the state (p, r) already existed. The action 
of the adjoint photon annihilation operator c p r is 

c P ,r|Pi, n; P2, r 2 ; . . . ; p n , r n ) = 
if the annihilated state (p, r) was not present, and 

C Pi,tJPi> r li • • • i Pi— 1) T i— 1) Pi) r ii Pi+l, r i+li • • • ) Pn; r n) 
= |Pl; T l'i ■ ■ ■ j Pi-1) r «-lj Pi+l) r «+lj • • • j Pn, T n ) 

otherwise. 

The above formulas are easily extended to states where, in addition to 
photons, other particles are also present. The action of creation and an- 
nihilation operators on linear combinations of basis vectors is obtained by 
linearity. 

Similar to subsection 17.1.41 we obtain the following commutation relations 
for photon creation and annihilation operators 



[c P ,r, c p >y] 

[Cp,T5 Cp/ )T '] 
[ C p,T5 C p',r'] 



= 

= 



7.1.6 Particle number operators 

With the help of particle creation and annihilation operators we can now 
build explicit expressions for various operators in the Fock space. Consider, 
for example, the product of two photon operators 
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N P ,r = c PjT c p , r (7.20) 

Acting on a state with two photons with quantum numbers (p, r) this oper- 
ator yields 



N PtT \p,r;p,r) = N P , T <*, )T <*, )T \0) 

= c PiT c PiT c PiT c PiT |0) 

= c pir c piT c PiT c piT |0) + c piT c piT |0) 

= c p>t c PiT c p>t c PiT |0)+2c p>t c PiT |0) 

= 2|p,t;p,t) 

while acting on the state |p, r; p', r') we obtain 



N p , T \p,r;p',r f ) = iV PiT c piT c p , t ,|0) 

= C P,t C P,t C p ,t C p',t'|0) 

= C P,rCp, T Cp, r C p , iT ,|0) + C PjT C p , >t ,|0) 

= C P,rC P , T C p , T ,C PiT |0) + C PiT C p , )T ,|0) 

= \p,t;p',t') 

These examples should convince us that operator A^ PjT works as a counter of 
the number of photons with quantum numbers (p, r). 



7.1.7 Continuous spectrum of momentum 

Properties of creation and annihilation operators presented in preceding 
subsections were derived for the case of discrete spectrum of momentum. 
In reality the spectrum of momentum is continuous, and the above results 
should be modified by taking the "large box" limit. We can guess that in 
this limit eq. ( 17.19ft transforms to 



Wv, a l,a} = <W<KP - P') 



(7.21) 
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The following chain of formula^! 

5a,a'8(p - p') = (p^lp,^) 

= (0|a p , CT a pv ,|0) 

confirms that our choice f)7.2ip is consistent with normalization of momentum 
eigenvectors (15.151) . 

The same arguments now can be applied to positrons (operators 6 p cr 
and ), protons (d Pjl7 and cft pa ), antiprotons (/ PjCr and /^ )CT ), and photons 
(c P)T and c p T ). So, finally, we obtain the full set of anticommutation and 
commutation relations pertinent to QED 

{ a p,CT) a P ',cr'} = {frp.CTJ ^p',cr'} 

= K,.-4/} = {/p^4y} = ^(P-p')C' (7.22) 

{%>,<T, a p',o-'} = {^p.cr, V.o-'} = {^P,<TJ ^p',<T'} = {/p,cr, /p'.cr'} 

= {al <7 ,al iy } = {bl a ,bl, al } 

= = {C>/pv'} = (7.23) 

[cp,r,c P , T ,]=5( P -p')^ (7.24) 

[c PiT ,c p , t ,] = [c PiT ,c pV ] = (7.25) 

Commutators of operators related to different particles are always zero. 

In the continuous momentum limit, the analog of the particle counter 
operator f)7.20p 

Pp,t = c P , r c p , T (7.26) 

can be interpreted as the density of photons with helicity r at momentum 
p. By summing over photon polarizations and integrating density ( 17.261) we 
can define an operator for the total number of photons in the system 



4 see eq. (|5.15|) 
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N Ph = Y j ' d v c i,r c P, 



We can also write down similar operator expressions for the numbers of other 
particles. For example 



Nd = Yl / d P a L 

is the electron number operator. Then operator 



N = N el + N po + N pr + N an + N ph (7.27) 
corresponds to the total number of all particles in the system. 

7.1.8 Generators of the non- interacting representation 

Now we can fully appreciate the benefit of introducing annihilation and cre- 
ation operators. The expression for the non-interacting Hamiltonian Hq can 
be simply obtained from the particle number operator (I7.27P by multiplying 
the integrands (particle densities in the momentum space) by energies of free 
particles. 



H = dpu p Y l a P ,* a P,v + h p,o h vA 

J a=±l/2 

+ f rfpfi p y K**** + flM 

J a=±l/2 
+ C IdppY C lr C P,r (7-28) 

T=±l 

where we denoted ui p = ^m 2 c A + p 2 c 2 the energy of free electrons and 
positrons and Q p = a/ M 2 c 4 + p 2 c 2 the energy of free protons and antipro- 
tons, and cp is the energy of free photons. So, this formula is no more compli- 
cated than just summing up free energies of all particles in the system. One 
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can easily verify that H Q in (17.281) acts on states in the sector TC(l, 0, 0, 0, 0) 
just as eq. (I7.12p and it acts on states in the sector H(2, 0, 0, 0, 2) just as eq. 
(17.131) . So, we have obtained a single expression which works equally well in 
all sectors of the Fock space. Similar arguments demonstrate that operator 



P = / dpp Y K,a a P,v + h \,c h pA 

J <7=±l/2 

+ dpp Y i d l, Jp,t + flJp,*] 

J <7=±l/2 

+ [dppJ2 c lrC P ,r (7.29) 

T=±l 

can be regarded as the total momentum operator in QED. 

Expressions for the generators Jo and K are more complicated as they 
involve derivatives of particle operators. Let us illustrate their derivation on 
an example of a massive spinless particle. Consider the action of a space 
rotation e~s( J °) z ^ on the one-particle state | p)0 



e ft( J o)^|p} = \p x cos0 + p y sin (j),p y cos0 — p x sin0,p 2 ) 

This action can be represented as annihilation of the state |p) = \p x ,Py,Pz) 
followed by creation of the state \p x cos0 + p y sm (p^py cos (j) — p x sin (j),p z ), 
i.e., if a p and a p are, respectively, creation and annihilation operators for 
the particle, then 



e fi( °^ Z ^\Px)PyiPz) = a p x cos(j)+pySin(t> ! PyCos<t>-pxSin(f).p z a Px,Py,Pz\PxjPyjPz) 
= a R z (4,)p a p\PxiPyiPz) 

Therefore, for arbitrary 1-particle state, the operator of finite rotation takes 
the form 

e-^f = J dpaJ^jpOp (7.30) 



For simplicity, here we omit the spin index and its transformations. 
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It is easy to show that the same form is valid everywhere on the Fock space. 
An explicit expression for the operator (Jo) z can be obtained now by taking 
a derivative of (17.301) with respect to 



(J ) 2 = th\im^-e-^ Jo) ^ 

y ' <^0 d(j) 

= ih lim 4— / dpa'a a D 
d(f) J R ^ p p 

= ih J dp[p y -^- - p x -^-)a p (7.31) 
The action of a boost along the z-axis 



■iv i . /Wn cosh # + cp z sinh 6* . , „ 

e"« ( ^ o)zCe |p) = W— — \p x , p y , p z cosh6 + u p coshi 



can be represented as annihilation of the state |p) = \p x ,P y ,Pz) followed by 
creation of the state (u p cosh 9+cp z sinh 6) 1 ^ 2 uj p 1 ^ 2 \p x , P y , Pz cosh 6+u p cosh 9f^ 



-Uk o ),c0\ \ _ I u p cosh 9 + cp z sinhfl t N 
V Up 

Therefore, for arbitrary state in the Fock space, the operator of a finite boost 
takes the form 



dp J a\ p a p (7.32) 

LU p 



An explicit expression for the operator (K ) z can be now obtained by taking 
a derivative of (17.321) with respect to 6 



(K Q ), = -limA e -i(^o) 2 
c 0^0 d6 



6 As seen from eq. f)5 -20[) . this state has proper normalization. 
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ih d f u p cosh^ + cp z sinh 9 ^ 

~ c 0^0 d6 J Ld p cosh S+c-^p sinh a P 

= ih J dpi ir p a » ap+ ^^ ap) (7 - 33) 

Similar derivations can be done for other components of Jo and Kq. 



7.1.9 Poincare transformations of particle operators 

In chapter we established that one-electron states transform as f)5.20p 
with respect to Poincare transformations. Since, by construction, the non- 
interacting representation in the Fock space (generated by operators Hq, 
Po, Jo, and K described above) coincides with these formulas in one-particle 
sectors, we can find transformations of creation-annihilation operators with 
respect to the non- interacting representation Ug. For electron operators we 
obtain 



U (A;r,t)al a U 1 (A;v,t)\0) = E/o(A;r,t)aj, )ff |0) 

= U (A;r,t)\p,a) 



0J T 



x;^(^(p,a))|ap,o 



Therefor^] 



U (A;r,t)al a U^(A;r,t) 



Up 



E( L>1/2 )-'(-^(p> A )) a Ap^ ( 7 - 34 ) 



Similarly, we obtain the transformation law for annihilation operators 



7 Here * and * denote complex conjugation and Hermitian conjugation, respectively. 
We also use the property D T ($) = (-D f (<£))* = (D^ 1 ^))* = D*{-$) which is valid for 
any unitary D. 
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U {A;r,t)a p , a U ^Ajr,*) 

^ Vp e* p - r -^^^(^(p,A))a Ap ,^ (7.35) 



Transformation laws for photon operators are obtained from eq. (15.761) 



U (A;r,t)cl T U \A;v,t) = ^ M e -*(p*)+* pt^M^ (7 . 36) 



t/o(A;r ) t)c p , r t/ - 1 (A;r,t) = ^/ M e i(p-r)-f P * e -^(P' A ) CAp , T (7.37) 



7.2 Interaction potentials 

Our primary goal in the rest of this chapter and in the next chapter is to 
learn how to calculate the S'-operator in QED, which is the quantity most 
readily comparable with experiment Jf] Equations (16.951) and (I6.96P tell us 
that in order to do that we need to know the non-interacting part H and 
the interacting part V of the full Hamiltonian 



H = H + V 



The non-interacting Hamiltonian Hq has been constructed in eq. (17.281) . The 
interaction energy V (and the corresponding interaction boost Z) in QED 
will be explicitly written only in section [8TT1 Until then we are going to study 
rather general properties of interactions and S-operators in the Fock space. 
We will try to use some physical principles to narrow down the allowed form 
of the operator V. 

8 Although in section f6. 51 we discussed the S'-operator for systems with a fixed number 
of particles, we never used the assumption that the particle content is the same before and 
after the collision. So, our definition of the S'-operator works equally well in systems with 
variable number of particles considered here. 
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7.2.1 Conservation laws 

From experiment we know that interaction V between charged particles has 
several important properties called conservation laws. An observable F is 
called conserved if it remains unchanged in the course of time evolution 



F(t) = e* m F(0)e-* m 
= F(0) 

It then follows that conserved observables commute with the Hamiltonian 
[F, H] = [F, Hq + V] = 0, which imposes some restrictions on the interaction 
operator V. For example, the conservation of the total momentum and the 
total angular momentum implies that 



[V,P ] = (7.38) 
[V,J ] = (7.39) 

These commutators are automatically satisfied in the instant form of dy- 
namics ( 16.221) . Our construction will be based entirely on this form. We 
also know that all interactions conserve the lepton number (the number of 
electrons minus the number of positrons, in our case). Therefore, H must 
commute with the lepton number operator 

L = N el -N po = J2 M a l* a P,* ~ b lab P ,a) (7.40) 
Since Hq already commutes with L, we obtain 



[V,L]=0 (7.41) 

Moreover, the interaction conserves the baryon number (=the number of 

protons minus the number of antiprotons in our case). So, V must also 
commute with the baryon number operator 



B = N pr — N a 



= £ / A,. - flJp,«) (7-42) 

[V,B] = (7.43) 
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Taking into account that electrons have charge — e, protons have charge e, 
and antiparticles have charges opposite to those of particles, we can introduce 
the operator of the electric charge 



Q = e(B — L) (7.44) 
+eJ2f MdlJ P ,a ~ fl,J P ,a) (7.45) 



and obtain the charge conservation law 



[H,Q] = [V,Q] 

= e[V,B-L] 

= (7.46) 

from eqs. (EUD and (17131) . 

It follows from formulas fl6.1QQ[) and (16.1031) that if the interaction opera- 
tor V satisfies conditions (17738]) . ([7739]) . (ITU]) . (17131) . and (17746]) then scat- 
tering operators F, S, and S" also commute with P , J , L, B, and Q, which 
means that corresponding observables are conserved in scattering events. 
Although, separate numbers of particles of individual species, i.e., electrons, 
or protons may not be conserved, the above conservation laws require that 
charged particles may be created or annihilated only together with their an- 
tiparticles, i.e., in pairs. Creation of pairs is suppressed in low energy reac- 
tions as such processes require additional energy of 2m e ;c 2 = 2 x 0.51MeV = 
1.02MeV for an electron-positron pair and 2m pr c 2 = 1876. 6MeV for an 
proton-antiproton pair. Therefore such processes can be safely neglected in 
most applications usually considered in classical electrodynamics. However, 
since photons have zero mass, the energetic threshold for the photon emission 
is zero, and there are no restrictions on creation and annihilation of photons. 
Photons are their own antiparticles, so they can be created and destroyed in 
any quantities. 
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7.2.2 Normal ordering 

In the next subsection we are going to express operators in the Fock space 
as polynomials in particle creation and annihilation operators. But first we 
need to overcome one notational problem related to the non-commutativity 
of particle operators: two different polynomials may, actually, represent the 
same operator. To have a unique polynomial representative for each operator, 
we will agree always to write products of operators in the normal order, i.e., 
creation operators to the left from annihilation operators. Among creation 
(annihilation) operators we will enforce a certain order based on particle 
species: We will write particle operators in the order proton - antiproton - 
electron - positron - photon from left to right. With these rules and with 
(anti) commutation relations (17.221) - (17.251) we can always convert a product 
of particle operators to the normally ordered form. This is illustrated by the 
following example 

( a l,a a p'y + 5 (P - P / ) 5 <T,a')(- C i,r C q',r' + % ~ ^) S r,r')) 

- a p,<x c q,r a pv ,c qv' + a^ j<T a p / )0 -/5(q - q)5 T ^ 
C q,r C q',T'5(P - p')<W + S(p - p')S a y5(q - q')6 T , T ' 

where the right hand side is in the normal order. 

7.2.3 The general form of the interaction operator 

A well-known theorem (see [H] p. 175) states that in the Fock space any 
operator V satisfying conservation laws (17.381) . (17.391) . (I7.4ip . (17.431) . and 

diasD 

[V, P ] = [V, Jo] = [V, L) = [V, B] = [V, Q] = (7.47) 

can be written as a polynomial in particle creation and annihilation opera- 
tor^ 

9 Although this form does not involve derivatives of particle operators, it still can be used 
to represent operators like eq. (|7.31|) if derivatives are approximated by finite differences. 
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v = J2J2 Vnm ( 7 - 4 

N=0 M=0 

V NM = ^ J <iqi ••• dq N dq 1 ... d(\ M D NM {c{ 1 7]' l \ . ..; q[ N 7]' N ] qi?7i; . ..; qMW) 

tJV A/ \ 

XI ~ Yl q J ' ' ' °i' N ,v' N a ^ ■ ■ ■ a *M,VM (7-4 

»=i i=i / 

where the summation is carried over all spin/helicity indices 77,77' of cre- 
ation and annihilation operators, and integration is carried over all particle 
momenta. Individual terms Vnm m the expansion (17.481) of the interaction 
Hamiltonian will be called potentials. Each potential is a normally ordered 
product of iV creation operators cr and M annihilation operators a The 
pair of integers (N, M) will be referred to as the index of the potential Vnm- 
A potential is called bosonic if it has an even number of fermion particle 
operators Nf + Mf. Conservation laws (17.47ft imply that all potentials in 
QED must be bosonic. 

Dnm is a numerical coefficient function which depends on momenta and 
spin projections (or helicities) of all created and annihilated particles. In 
order to satisfy [V, Jo] = 0, the function Dnm must be rotationally invariant. 
The translational invariance of the expression (I7.49P is guaranteed by the 
momentum delta function 



(N M 
i=i j=i 

which expresses the conservation of momentum: the sum of momenta of 
annihilated particles is equal to the sum of momenta of created particlesf"1 



10 Here symbols and a refer to generic creation and annihilation operators without 
specifying the type of the particle. 

11 Note that this property does not apply to the energy: the sum of free energies of 
annihilated particles is not necessarily equal to the sum of free energies of created par- 
ticles. This is because such sums of free energies are eigenvalues of the non-interacting 
Hamiltonian which is not a conserved quantity in the presence of interaction, because 
generally [Hq,H] 7^ 0. 
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The interaction Hamiltonian enters in the formulas (16.1001) and (16. 1Q3[) 
for the S"-operator in the t-dependent form 



V(t) = e-* Hot Vei Hot (7.50) 

Operators with t-dependence determined by the free Hamiltonian Hq as in 
eq. (17.501) and satisfying conservation laws (17.471) will be called regular. Such 
operators will play an important role in our calculations of the S'-operator 
below. In what follows, when we write a regular operator V without its 
i-argument, this means that either this operator is t- independent, i.e., it 
commutes with H , or that we take its value at t — 0. 

One final notational remark. If potential Vnm has coefficient function 
Dnnu we introduce notation Vnm°C f° r the operator whose coefficient func- 
tion D' NM is a product of D NM and a function ( of the same arguments 



d'nm^iv'v ■ ■ ■ ; ^nv'n, qi^i; ■ ■ ■ ; <imvm) 

= D NM {c{ l r)' l ; q? N r)' N ; qiVu ■ ■ ■ ; (ImVm)C(^iVi: ^NVm Qi^i! • • • I <ImVm) 

Then, substituting <£TM§ in (1730]) and using (Oil) - fl7T37]) . the t-dependent 
form of any regular potential V)vm(^) can be written as 



V NM (t) = e-* Hot V NM e^ Hot 
= V NM oe~* ENMt 



where 



N M 

i=i j=i 

is the difference of energies of particles created and destroyed by V^m, which 
is called the energy function of the term Vnm- We can also generalize this 
notation for a general sum of potentials Vnm 



V(t) = e -^ Hot Ve^ Hot 
= Voe'i Eyt 
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which means that for each potential Vatm(^) entering the sum V(t), the ar- 
gument of the t-exponent contains the corresponding energy function E^m- 
In this notation we can conveniently write, for example, 



±V( t ) = V( t ) (-\E V ) 

and 



V(t) = - / V(t)dt 

= 2mV o 5(E V ) (7.52) 

Eq. (17.521) means that each term in V(t) is non-zero only on the hypersurface 
of solutions of the equation 

£V(qi, • • • , q'jv, qi, . . . , q M ) = (7.53) 

(if such solutions exist). This hypersurface in the momentum space is called 
the energy shell of the potential V. We will also say that V(t) in eq. (17.521) is 

zero outside the energy shell of V. Note that the scattering operator (I6.99P 
S = 1 + £(£) is different from 1 only on the energy shell, i.e., where the 

energy conservation condition (IT. 53j) is satisfied. 
7.2.4 Five types of regular potentials 

Here we would like to introduce a classification of regular potentials (17.491) by 
dividing them into five groups depending on their index (N, M). We will call 
these types of operators renorm, oscillation, decay, phys, and unphys^ The 
rationale for introducing this classification and nomenclature will become 
clear in chapters [9] and [10] where we will examine renormalization and the 
"dressed particle" approach in quantum field theory. 



12 There is no established terminology for the types of potentials. In the literature, our 
phys operators are sometimes called good; unphys operators may be called bad or virtual. 
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Renorm potentials have either index (0,0) (such operator is simply a 
numerical constant) or index (1,1) in which case both created and annihi- 
lated particles are required to have the same mass. The most general form 
of a renorm potential obeying conservation laws is the sum of a numerical 
constant C and (1,1) terms corresponding to each particle type 1^1 

R = (Ja + b ] b + d ] d + ff + c j c + C (7.54) 

Note that the free Hamiltonian (I7.28P and the total momentum ( I7.29P are 
examples of renorm operators, i.e., sums of renorm potentials. The class of 
renorm potentials is characterized by the property that the energy function 
(17.511) is identically zero. So, renorm potentials always have energy shell 
where they do not vanish. Renorm potentials commute with H , therefore 
regular renorm operators^ do not depend on t. 

Oscillation potentials have index (1,1). In contrast to renorm po- 
tentials with index (1,1), oscillation potentials destroy and create different 
particle species having different masses. For this reason, the energy function 
(17.511) of an oscillation potential never turns to zero, so there is no energy 
shell. In QED there can be no oscillation potentials, because they would 
violate either lepton number or baryon number conservation law. However, 
there are particles in nature, such as kaons and neutrinos, for which oscil- 
lation interactions play a significant role. These interactions are responsible 
for mixing and time-dependent oscillations between different particle species 

Decay potentials satisfy two conditions: 

1. they must have indices (1, N) or (N, 1) with N > 2; 

2. they must have a non-empty energy shell; 

There are no decay terms in the QED Hamiltonian and in the corresponding 
S-matrix: decays of electrons, protons, or photons would violate conservation 

13 Here we write just the operator structure of R omitting all numerical factors, indices, 
integration and summation signs. Note also that terms like a^b or cr f are forbidden by 
the charge conservation law (|7.46p . 

14 whose ^dependence is determined by (|7.50ll 
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lawsEl Nevertheless, particle decays play an important role in other areas of 
high energy physics, and they will be considered in sections 114.11 and [TH 

Phys potentials have at least two creation operators and at least two 
destruction operators (index (N,M) with N > 2 and M > 2). For phys 
potentials the energy shell always exists. For example, in the case of a phys 
potential rf P+k p /q_ k CT a p,T&q,r; the energy shell is determined by the solution 
of equation f2 p+ k + fi q _k = ^ P + w q which is not empty. 



Table 7.1: Types of potentials in the Fock space. 



Potential 


Index of potential 


Energy shell 


Examples 




(N,M) 


exists 




Renorm 


(0,0),(1,1) 


yes 


^p^p 


Oscillator 


(1,1) 


no 


forbidden in QED 


Unphys 


(0,iV>l),(iV>l,0) 


no 




Unphys 


(1,JV>2),(JV>2,1) 


no 


4>a P -kCk 


Decay 


(l,iV>2),(iV>2,l) 


yes 


forbidden in QED 


Phys 


(N > 2,M > 2) 


yes 


a p-k^ q +k a p^q 



All regular operators not mentioned above belong to the class of 
Unphys potentials. They come in two subclasses. They can either 

1. have index (0,N), or (N, 0), where N > 1. Obviously, there is no 
energy shell in this case. 

2. or have index (1, M) or (M, 1), where M > 2. This is the same condi- 
tion as for decay potentials, however, in contrast to decay potentials, 
for unphys potentials it is required that the energy shell does not exist. 

An example of an unphys potential satisfying condition 2. is 

15 Exceptions to this rule are given by operators describing the decay of a photon into 
odd number of photons, e.g., 

C lci ,n C k 2 ,1-2 C lc 3 ,t 3 C ki +k 2 +k 3 ,T4 

This potential obeys all conservation laws if momenta of involved photons are collinear 
and fci + /c2 + ^3 — |ki + k2 + 1«3 1 =0. However, it was shown in [78] that such contributions 
to the S'-operator are zero on the energy shell, so photon decays are forbidden in QED. 
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a p,p a p-k,<7C k ,r (7.55) 

The energy shell equation is 

^ P -k + ck = Up 

with only solution k = 0. However zero vector is excluded from the pho- 
ton momentum spectrum (see subsection 15.4.11) . so the energy shell of the 
potential (17.551) is empty. 

Properties of potentials discussed above are summarized in Table 17.11 
These five types of potentials exhaust all possibilities, therefore any regular 
operator V must have a unique decomposition 

V(t) = V ren + V unp {t) + V dec {t) + V ph {t) + V osc {t). 

As mentioned above, in QED interaction, oscillation and decay contributions 
are absent. So, everywhere in this boolo we will assume that all operators 
are sums of renorm, unphys, and phys potentials 

V(t) = V ren + V unp {t) + V ph {t) 

Now we need to learn how to perform various operations with these five 
classes of potentials, i.e., the product, commutator, and t-integral, required 
for calculations of scattering operators in ( 16.1001) or ( 16.1031) . 

7.2.5 Products and commutators of potentials 

Lemma 7.1 The product of two (or any number of) regular operators is 
regular. 

Proof. If operators A(t) and B(t) are regular, then 

A(t) = e-i Hot Ae* Hot 
B{t) = e-f, H ^Be^ Hot 

16 except sections 1 14. II and IT4l where we will discuss decays 
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and their product C(t) = A{t)B{t) has t-dependence 

C(t) = e-^ Hot Aei Hot e-^ Hot Bei Hot 
= e-^ABe^ 

characteristic for regular operators. The conservation laws (17.471) are valid 
for the product AB if they are valid for A and B separately. ■ 

Lemma 7.2 A Hermitian operator A is phys if and only if it yields zero 
when acting on the vacuum |0) and one-particle states |1). 

A\0) = (7.56) 
A\l) = (7.57) 

Proof. Phys operators have two annihilation operators on the right, so 
eqs. (17.561) and (17.571) are satisfied. Let us now prove the inverse statement. 
Renorm operators cannot satisfy (I7.56P and (I7.57P because they conserve the 
number of particles. Unphys operators (1, N) can satisfy eqs. (I7.56P and 
d737D,e.g., 

a^a2«3|0) = 
c4 a 2«3|l) = 0. 

However, for Hermiticity, such operators should be always present in pairs 
with (N, 1) operators a\a\ai. Then, there exists at least one one-particle 
state |1) for which eq. (17.571) is not valid, e.g., 

c4a4ai|l) = a 3 a 2|0) 
^ 



The same argument is valid for unphys operators having index (0, N). There- 
fore, the only remaining possibility for A is to be phys. ■ 
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Lemma 7.3 Product and commutator of any two phys operators A and B 
is phys. 

Proof. By Lemma 17.21 if A and B are phys, then 



A|0) = B\0) = A\l) = B\l) = 0. 

Then the same conditions are true for the Hermitian combinations i(AB — 
BA) and AB + BA. Therefore, the commutator [A, B] and anticommutator 
AB + BA are phys, and 



AB 



\(AB 



BA) 



- 2 [A,B] 



is phys as well. 



Lemma 7.4 If R is a renorm operator and [A,R] ^ 0, then operator [A,R] 
has the same type (i.e., renorm, phys, or unphys) as A. 

Proof. The general form of a renorm operator is given in eq. (|7.54p . Let us 
consider just one term in the sum over particle typeJ^l 



R — J dpG(p)a p a p 

Let us calculate the commutator [A, R] = AR — RA by moving the factor 
R in the term AR to the leftmost position. If the product a p a p (from R) 
changes places with a particle operator (from A) different from ar or a then 
nothing happens. If the product c^a changes places with a creation operator 
(from A) then, as discussed in subsection I7.2.2[ a secondary term should 
be added which, instead of contains the commutator 

17 Here a denotes any one of the five particle operators (a,b,d, /, c) present in (|7.54|) . 
Again, the spin indices are omitted. 

18 The upper sign is for bosons, and the lower sign is for fermions. 
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a l / rf P/(p)"p"p 



^P/(p)ap«P« q 

rf p/(p)«p« P «q ± J ^p/(p)« P ^p^(p - q) - 

±/(q)^q«q 



± J rfp/(p)tt P tt q a P 



^P/(p)a P «P« q 



This commutator is proportional to a q , so the secondary term has the same 
operator structure as the primary term, and it is already in the normal 
order, so no tertiary terms need to be created. If the product ofia changes 
places with an annihilation operator a q then the commutator =)=/(q)a;qaq 
is proportional to the annihilation operator. If there are many cv and a 
operators in A having non-vanishing commutators with R, then each one of 
them results in one additional term whose type remains the same as in the 
original operator A. ■ 



Lemma 7.5 A commutator [P, U] of a Hermitian phys operator P and a 
Hermitian unphys operator U can be either phys or unphys, but not renorm. 

Proof. Acting by [P, U] on a one-particle state |1), we obtain 



[P,U)\1) = (PU-UP)\1) 

= pu\i) 

If U is Hermitian then the state U\l) has at least two particles (see proof of 
Lemma \7.2h . and the same is true for the state PU\1). Therefore, [P, U] cre- 
ates several particles when acting on a one-particle state, which is impossible 
if [P, U] were renorm. ■ 

Finally, there are no limitations on the type of commutator of two unphys 
operators [U,U']. It can be a superposition of phys, unphys, and renorm 
terms. 
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7.2.6 Adiabatic switching and ^-integrals 

Lemma 7.6 A t-derivative of a regular operator A(t) is regular and has zero 
renorm part. 

Proof. The derivative of a regular operator has t-dependence that is char- 
acteristic for regular operators: 

± A (t) = ± e -i Hot Aei Hot 
dt dt 

= - l -e-^ Hot [H ,A}ei Hot 

= - l -[H ,A(t)} (7.58) 

In addition, it is easy to check that the derivative obeys all conservation laws 
(17.471) . Therefore, it is regular. 

Suppose that ^A(t) has a non-zero renorm part R. Then R is t-independent 
and originates from a derivative of the term Rt + S in A(t), where S is t- 
independent. Since A{t) is regular, its renorm part must be t-independent, 
therefore R = 0. ■ 

In formulas for scattering operators (16.1001) and (16. 103j) we meet t-integrals 
V(t) of regular operators V(t). A straightforward calculation of such inte- 
grals gives rather discouraging result 



V(t) = l -Vo J e -^ Evt 'dt' (7.59) 

— oo 

h lEy lEy 

What shall we do with the term on the right hand side containing — oo? 

Recall that the purpose of using the t-integral is in calculation of the 
S-operator by perturbation theory described in subsection 16.5. 1L The mean- 
ingless term on the right hand side of (17.591) can be made harmless if we 
take into account an important fact that the S'-operator does not act on all 
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states in the Hilbert space. It only acts on scattering states in which free 
particles are far from each other in asymptotic limits t — > ±00. The time 
evolution of these states coincides with the free evolution in the distant past 
and distant future. Certainly, these assumptions cannot be applied to all 
states in the Hilbert space. For example, the time evolution of bound states 
of the interacting Hamiltonian H, does not resemble the free evolution at 
any time. It appears that if we limit the application of the 5*-operator and 
t-integrals (I7.59P only to scattering states \^(— 00)) consisting of one-particle 
wave packets with good localization in both position and momentum spaces, 
then no ambiguity arises. In the distant past and in the distant future the 
particles are far away from each other and the interaction operator is effec- 
tively zero0 so, for any term in the scattering operator we can write 

lim e~^ m Ve^ m \9) = lim e-^ Hot Vei Hot \^') 

t— >±oo t^±oo 

= lim V(tW) 

= (7.61) 

(where \^') is generally different from \^)). 

One approach to the exact treatment of scattering is to explicitly consider 
only wave packets described above. Then the cluster separability of V will 
ensure the correct behavior of the wave packets, and the validity of eq. (17.611) . 
However, such an approach is rather complicated, and we would like to stay 
away from working with wave packets. 

There is another way to achieve the same goal by using a trick called the 
adiabatic switching of interaction. The trick is to add the property f 1 7 . 6 1 1) 
to the interaction operator "by hand". To do that we multiply V(t) by a 
numerical function of t which slowly grows from the value of zero at t = — 00 
to the value of one at t « (turning the interaction "on") and then slowly 
decreases back to zero at t = 00 (turning the interaction "off"). For example, 
it is convenient to choose 

V(t) = e-i*l/e^'e- e|f| , 

If the parameter e is small and positive, such a modification would not affect 
the movement of quasiclassical wave packets and the S'-matrix. At the end 



Of course, the interaction V must be cluster separable to ensure that. 
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of calculations we will take the limit e — > +0. Then, if V(t) is either phys or 
unphys, the t-integral (I7.59P takes the form 



V(t) = 1 lim Vo [ e-^e'^dt' 



-oo 




l - lim Vo ! e -i Evt 'e^'dt'+ l - lim V o ! e^ Evt ' e^' dt' 

k J h J 



-oo 



- lim V o e ~^ Evt+et 

/I e^+o E v + ihe 

7o^+ lkyo —( e -iE v t -et _ x n 

— e~s Ev * 



+~ lim V o t JL T ^ e -j;Zvt e -et 



h 6^+0 — z/le 







E 



V 



so the embarrassing expression e l °° does not appear. 

In fact, we are not going to use the parameter e explicitly in calculations. 
Instead of (17.601) we will simply use the equivalent rule for calculating t- 
integrals 



V(t) = V{t)o-± (7.62) 

where the "e JOC " term is omitted. This formula explicitly demonstrates that 
t-integrals of phys and unphys operators are regular. However, this does not 
apply to renorm operators. They are i-independent, therefore 



V ren = lim V 



ie et 



o 



+o eh 

= lim V ren o — - V ren o - + . . . (7.63) 
e^+o eh h 

V r ™ = oo (7.64) 



Thus, renorm operators are different from others in the sense that their t- 
integrals (17.631) are infinite and non-regular, and their t-integrals (17.641) are 
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infinite. This fact does not limit the applicability of our theory, because, 
as we will see in subsection 19.1.21 a properly renormalized expression for 
operators F in (16. 1Q3[) and E in (16.1001) should not contain renorm terms. 

Since for any unphys operator V unp either the energy shell does not exist 
or the coefficient function is zero on the energy shell, we conclude from eq. 
(17321) that 

V^3 = (7.65) 

From eqs. (16.1001) and (16. 1Q3[) it is then clear that unphys terms in F and S 
do not make contributions to the S'-operator. 

The results obtained in this subsection and in the preceding subsection 
are summarized in Table 17.21 



Table 7.2: Operations with regular operators in the Fock space. (Notation: 
P=phys, U=unphys, R=renorm, NR=non-regular.) 



Type of operator 
A 




[A,U] 


[A,R] 


dA 
dt 


A 


A 


P 


p 


P+U 


P 


P 


P 


P 


U 


P+U 


P+U+R 


U 


u 


U 





R 


p 


U 


R 





NR 


oo 



7.2.7 Two-particle potentials 

Our next goal is to express n-particle potentials (n > 2) studied in subsection 
16.3.51 using the formalism of annihilation and creation operators. These po- 
tentials conserve the number and types of particles, so they must have equal 
numbers of creation and annihilation operators (N > 2, M > 2). Therefore, 
their type must be phys. 

Consider now a two-particle subspace 7^(1,0,1,0,0) of the Fock space. 
This subspace describes states of the system consisting of one electron and 
one proton. A general phys operator leaving this subspace invariant must 
have N = 2, M = 2 and, according to eq. (I7.49p . it can be written aa^l 



20 In this subsection we use variables p and e to denote momenta of the proton and 
electron, respectively, and omit spin indices for brevity. 
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V — J dpdedp' de D 22 (p, e, p', e')5(p + e — p' — e^d^a^d^a^ 
= J dpdedp' D 22 (p, e, p', p + e - p'^aj.c/p/dp+e-p' 
= J dpdedkV(p, e, k)dpa^tip_kOe+k (7.66) 
where we denoted k = p — p' the "transferred momentum" and 

V(p, e, k) = D 22 (p, e, p - k, e + k) 
Acting by this operator on an arbitrary state |^) of the two-particle system 

|*) = J dp"de"^(p" 1 e")dl„al„\U) (7.67) 

we obtain 
V\9) 

= J dpdedkV(p, e, k)d p c4<ip_ k a e+k J dp"de"^(p" , e")$ pl ,a} el , |0) 

= J dpdedkV(p, e, k) J dp"de"^(p", e")5{p - k - p")5(e + k - e")dj,4l°) 

= / d p,e(/ rfk nP,e,k)*(p- k ,e + k )) (i t4|0) (7.68, 

Comparing this with (17.671) we see that the momentum-space wave function 
^(p, e) has been transformed by the action of V to the new wave function 

*'(p,e) = V*(p,e) 

= J dkV(p, e, k)tf (p - k, e + k) 

This is the most general linear transformation of a two-particle wavefunction 
which conserves the total momentum. 
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For comparison with traditionally used inter-particle potentials, it is more 
convenient to have expression for V in the position space. We can writa^l 



*'(x,y) 

= V^(x,y) 

= (2^/ e " PX+iey ^ eVl/,(P ' e) 

= J e^ + ^dpde( J dkV(p, e, k)tf (p - k, e + k)) 

= j^j^ J e^ (p+k)x+ ^ e - k)y dpde J dky(p + k,e-k,k)^(p,e) 

= y"rfke^ k(y - x) V(p + k,e-k,k) {-^^ J dpdee^ px+ ^ ey ^{p,e)) 

(7.69) 

where expression in square brackets is recognized as the original position- 
space wave function \I/(x, y) and the rest as an operator acting on this wave 
function. This operator acquires especially simple form if we assume that 
V(p, e, k) does not depend on p and e. 



V(p,e,k) = v(k) 



then 



j dkefMy--) v (k)[(—l— J dpdee^+^{p, e))] 

^(x-y)^p f dpdee^ + ^(p,e) 

w(x-y)tt(x,y) (7.70) 



where 



21 Here x and y are positions of the proton and the electron, respectively; and we use 
(|5.34| to transform between momentum and position representations. 
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iy(r) = J dke* kr v(k) 

is the Fourier transform of v(k). We see that interaction (I7.66P acts as 
multiplication by the function to(x) in the position space. So, it is a usual 
position-dependent potential. Note that the requirement of the total mo- 
mentum conservation implies automatically that the potential depends on 
the relative position (x — y). 

Let us now consider the general case ( 17. 69ft . Without loss of generality 
we can represent function V^(p + k, e — k, k) as a serieJ^I 



V(p + k, e - k, k) = Xj(p, e K ( k ) 



Then we obtain 



V*(x,y) 

= E/ rfke " k( ^ X) ^ (k) [ ( (2^p / rf P^(p,e)e^ x+ ^^(p,e))] 
= ^^.( y -x) Xi (p,e)[(^p j dpdee^ + ^(p,e))] 

where p = —ihd/ rfx and e = —ihd/ dy are differential operators, i.e., position- 
space representations f!5.32|) of the momentum operators of the two particles. 
Expression ( 17.711) then demonstrates that interaction d)o)da can be always 
represented as a general 2-particle potential depending on the distance be- 
tween particles and their momenta. We will use eq. (I7.7ip in our derivation 
of 2-particle RQD potentials in subsection 110.3.31 



22 For example, a series of this form can be obtained by writing a Taylor expansion with 
respect to the variable k with \j being the coefficients depending on p and e. 
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7.2.8 Cluster separability in the Fock space 

We know from subsection 16.3.51 that a cluster separable interaction potential 
can be constructed as a sum of smooth potentials (16.501) . However, this 
notation is very inconvenient to use in the Fock space. Such sums have 
rather different forms in different Fock sectors. For example, the Coulomb 
interaction has the form (16.481) in the 2-particle sector and the form (I6.49p 
in the 3-particle sector. Fortunately, cluster separable interactions in the 
Fock space can be written in the general form (I7.48P - (17.491) . The cluster 
separability is ensured if coefficient functions D^m are smooth functions of 
particle momenta [9]. 

Let us verify this statement on a simple example. We are going to find 
out how the 2-particle potential (17.661) acts in the 3-particle (one proton and 
two electrons) sector of the Fock space 7^(2,0,1,0,0) where state vectors 
have the form 

= J dpde 1 de 2 ^j(p,e 1 ,e 2 )dlal i al 2 \0) (7.72) 
Applying operator (17.661) to this state vector we obtain 



V\V) 

dp'de'dk J dpde 1 de 2 V (p ', e', k)^(p, ei, e 2 )4>'4'^p'-k a e'+k4>4 1 4 2 |0) 

(7.73) 

The product of particle operators acting on the vacuum state can be rewritten 

as 



dp,4,dp'_ k a e ' + krfp4i a e 2 l } 
= -dp/a^a^a^dpz-kOe'+klO) + 4,,4ae'+k4i4 2 <Kp' - k - p)|0) 
- dp,ai,dp4 2 d p /_ k 5(e 1 - e' - k)|0) + 4'44 a e 1 rf P '-k5(e 2 - e' - k)|0) 
= 4>'44/(p' " k - p)S(e 1 - e' - k)|0) - rf p '4'4^(e 2 - e' - k)5(p' - k - p)|0) 

Inserting this result in (17. 73ft we obtain 



7.2. INTERACTION POTENTIALS 



265 



V\V) 




dkdpde l de 2 V(k + p, ei - k, k)^(p, ei, e 2 )4 +p 4i-k4 2 1°) 
dkdpde 1 de 2 V(k + p, e 2 - k, k)^(p, e x , e 2 )d| c+p 4 2 _ k 4 1 10) 
dkdpde 1 de 2 V(p, ei, k)ip(p - k, ei + k, e 2 )dp4i4 2 1°) 



+ / dkdpdeide2y(p,e2,k)^(p-k,ei,e2 + k)d p a^4jO) 
= / dpde 1 de 2 ( / dk[V(p, ei, k)i/j(p - k, e 1 + k, e 2 ) 



+ V(p, e 2 , k)V»(p - k, ei, e 2 + k)])^*^ |0) 



(7.74) 



Comparing this with eq. (17.681) we see that, as expected from the condition 
of cluster separability, the two-particle interaction in the three-particle sector 
separates in two terms. One term acts on the pair of variables (p,ei). The 
other term acts on variables (p, e 2 ). 

Removing the electron 2 to infinity is equivalent to multiplying the wave 
function ip(p, e 1; e 2 ) by exp(|e 2 a) where a — > oo. The action of V on such a 
wave function (i.e., the term in parentheses in (17.741) ) is 



In the limit a — > oo the exponent in the integrand of the second term is a 
rapidly oscillating function of k. If the coefficient function V(jp, e, k) is a 
smooth function of k then the integral on k is zero due to the Riemann- 
Lebesgue lemma IB. II Therefore, only the interaction proton - electron(l) 
does not vanish 



= lim / dkdpde 1 de 2 V(p,e 1 ,k)ip(p - k, e : + k, e 2 )e£ e2a 44 ,4 ,1°) 




lim Ve* e2 



a 



oo 
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which demonstrates that V is a cluster separable potential. 

For more complex potentials (including those which change the number 
of particles) with smooth coefficient functions, the above arguments can be 
repeated. Then one can see that when some particles are removed to infinity 
such potentials automatically separate into sums of smooth terms, as required 
by cluster separability. Therefore, 

Statement 7.7 (cluster separability) The cluster separability of the in- 
teraction ( |7.^<S| ) is guaranteed if the coefficient functions Dnm of all interac- 
tion potentials Vnm are smooth functions of momenta. 

The power of this statement is that when expressing interacting potentials 
through particle operators in the momentum representation we have a very 
simple criterion of cluster separability: the coefficient functions must be 
smooth, i.e., they should not contain singular factors, like delta functions!^! 
This is the great advantage of writing interactions in terms of particle (cre- 
ation and annihilation) operators instead of particle (position and momen- 
tum) observables as in section I6.3ll^l Recall that in subsection 16.3.71 it was a 
very non-trivial matter to ensure the cluster separability for interaction po- 
tentials written in terms of particle observables even in a simplest 3-particle 
system. 

7.3 A toy model theory 

Before considering real QED interactions between charged particles and pho- 
tons in the next chapter, in this section we are going to perform a warm-up 
exercise. We will introduce a simple yet quite realistic model theory with 
variable number of particles in the Fock space. In this theory, the perturba- 
tion expansion of the S-operator can be evaluated with minimal efforts, in 
particular, with the help of a convenient diagram technique. 

7.3.1 Fock space and Hamiltonian 

The toy model introduced here is a rough approximation to QED. This ap- 
proximation describes only electrons and photons and their interactions. (No 



This is the reason why such potentials were called smooth in subsection 16.3.51 
see section 4 of ref . [9] . 
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particle-antiparticle pair creation is allowed.) So, we will work in the part of 
the Fock space with no other particles. This part is a direct sum of electron- 
photon sectors like those described in formulas (17. 2p - (I7.10p . We will also 
assume that interaction does not affect the electron spin and photon polar- 
ization degrees of freedom, so the corresponding labels will be omitted. Then 
relevant (anti) commutation relations of particle operators can be obtained 
from fTT22l - (172511 



{a p ,a p ,} 


= <Kp-p') 


(7.75) 


[ C P , C U 


= *(p-pO 


(7.76) 


{a p , a p i} 


= W>a P '} = 


(7.77) 


[c p , C p /] 


= [c P ,cp,]=0 


(7.78) 


[ a P > C P '] 


= [a P , c p /] = [a p , cj,,] = [a p , c p /] = 


(7.79) 



The full Hamiltonian 

H = H + V 1 (7.80) 
as usual, is the sum of the free Hamiltonian 

H = J dpu p a p a p + c J dk/cc^Ck 
and interaction, which we choose in the following unphys form 



ey/ch f dpdk + t eVch f dpdk + 

Vx = WW 2 J ~W - Ckap+k + WW 2 1 -^f a >--^ 7 - 8 ^ 

The coupling constant e is assumed to be proportional to the absolute 
value of the electron charge. Here and in what follows the perturbation order 
of an operator (= the power of the coupling constant e) is shown by the 
subscript. For example, the free Hamiltonian H does not depend on e, so it 
is of zero perturbation order; V\ is of the first perturbation order, etc. 

The above theory satisfies conservation laws 
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[H,Q] = [H,P ] = [H, J ] =0, 

where Po is the total momentum operator ( 17.291) . Jo is the total angular 
momentum operator (I7.3ip . and Q is the total charge (17.45)) . The number of 
electrons is conserved, but the number of photons can be changed. So, this 
theory is capable of describing important processes of the photon emission 
and absorption. However, it has two major drawbacks. 

First, it is not Poincare invariant. This means that it is not possible to 
construct an interacting boost operator K such that the Poincare commuta- 
tion relations with H, Po, and Jo are satisfied. In this section we will tolerate 
this deficiency, but in chapter [8] we will show how the Poincare invariance 
can be satisfied in a more comprehensive theory (QED) which includes both 
particles and antiparticles. 

The second drawback is that due to the presence of singularities k^ 1 ^ 2 
in the coefficient functions of (I7.8ip . the interaction V\ formally does not 
satisfy our criterion of cluster separability in Statement 17.71 ^1 The singular- 



ities at k = are related to so-called infrared divergences. Physically, these 
divergences reflect the fact that the photon has zero mass, and an unlimited 
number of soft photons can be created in scattering processes. The tech- 
niques for dealing with infrared divergences are well established (see, e.g., 
[9] [79]) and they will not be discussed in this book. The easiest way to 
avoid such divergences in our calculations is to assign a fictitious small mass 
to photons. Although, we are not going to indicate this explicitly, we will 
pretend that such a modification is done, so that the k = singularities are 
removed from the coefficient functions of interaction potentials, and these 
functions become smooth in agreement with the Statement I7.7lr 6 l 



Another important problem with interaction (17.811) is its unphys type] 27 ! 
In chapter we will demonstrate that this fact is responsible for the necessity 
to introduce renormalization, which is equivalent to adding (infinite) coun- 
terterms to the interaction (|7.8ip . In this section we will discuss only the 



25 The same problem is also characteristic for interaction potentials in QED (|L. 10|) and 
(10311 

26 Even in the limit of zero photon mass the singularity at k = is not as bad as it 
looks. In the dressed particle representation of QED it becomes obvious that interaction 
potentials between charges (e.g., the Coulomb potential in the 2nd perturbation order) 
are still separable in spite of having a long range (see subsection 110. 3. 3|) . 

27 Two potentials in V\ satisfy condition 2. for unphys operators in subsection 17.2.41 
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(a) 



+ 1 
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p-k 
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Figure 7.1: Diagram representation of the interaction operator V\. 

2nd perturbation order for scattering operators, so the renormalization will 
not concern us here. 

7.3.2 Drawing a diagram in the toy model 

Our primary goal in this subsection is to introduce the diagram technique 
which greatly facilitates perturbative calculations of scattering operators 
( 16. lOOp and ( 16.103!) . Let us graphically represent each term in the inter- 
action potential ( 17.8 lj) as a vertex (see Fig. I7.1D . Each particle operator in 
(17.811) is represented as an oriented line or arrow. The line corresponding to 
an annihilation operator enters the vertex, and the line corresponding to a 
creation operator leaves the vertex. Electron lines are shown by full arcs and 
photon lines are shown by dashed arrows on the diagram. Each line is marked 
with the momentum label of the corresponding particle operator. Free ends 
of the electron lines are attached to the vertical electron "order bar" on the 
left hand side of the diagram. The order of these external lines (from bottom 
to top of the order bar) corresponds to the order of electron particle opera- 
tors in the potential (from right to left). An additional numerical factor is 
indicated in the upper left corner of the diagram. 

The t-integral V\(t) differs from V\{t) only by the factor — (see eq. 
(17.621) ). which is represented in the diagram by drawing a box that crosses 
all external lines. A line entering (leaving) the box contributes its energy 
with the negative (positive) sign to the energy function Ey 1 . The diagram 
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(a) 



p+k 





p-k 



Figure 7.2: t-integral Vi(t). 



representation of the integral 



Vi(t) 



ch 



(2tt^) 3 / 2 
eych 



n r 

y/k UJ p + Ck- LU p+k 



fl p C k a P+k 



(27Th) 3 / 2 



dpdk e 



-(w p -cfc-t<jp_ k ) 



'p u p- 



(7.82) 



y/k uj p - ck - ^ p _ k 

is shown in Fig. 17.21 

The product of two potentials AB is represented by simply placing the 
diagram B below the diagram A and attaching external electron lines of both 
diagrams to the same order bar. For example, the diagram for the product 
of the second term in (I7.8ip (Fig. 17.1( b)) and the first term in (17.821) (Fig. 
Da)) 



V-yVi oc (aj,a p _ k c k )(a^cj {/ a q+k /) + . . . (7.83) 

is shown in Fig. I7.3( a)l^l This product should be further converted to the 
normal form, i.e., all incoming lines should be positioned below outgoing 

28 By convention, we will place free ends of photon external lines on the right hand side 
of the diagram. The order of these free ends (from top to bottom of the diagram) will 
correspond to the order of photon particle operators in the expression (from left to right). 
For example, in Fig. I7.3f a) the incoming photon line is above the outgoing photon line, 
which corresponds to the order cc^ of photon operators in (|7.83j) . 
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lines. Due to anticommutation relations ( 17. 75ft and ( U.77L each exchange of 
positions of electron particle operators (full lines on the diagram) changes 
the total sign of the expression. On the diagram, the movement of particle 
operators from right to left is represented by the movement of free ends of 
particle lines upward. Each permutation of annihilation and creation oper- 
ators (incoming and outgoing lines, respectively) of similar particles creates 
an additional expression and a new diagram in which the swapped lines are 
joined together by an internal line. Using these rules we first move the 
photon operators in (IT.83j) to the rightmost positions, move the operator a q 
to the leftmost position, and add another term due to the anticommutator 
{a p _ k ,a q } = 5(q-p + k). 



ViVi cx a^aj ) a p _ k a q+k /c k cj t/ + S(q - p + k)a p a q+k /c k c k , 

= a^a^a^a^+uc^cl., + a P a p - k+k 'C k c k , + . . . (7.84) 

Expression (I7.84p is represented by two diagrams 9.3(b) and 9.3(c). In 
the diagram 9.3(b) the electron line marked q has been moved to the top of 
the electron order bar. In the diagram 9.3(c) the product S(q — p + k) and 
the integration by q are represented by joining or pairing the incoming elec- 
tron line carrying momentum p — k with the outgoing electron line carrying 
momentum q. This produces an internal electron line carrying momentum 
p — k between two vertices. 

In the expression (I7.84p . the electron operators are in the normal order, 
however, the photon operators are not. The next step is to change the order 
of photon operators 



V]Vx oc a q a P a p - k a q+k 'C k ,c k + a q a p a p _ k a q+k /<5(k / - k) 

+ a P a P -k+k'C k ,c k + a p a p _ k+k /5(k' - k) + . . . 

ft t t t 

+ a P a P -k+k'C k ,c k + a p a p + . . . (7.85) 



The normal ordering of photon operators in 9.3(b) yields diagrams 9.3(d) and 
9.3(e) according to equation (17.76)) . Diagrams 9.3(f) and 9.3(g) are obtained 
from 9.3(c) in a similar way. 
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Figure 7.3: The normal product of operators in Fig. 17.1( b) and 17.2( a). 
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7.3.3 Reading a diagram in the toy model 

Using diagrams, with some practice, one can perform calculations of scat- 
tering operators (16.1001) and (16.1031) much easier than in the usual algebraic 
way. During these diagram manipulations we, actually, do not need to keep 
momentum labels of lines. The algebraic expression of the result can be 
easily restored from an unlabeled diagram by following these steps: 

(I) Assign a distinct momentum label to each external line, except one, 
whose momentum is obtained from the (momentum conservation) con- 
dition that the sum of all incoming external momenta minus the sum 
of all outgoing external momenta is zero. 

(II) Assign momentum labels to internal lines so that the momentum con- 
servation law is satisfied at each vertex: The sum of momenta of lines 
entering the vertex is equal to the sum of momenta of outgoing lines. 
If there are loops, one needs to introduce new independent loop mo- 
mentc^ 

(III) Read external lines from top to bottom of the diagram and write cor- 
responding particle operators from left to right. Do it first for electron 
lines and then for photon lines. 

(IV) For each box, write a factor —(Ef — Ei) , where Ef is the sum of 
energies of particles going out of the box and Ei is the sum of energies 
of particles coming into the box. 

(V) Write a factor e~% EYt , where Ey is the energy function of the diagram 
which is the sum of energies of all outgoing external lines minus the 
sum of energies of all incoming external lines. 

(VI) For each vertex introduce a factor ev/ ^ , where k is the momentum 

V ' V /(27T?l) 3 fe' 

of the photon line attached to the vertex. 

(VII) Integrate the obtained expression by all independent external momenta 
and loop momenta. 



see diagram I7.3f g) in which k is the loop momentum. 
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7.3.4 Electron-electron scattering 

Let us now try to extract some physical information from the above theory. 
We will calculate low order terms in the perturbation expansion (16.1001) for 
the E-operator 



£i(t) = V x (t) (7.86) 
= (Vi(t)Vi(t)) unp + (Vi(t)Vi(t)) ph + (Fi(t)K(t)) rew (7.87) 

To obtain the corresponding contributions to the ^-operator we need to take 
t-integrals 



S = l + Si(^+S2W + ... 

Note that the right hand side of (I7.86P and the first term on the right hand 
side of (I7.87P are unphys, so, due to eq. (17.651) . they do not contribute to the 
S'-operator. For now, we also ignore the contribution of the renorm term in 
(17.871)1^1 Then we obtain in the 2nd perturbation order 



5 2 = (^i(t)y 1 (t)) pft + ... (7.88) 



Operator V\V_ l has several terms corresponding to different scattering pro- 
cesses. Some of them were calculated in subsection 17.3.21 For example, the 
term of the type a^c^ac (see fig. 17.3( f)) annihilates an electron and a photon 
in the initial state and recreates them (with different momenta) in the final 
state. So, this term describes the electron-photon (Compton) scattering. Let 
us consider in more detail the electron-electron scattering term aJa^aa. The 
corresponding term in the integrand of (17. 88p is described by the diagram 
in Fig. 17.3( e) and, according to the rules (I) - (VII) this diagram translates 
into expression 



FigWMfi) = J dpd^dk ^ + _ a^U^ 



30 In chapter[9]we will have a more detailed discussion of renorm terms in the Hamiltonian 
and scattering operators. 
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The ^integral of this expression is 

2nie 2 h 2 c f 5(cj p _ k + co> q+k — u; q — u p ) 



The delta function in (I7.89P expresses the conservation of energy in the scat- 
tering process. We will also say that expression (I7.89P is non-zero only on 
the energy shell which is a solution of the equation 



^p-k + ^q+k — + 

In the non-relativistic approximation (p, q -C mc) 



2 , P 2 



p 2 c 2 + m 2 c 4 « mc + — (7.90) 

2m 

Then in the limit of small momentum transfer (k -C mc) the denominator 
can be approximated as 



(p - k) 2 p 2 

kick + cUp-k — ^ P ) ~ kick + mc 2 H mc 2 



k(ck + 



2m 2m' 
-2(p-k) + A; 2 . 



2m 

« ck 2 (7.91) 

Substituting this result in (I7.88p . we obtain the second order contribution to 
the S'-operator 



2 



_(5(o;p_ k + ^ q+k - ^ q - uj p ) t t 



S 2 [aWaa] « y rfprfqrfk " v p ~ ' q g 3 ^a p _ k a q+k a q a p 

(7.92) 

with the coefficient function 
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D ^^ = -^m (7J3 > 

In subsections IJ.8I and 110.3.31 we will see that this coefficient function is 
characteristic for scattering of two electrons interacting via usual Coulomb 
potential 



c 2 



, , 7 (7.94) 
47rri-r 2 



so, our toy model is quite realistic. 



7.4 Diagrams in general theory 

7.4.1 Properties of products and commutators 

The diagrammatic approach developed for the toy model above can be easily 
extended to interactions in the general form (17.480 : Each potential Vnm with 
N creation operators and M annihilation operators can be represented by a 
vertex with iV outgoing and M incoming lines. In calculations of scattering 
operators (16.1001) and f)6. 103[) we meet products of such potentials!^ 



Y = VWV<V...VW (7.95) 

As discussed in subsection 17.2.21 we should bring this product to the normal 
order. The normal ordering transforms (17.951) into a sum of terms yv> 



Y = Y J V {3) (7-96) 

3 

each of which can be described by a diagram with V vertices. 

Each potential V® in the product (I7.95P has creation operators, 
annihilation operators, and N^' + integrals. Then each term in the 
expansion ( 17. 96p has 



31 V is the number of potentials in the product. 
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v 

M= J2( Nii) (7.97) 

i=l 

integrals and independent integration variables. This term also has V delta 
functions which express the conservation of the total momentum in each 
of the factors V® . Moreover, in the process of normal ordering, X pairs of 
external lines in the factors V^' have to be joined together to make X internal 
lines and to introduce new X delta-functions. So, the total number of delta 
functions in y^> is 

N S = V + 1 (7.98) 
and the number of external lines is 



S = TV - 21 (7.99) 

The terms y^ in the normally ordered product (I7.96P can be either discon- 
nected (see, for example, Fig. 17.3( d)) or connected, (in which case there is a 
continuous sequence of internal lines connecting any two vertices). 
Consider a product of two connected^] potentials and 



v m v m = Y j y^ (7.ioo) 

3 

where the right hand side is written in the normally ordered form. From 
example (17.831) it should be clear that in a general product (17.1001) there is 
only one disconnected term in the sum on the right hand side. Let us denote 
this term y(°' = (V^V^)disc- This is the term in which the factors from 
the original product are simply rearranged and no pairings are introduced!^! 
All other terms y^\y^ 2 \ ... on the right hand side of (17.100P are connected, 
because they have at least one pairing which is represented on the diagram 
by an internal line connecting vertices and V^. 

Lemma 7.8 The disconnected part of a product of two connected bosonic 
operator^ does not depend on the order of the product 

32 As we will see below, original potentials are always connected in cluster-separable 
interactions. 

33 see, for example, the first terms on the right hand side of (I7.85[) 

34 As discussed in subsection 17.2.31 all potentials considered in this book are bosonic. 
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(V^V^) dlsc = (V®VM) disc (7.101) 



Proof. Operators V^V^ and V^V^ differ only by the order of particle 
operators. So, after all particle operators are brought to the normal order 
in (V^V^^disc and (y^yW)^, they may differ, at most, by a sign. The 
order of boson particle operators does not affect the sign, so it can be ig- 
nored. Let us now focus only on fermion particle operators in and V^ 2 \ 
For simplicity, we will assume that only electron and/or positron particle 
operators are present in and V^ 2 \ The inclusion of the proton and an- 
tiproton operators will not change anything in this proof, except its length. 
For the two factors (where % = 1,2) let us denote iVj the numbers of 
electron creation operators, Np the numbers of positron creation operators, 
Me ' 1 the numbers of electron annihilation operators, and the numbers of 
positron annihilation operators. Taking into account that are assumed 
to be normally ordered, we may formally write 

oc [NV][NV][Ml^[MV>] 
oc [NW][NV> }[MP][mW } 

where the bracket [N^] denotes the product of electron creation op- 
erators from the term V^ l \ the bracket [N^\ denotes the product of 
positron creation operators from the term V^ l \ etc. Then 

oc [^[^[MP]^ (7.102) 
V®VW oc [N®][N^[M®][M®][N^ (7.103) 

Let us now bring the particle operators on the right hand side of (I7.103P to the 
same order as on the right hand side of fl7.102p . First we move electron 
creation operators to the leftmost position in the product. This involves 
Ne Me permutations with electron annihilation operators from the factor 
and permutations with electron creation operators from the 

factor V^ 2 \ Each of these permutations changes the sign of the disconnected 
term, so the acquired factor is (—l) Ne ( Ne +Me '. 
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Next we need to move the [N^] factor to the second position from the 
left. The factor acquired after this move is (— 1)^ +M ? \ Then we move 
the factors [Mj ] and [Mp 1 ' 1 ] to the third and fourth places in the product, 
respectively. Finally, the total factor acquired by the expression (V^V^ 1 ))^ 
after all its terms are rearranged in the same order as in (V^V^)disc is 



/ = (_ 1 )^ 1) ^i 2) +4 1) 4 2) (7.104) 

where we denoted 



Kf = N® + M® 
K® = N®+M® 



the total (= creation + annihilation) numbers of electron and positron oper- 
ators, respectively, in the factor . Then it is easy to prove that the power 
of (-1) in (17.1041) is even, so that / = 1. Indeed, consider the case when K^ 
is even and KP is odd. Then the product Ke Ke is odd. From the bosonic 
character of and it follows that K [ P + Kjp and kP + Kjp are 
even numbers. Therefore Kp is odd and is even, so that the product 
Kjp Kjfi is odd and the total power of (-1) in (I7.104p is even. 

The same result is obtained for any other assumption about the even/odd 
character of Ke and Ki . This proves (17.101!) . ■ 

Theorem 7.9 A multiple commutator of connected bosonic potentials is con- 
nected. 

Proof. Let us first consider a single commutator of connected potentials 
V® and 



V (l)y(2) _ V (2)y(l) ^ ^ 

According to Lemma l7T8l the disconnected terms (V^'V"^)^ and (V^'V^di 
in the commutator (17.1051) are canceled and all remaining terms are con- 
nected. This proves the theorem for a single commutator (17.1051) . Since this 
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commutator is also bosonic, by repeating the above arguments, we conclude 
that all multiple commutators of bosonic operators are connected. ■ 

In a connected diagram the number of independent loops is 

£=X-V+1 (7.106) 

This formula can be proven by the following arguments: If there are V ver- 
tices, they can be connected together without making loops by V — 1 internal 
lines. Each additional internal line will make one independent loop. There- 
fore, the total number of independent loops is X — (V — 1). 

An example of a connected diagram is shown in Fig. 17.41 This diagram 
has V = 4 vertices, £ = 5 external lines, X = 7 internal lines, and L = 4 
independent loops. There are nine integrals and nine independent integra- 
tion variables. Five momentum integrals correspond to the external lines 
(incoming pi, p 2 and outgoing p 3 , p4, and ps) and are a part of the general 
expression for the potential (17.491) . Four integrals are performed by loop mo- 
menta p6, P7, Ps, and pg. These integrals can be absorbed in the definition 
of the coefficient function 



^3,2(P3,P4,P5;Pl>P2) = 

J dp 6 dp 7 dp 8 dp 9 D A (p 6 , p 7 , p 8 , Pi + p 2 - Pe - P7 - Ps; Pi, Pa) x 

D B (P9, Pi + P2 - P7 - P8 - P9; P6, Pi + P2 - P6 - P7 - Ps) X 

Dcip's, Pi + P2 - Ps - Ps - Pq! P7, Pi + P2 - P7 - Ps - Pq) x 
Dd(p' 3 , P4; Ps, P9, Pi + P2 - P5 - Ps - p 9 )^T7^ — —Err (7.107) 

where Ea, Ec, and Ed are energy functions of the corresponding vertices 
( "energy function" = the sum of energies of particles leaving the vertex minus 
the sum of energies of particles entering the vertex). 

7.4.2 Cluster separability of the ^-operator 

In agreement with Postulate 16.31 (cluster separability) and Statement 17.71 
(cluster separability of smooth potentials), we assume that coefficient func- 
tions of interaction potentials in the product (17.951) are smooth. What 
about the product ( 17. 95ft itself? What are the conditions under which such a 
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Figure 7.4: A diagram representing one term in the 4-order product of a 
hypothetical theory. Here we do not draw the order bars as we are not 
interested in the relative order of creation and annihilation operators which 
affects only the total sign. However, we draw all outgoing lines on the top 
of the diagram, and all incoming lines at the bottom to indicate that the 
diagram is normally ordered. Note that all internal lines are oriented upwards 
because all paired operators (i.e., those operators whose order should be 
changed by the normal ordering procedure) in the product (I7.95P always 
occur in the order aor. 
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product is a sum of smooth operators? This question is important, because 
from physical considerations we want the S'-operator to have the property of 
cluster separability, i.e., the scattering of two spatially separated groups of 
particles should proceed as if these groups were alone. 

However, the question about the smoothness of a product of smooth po- 
tentials is not trivial because bringing the product (I7.95P to the normal order 
involves pairings, and pairings produce singular delta functions. For the term 
yV> to be of the smooth form (17.491) . we need to make sure that there are 
enough integrals to integrate out all these delta functions except one delta 
function required by the conservation of momentum, as in ( I7.49p . and that 
the number of remaining integrals is equal to the number of external lines 
( 17.991) plus the number of independent loops C. 

The following theorem establishes an important connection between the 
smoothness of terms on the right hand side of (I7.96P and the connectivity of 
diagrams on the right hand side of this expression. 



Theorem 7.10 Each term in the expansion {1.96^ of the product of 



smooth potentials is smooth if and only if it is represented by a connected 
diagram. 

Proof. We will establish the smoothness of the term by proving that it 
can be represented in the general form (17.491) in which the integrand contains 
only one delta function required by the momentum conservation condition, 
and the coefficient function D NM is smooth. From eq. (17.971) . the original 
number of integrals in y^' is J\f. Integrals corresponding to 8 external lines 
are parts of the general form (17.491) . and integrals corresponding to £ loops 
are absorbed into the definition of the coefficient function of The number 
of remaining integrals is then 



J\f' = M-E-L 

= J + V-l (7.108) 

Then we have just enough integrals to cancel all momentum delta functions 
(17.981) except one, which proves that the term yW i s smooth. 

Inversely, suppose that the term yV> is represented by a disconnected 
diagram with V vertices and X internal lines. Then the number of indepen- 
dent loops L is greater than the value X — V + 1 characteristic for connected 
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diagrams. Then the number of integrations M' in eq. (17.1081) is less than 
X + V — 1, and the number of delta functions remaining in the integrand 
J\f' — J\f$ is greater than 1. This means that the term y^' is represented by 
expression (I7.49P whose coefficient function is singular, therefore the corre- 
sponding operator is not smooth. This contradicts our original assumption 
and proves that the diagram y^> is connected. ■ 

Theorem 17.101 establishes that smooth operators are represented by con- 
nected diagrams, and vice versa. In what follows, we will use the terms 
smooth and connected as synonyms, when applied to operators. 

Putting together Theorems 17.91 and 17.101 we immediately obtain the fol- 
lowing important 

Theorem 7.11 All terms in a normally ordered multiple commutator of 
smooth bosonic potentials are smooth. 

This theorem allow us to apply the property of cluster separability to the 
S'-operator. Let us write the S-operator in the form 



S = (7.109) 

where F is a series of multiple commutators (16.1031) of smooth potentials in V. 
According to Theorem 17.111 operators F and are also smooth@ Then, 
F is cluster separable and if all particles are divided into two spatially 

separated groups 1 and 2, the argument of the exponent in (17.1091) takes the 
form of a sum 



where F^, acts only on variables in the group 1 and F^ 2 ' acts only on vari- 
ables in the group 2. So, these two operators commute with each other. 
Then, the S'-operator separates into the product of two independent factors 

35 The singularities present due to energy denominators resulting from t- integrals in 
(|6.103p are made harmless by employing the "adiabatic switching" trick from subsection 
17.2.61 This trick essentially results in adding small imaginary contributions to each de- 
nominator, which removes the singularity. 
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This relationship expresses the cluster separability of the S-operator and the 
S-matrix: The total scattering amplitude for spatially separated events is 
given by the product of individual amplitudes. 



7.4.3 Divergence of loop integrals 

In the preceding subsection we showed that terms described by connected di- 
agrams are smooth. However, such terms involve loop integrals, and generally 
there is no guarantee that these integrals converge. This problem is evident 
in our toy model: the loop integral by k in diagram 17.3( g) is divergent F^l 



(VriWit))- = I rfprfk- ^ (7.110) 

(2irh) 6 J [uJp-k - co p + ck)k 

Substituting this result to the right hand side of (17.871) we see that the S'- 
operator in the second order £2^) is infinite, which makes it meaningless 

and unacceptable. 

Actually, the appearance of infinities in products and commutators of po- 
tentials in formulas for the S'-operator (16.1001) and (16.1031) is a commonplace 
in quantum field theories. So, we need to better understand this phenomenon. 
In this subsection, we will discuss the convergence of general loop integrals 
and we will formulate a sufficient condition under which loop integrals are 
convergent. We will find these results useful in our discussion of the renor- 
malization of QED in chapter [9] and in the construction of a divergence-free 
theory in section 110.21 

36 For future reference we may note that 3D integral of a function /(k) 



dk/(k) 

diverges at large k if the integrand f(k) tends to zero as fc -3 or slower. The integrand in 
(|7.110p satisfies this criterion: its asymptotic behavior is oc fc~ 2 . 
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Let us consider, for example, the diagram in Fig. 17.41 There are three 
different reasons why loop integrals may diverge there. 

(I) The coefficient functions Da, D b , ... in (17. f 07p may contain singular- 
ities. 

(II) There can be also singularities due to zeroes in energy denominators 
E A and E c + E D . 

(Ill) The coefficient functions Da, Db, • • • may not decay fast enough for 
large values of loop momenta, so that the integrals may be divergent 
due to the infinite integration range. 

As discussed in subsection 17.3.11 the singularities in the coefficient functions 
are avoided if we introduce a fictitious small photon mass. The energy de- 
nominators also may be assumed finite if we use the adiabatic switching 
prescription from subsection 17.2.61 The divergence of loop integrals at large 
integration momentum or ultraviolet divergence (point (III) above) is a more 
serious problem, which we are going to discuss here. We would like to show 
that the divergence of loop integrals is closely related to the behavior of co- 
efficient functions of potentials far from the energy shell. In particular, we 
would like to prove the following 

Theorem 7.12 If coefficient functions of potentials decay sufficiently rapidly 
(e.g., exponentially) when arguments move away from the energy shell, then 
all loop integrals converge. 

Idea of the proof. Eq. (17.1071) is an integral in a 12-dimensional space of 
4 loop momenta p6, P7, Ps, and pg. Let us denote this space E. Consider for 
example the dependence of the integrand in (I7.107P on the loop momentum 
pg as pg — > oo and all other momenta fixed. Note that we have chosen the 
integration variables in Fig. 17.41 in such a way that each loop momentum 
is present only in the internal lines forming the corresponding loop, e.g., 
momentum pg is confined to the loop BDCB, and the energy function E A of 
the vertex A does not depend on pg. Such a selection of integration variables 
can be done for any arbitrary diagram. Taking into account that at large 
values of momentum u p ~ cp, we obtain in the limit pg — > oo 
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Ea — > const, 

Eb — ^Pl+P2-P7-P8-P9 ^P9 _ ^Pe ~~ ^Pl+P2-P6-P7~P8 

~ 2cp$ — > oo, 

E(J = ^p 1 +p 2 -p 5 -p8-p9 + ^PS ~~ ^P7 _ ^Pl+P2-P7-P8~P9 

— > const, 

Ed = ^p 3 + ^p 4 - ^p 8 _ ^P9 ~~ ^Pl+P2-P5-P8-P9 
~ — 2cp 9 — > OO. 

So, in this limit, according to the condition of the theorem, the coefficient 
functions at vertices B and D tend to zero rapidly, e.g., exponentially. In 
order to prove the convergence of the loop integrals, we need to make sure 
that the same rapid decay is characteristic for all directions in the space S. 

The above analysis is applicable to all loop variables: Any loop has a 
bottom vertex (vertex B in our example), a top vertex (vertex D in our 
example), and possibly a number of intermediate vertices (vertex C in our 
example). As the loop momentum goes to infinity, the energy functions of 
the top and bottom vertices tend to infinity, i.e., move away from the energy 
shell, which ensures a fast decay of the corresponding coefficient function. 

Now we can take an arbitrary direction to infinity in the space S. Along 
this direction, there is at least one loop momentum which goes to infinity. 
Then there is at least one energy function (Ea, Eb, Ec, or Ed) which grows 
linearly, while others stay constant (in the worst case). Therefore, according 
to the condition of the theorem, the integrand decreases rapidly (e.g., expo- 
nentially) along this direction. These arguments are valid for all directions in 
the space E. Therefore the integrand rapidly tends to zero in all directions, 
and integral (17.1071) converges. ■ 

In chapter [8] we will see that in realistic theories, like QED, the asymp- 
totic decay of the coefficient functions of potentials at large momenta is not 
fast enough, so Theorem 17.121 is not applicable, and loop integrals usually 
diverge. A detailed discussion of divergences in quantum field theory and 
their elimination will be presented in chapters and 110.21 



Chapter 8 

QUANTUM 
ELECTRODYNAMICS 

If it turned out that some physical system could not be described 
by a quantum field theory, it would be a sensation; if it turned 
out that the system did not obey the rules of quantum mechanics 
and relativity, it would be a cataclysm. 

Steven Weinberg 



So far we developed a general formalism of quantum theory. We empha- 
sized that any such theory must obey, at least, three important requirements. 

• the theory must be relativistically invariant 

• the interaction must be cluster separable; 

• the theory must allow for processes involving creation and annihilation 
of particles. 

We considered a few model examples, but they were purely academic and 
not directly relevant to real systems observable in nature. The reason for 

1 This means that a unitary representation of the Poincare group should be constructed 
in the Hilbert (Fock) space. In section [ll.2l we will see that even more specific condition can 
be formulated: this representation should belong to the instant form of Dirac's dynamics. 
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such inadequacy is that our models failed to satisfy all three requirements 
mentioned above. 

For example, in subsection 16.3.71 we constructed an interacting model 
that explicitly satisfies the requirement of relativistic invariance. We also 
managed to ensure that the model is cluster separable in the 3-particle sector. 
In principle, it is possible to show that by following this approach one can 
build cluster-separable interactions in all n-particle sectors. There is even 
a possibility for describing systems with variable number of particles [80J. 
However, the resulting formalism is very cumbersome, and no applications 
to real physical systems have been reported yet. It seems that the major 
problem is with cluster separability, which is formulated in terms of difficult- 
to-use conditions like (I6.54p - (16.571) . 

In section 17.31 we considered another toy model of interacting particles, 
which was based on the formalism of creation and annihilation operators. 
The great advantage of this formalism was that the cluster separability con- 
dition could be conveniently expressed in terms of smoothness of coefficient 
functions of interacting potentials!! The processes of particle creation and 
annihilation were easily described as well. However, the difficult part was to 
ensure the relativistic invariance. In our toy model we have not even tried 
to make the theory relativistic. 

Fortunately, there is a relatively simple theory, which allows one to satisfy 
all three conditions listed above. What is even more important, this theory 
is directly applicable to realistic physical systems and allows one to achieve 
an impressive agreement with experiments. This is the quantum field the- 
ory (QFT). A particular version of QFT for describing interactions between 
electrically charged particles and photons is called quantum electrodynamics 
(QED), which is the topic of our discussion in this chapter. 

In section 18.11 we will write down interaction terms V (potential energy) 
and Z (potential boost) in QED. In section l8~2l S- matrix elements will be cal- 
culated in the lowest non-trivial order of perturbation theory. In chapter [9J 
we will discuss ultraviolet divergences and the procedure of their renormaliza- 
tion, which allows one to obtain physically sensible results for the S'-matrix 
in all perturbation orders. 



2 see Statement 17.71 
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8.1 Interaction in QED 

Our goal in this section is to build the interacting representation U(A, a) of 
the Poincare group in the Fock space ( 17.11) . In this book we do not pretend 
to derive QED interactions from first principles. We simply borrow from the 
traditional approach the form of four interacting generators of the Poincare 
group H and K in terms of quantum fields for electrons/positrons ip a (x), 
protons/antiprotons ty a (x), and photons a M (x) (see Appendices Ul and |K|) . 

At this point we do not offer any physical interpretation to quantum fields. 
For us they are just abstract multicomponent functions from the Minkowski 
space-time M. to operators in the Fock space. The only role of quantum fields 
is to provide convenient "building blocks" for the construction of Poincare 
invariant interactions. This attitude was inspired by a non-traditional way 
of looking at quantum fields presented in Weinberg's book [9]. Also, we are 
not identifying coordinates x and t in M. with positions and times of events 
measured in real experiments. The space-time M. will be understood as an 
abstract 4-dimensional manifold with pseudo-Euclidean metric. In section 
110.41 we will discuss in more detail the meaning of quantum fields and the 
relationship between their arguments and positions and times of observable 
events. 

8.1.1 Construction of simple quantum field theories 

In simple QFT theories the construction of relativistic interaction proceeds 
in three steps [HI I8T] : 

Step 1. For each particle typdf] participating in the theory we construct a 
quantum field which is a multicomponent operator- valued function 0i(x, t) 
defined on the Minkowski space-time and satisfying the following condi- 
tions. 

(I) Operator 0j(x, t) contains only terms linear in creation or annihilation 
operators of the particle and its antiparticle. 

(II) Quantum fields are supposed to have simple transformation laws 



3 A particle and its antiparticle are assumed to belong to the same particle type. 
4 see Appendix ll.il 



290 



CHAPTER 8. QUANTUM ELECTRODYNAMICS 



i 

with respect to the non-interacting representation of the Poincare group 
in the Fock spacejf] where A is a boost/rotation, a is a space-time trans- 
lation, and Dij is a finite-dimensional representations of the Lorentz 
group. 

(Ill) Quantum fields turn to zero at x-infinity, i.e. 



lim 0i(x,t) = (8.2) 

|x|— >oo 

(IV) Fermion fields (i.e., fields for particles with half-integer spin) <fii(x) and 
4>j(x') are required to anticommute if (x — x') is a space-like 4- vector]]] 
or equivalently 



{0,(x,t),0,(y,t)} = (8.3) 

Quantum fields for electrons-positrons ip a (x) and protons-antiprotons 
ty a (%) are constructed and analyzed in Appendix [J] 

(V) Boson fields (i.e., fields for particles with integer spin or helicity) at 
points x and x' are required to commute if (x — x') is a space-like 
4-vector, or equivalently 



[^(x,t),^(y,t)] = Oi/x/y (8.4) 

Quantum field for photons A^(x) is discussed in Appendix iKl 
5 see subsection 17. 1.81 

6 The representation Dij is definitely non- unitary, because the Lorentz group is non- 
compact, and it is known that non-compact groups cannot have finite-dimensional unitary 
representations. 

7 A 4-vector (x, t) is space-like if x 2 > c 2 t 2 . 
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Step 2. Having at our disposal quantum fields <j)i(x),if)j(x), Xk(%), ■ ■ ■ f° r all 
particles we can build the potential energy density 

K(x,t) = ^K(x,t) (8.5) 

n 

in the form of polynomial where each term is a product of fields at the same 
(x, t) point 

V n (x,t) = G ?jk..Mx,t)^(x,t) X k(x,t) . . . (8.6) 

i,j,k,... 

and coefficients G^ k are such that V(x) 
(I) is a bosonicj^l Hermitian operator function on the space-time Ai; 

(II) transforms as a scalar with respect to the non-interacting representa- 
tion of the Poincare group: 

^(A, a)V(x)U (A, a) = V(A(x + a)) 

From properties (18.31) - (18. 4p and the bosonic character of V(x) it is easy 
to prove that V(x) commutes with itself at space-like separations, e.g., 

\V{x,t),V(y,t)] = Oz/x^y (8.7) 

Step 3. The interaction terms in the Hamiltonian and boost operator are 
obtained by integrating the potential energy density (I8.5P on x and setting 
t = 

H = H + V = H + J dxK(x, 0) (8.8) 
K = K + Z = K + ^y rfxxF(x, 0) (8.9) 
8 i.e., there is even number of fermionic fields in each product in ()8.6|1 
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With these definitions, the commutation relations of the Poincare Lie algebra 
in the instant form of interacting dynamics (16.221) - (I6.26P are not difficult to 
prove (see EH [82] and Appendix [N]) . 

One can appreciate the simplicity and power of the quantum field formal- 
ism by comparing it with the Bakamjian-Thomas "direct interaction" theory 
discussed in section 16.31 There we found it rather difficult to make interac- 
tions cluster separable, and to provide a unified treatment of systems with 
different numbers of particles. In QFT we immediately obtain interaction 
operators in the entire Fock space, and the cluster separability is satisfied 
almost automatically!^! 

Unfortunately, formulas (18.81) and (18.91) work only for simplest QFT mod- 
els. More interesting cases, such as QED, require some modifications in this 
scheme. In particular, the presence of the additional term f2^(x, A) in the 
transformation law of the photon field (IK. 211) does not allow us to define the 
boost interaction in QFT by simple formula (18. 9p . The construction of QED 
interactions and will be discussed in the rest of this section. The full proof 
of their Poincare invariance is given in Appendix [NJ 

8.1.2 Interaction operators in QED 

The total Hamiltonian of QED is 



H = H + V (8.10) 

where the non-interacting Hamiltonian Hq is that from eq. ( 17. 28ft . and in- 
teraction is composed of two terma^l 



V(t) = V 1 (t) + V 2 (t) (8.11) 

The first order interaction is a pseudoscalar product!"] of the fermion current 
operatoi0 and the photon quantum fields 

Coefficient functions of potentials in (|8.8|) are usually smooth in the momentum rep- 
resentation 

10 Here and in what follows we denote the power of the coupling constant e (the pertur- 
bation order of an operator) by a subscript, i.e., Hq is zero order, V± is first order, V2 is 
second order, etc. 

"see eq. (|L3)l 

12 see Appendix lL.il 

13 Here we mark the photon quantum field A by tilde as if it was a 4-vector. As shown 
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Vx(t) = - I dxj(x,t)-A(x,t) 

dxj(x,t)A(x,t) (8.12) 



c 



The second order interaction is 



VAt) = I / tMy j°('- t )A(y ; ') (8.13) 
c 7 87r|x — y| 

The interaction in the boost operator 

K(t) = K (t) + Z(t) (8.14) 

is defined as 

Z(t) = ^y"dxxj(x,t)A(x,t) + -^j J dxdyj (x,t)xg(x-y)j (y,t) 

+ iy dxj (x,t)C(x,t) (8.15) 

where components of the operator function C(x, t) are given by eq. (IN. 91) . 

The Hamiltonian if and the boost operator K here are those usually 
written in the Coulomb gauge version of QED [9], [81]. In Appendix INI we 
prove that the theory presented above is Poincare invariant. For this proof it 
is convenient to represent interaction operators of QED in terms of quantum 
fields, as above. However, for most calculations in this book it will be more 
convenient to express interaction operators through particle creation and 
annihilation operators, as in chapter [71 To do that, we just need to insert 
expansions (1J.22B and (IK.lj) in equations f)8.12p and (I8.13p . The resulting 
expressions are rather long and cumbersome, so this derivation is done in 
Appendix [Ll 



in Appendix IK. 61 in fact, the components of A do not transform by 4-vector rules. The 
last equality follows from eq. (|K.6I) . 
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8.2 S-operator in QED 



8.2.1 ^-operator in the second order 

In order to explore physical consequences of the QED interaction (18.121) - 
(18.131) . let us calculate the S'-operator (16.1021) . In this section we will calcu- 
late only 2nd order terms in S that are responsible for the proton-electron 
scattering. These are terms of the type cfta^da. It will be convenient to start 
this calculation from expanding the phase operator (I6.103P in powers of the 
coupling constant 



Taking into account that operator V\{t) is unphys, so that Fi{t) = V\{t) = 0, 
we obtain the following perturbation expansion 



F(t) 



F^t) + F 2 (t) + . . . 



where 



Fx® 



Viit) 



(8.16) 



Fit) 



s 



e 




Let us first evaluate expression — |[Kij^] m (18.171) . The relevant terms 
inVi(t)ar€0 



14. 



see eq. (|L.10|) : operators A, C, D are defined in (|J.45p - (|J.52[> and (|K.8| 
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Vi(f) 

= -7^w5 / ^P^i(p + k)^(p)C^(k)e-t(-p + — p- 

" (2^7* / rfkd P^(P- k )^(P)^( k ) e "" ( ^ k ^ P+Cfc)t 
+ / rfkd P Di(p + k) J D /3 (p)C Q/3 (k)e^^ + -^-^ 

+ / rfkdpDi(p-k) J D /3 (p)Ci /3 (k)e^^--^ +cfc ) t + 

According to (17.62p . the corresponding terms in V\(t) are 



Vi(t) 



e /■ , e -i(o; p+k -Wp-cA:)t 

dkdpA^p + k)^(p)C Q/3 (k)- 



1 dkdpDl{p + k)Dp(p)C a p(k)- 



(27T^) 3 /2 J — aV*- ■ ^p^^^n^-np-dfe 

g /• + + ^ g— £(«p-k-«p+<*)t 



dkdpD T a (p-k)^(p)Cjfl(k)- 



+ ... (8.18) 

In order to obtain terms of the type D^A^DA in the expression \V_ 1 , Vi], 
we need to consider four commutators: the 1st term in V_ l commuting with 
the 4th term in V\, the 2nd term in V_i commuting with the 3rd term in V\, 
the 3rd term in V_ 1 commuting with the 2nd term in V\, and the 4th term in 
V_ 1 commuting with the 1st term in V\. Using commutator (IK.9[) we obtain 



2 r 

1 dkdpdk'dp'A j a (p + k)A /3 (p)DVp / - k')^(p') 



2(2vrfr) 
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e - i («p +k -«p-cfc)t e - £ (fV_ k , -n p , + C fe')t 



2(2irhY 



dkdpdk'dp'Al(p - k)A p (p)DUp' + k')Dsb>') 



^ k _^ + dt 

2 /• 

' dkdpdk'dp'Sl(p + k)^(p)AL( P ' - k')A s (p') 



P - i (<V-k' -a V +ck '^p-i (n p+k -n p -ck)t 

l ^ (k) '^ (k ' )l n „ n <* 

f dkdpdk'dp'Dlip - k) J D /3 (p)AVp / + k')^(p') 



2(2irh) 



_ ehc f dkdpdq 
( - L>;(p-k)L> 5 (p)Ai(q + k)^(q)- 



+ ^(p + k^p^q-k^q) 



^(p + kjD^q-k)^ 



+ Di(p-k)^(p)A;(q + k;).4 () (q)-^ - „ , 7 - 
e 2 /i 2 c /" dkdpdq 



4(2tt^) j 



/" dkdpdq 

y — £ — V( k ) 



Di(p-k) J D /3 (p)Al(q + k)A 5 (q) 



+ Dl(p-k)De(p)Al( q + k)A s ( q ) 



Di(p-k)Dp(p)Ah q + k)A s ( q ) 





^q+k ' 


- cj q — c/c 


e~ 




-w q +n p+k -r2p) 




^q-k " 


- CJ q + C/C 


e~ 








f^p+k " 


^p c/c 


e~ 




-OJq+Qp_ k — Qp) 




^p-k • 


- Qp + ck 


e~ 




-OJq+Qp_k — fip) 




^q+k " 


- cj q — cA; 


e~ 


!K+k- 


-OJq+Qp-k — S~2p) 




^q+k - 


- C<J q + ck 


e~ 




-^q + f2p — k — Hp) 



k ^p 
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where we denote 



+ + P~7T ( w q+k-^q + Slp-k-^' 

Dl(p - k)D (p)A\( q + k)^(q) - k _ Q +ck 

e -^(p,q,k)^t (p _ k)Z t (q + k)jD/3(p)A5(q) 

e 2 £ 2 c 2 f „ V(k) 

e -^( P , q ,k)^t (p _ k)Z t (q + k)jD/3(p)A5(q) 



(pH-g) 2 = (w p -w q ) 2 -c 2 |p-q| 2 
(P-Q) 2 = (fi p -fi q ) 2 -c 2 |p- q | 2 



(8.19) 



and 



E(p, q, k) = w q+k 



is the energy function. 

Now consider the first term on the right hand side of ( 18. 19ft . and use the 



form (1K.14|) of the matrix /^(k) with k° defined as k° = co> q+ k 
properties (1L.8I) - (1L.9|) we obtain 



q- 



Using 



2(2nh) 3 J * ^(q + k + g)2 
e -iB(p, q ,k)f0t( p _ k) 7 ^ J D /3 (p)I t (q + k) 7 M(q) 

akrfprfq— 



^(p - k) 7 ^(p)c 2 ^ t (q + k) 7 M(q) 



In this notation p, P, Q are momentum- energy 4- vectors: p = (u> p , cp x , cp y , cp z ), and 
(p -j- <?) 2 is recognized as a pseudoscalar square of the difference between 4- vectors p and 
g, i.e., (p~q) 2 = (p - q)^(p- qY- 
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+ ^D\p - k)Yk,D(p)A\q + k) 7 ^(q) 



+ —^D{p - k)Yn,D(p)A> (q + k)<fk v A(<$ 
- ^D\p - k)Yk,D(p)A\q + k)<fKA{q) 
+ j^- D (P ~ k)TV(p)^ (q + k)T^A(q)) 

e 2^2 r e -jrE(p,q,k)t 



/dkdpdq — 
(a 



2(2<Khf J * ^(g + ~ k + qy 
D\p - k) 7 ^(p)cV^(q + k) 7 ^(q) 
+ -D\p - k) 7 ^, J D(p)A t (q + k) 7 "n„A(q) 

+ fc2 ^ (P " k) 7 % J D(p)A t (q + k) 7 X^(q)J 

e 2 h 2 



J dkdpdqe-^wW 



D\p - k)<fD(p) C ^ A\q + k) 7 M(q) 

+ ZTl ~ Vl^D(p)A\ q + k)YU(q) 

- lD t (p-k)7° J D(p)A t (q + k)7M(q) 

A similar calculation can be done for the second term in ([8] Combining 
these two expressions with the term D^AWA in V 2 (t)0 we see that operator 
F 2 (t) in (18.161) can be written in the form 



h 2 e 2 



2(2^)3 ' rfprfqdke 



-fE(p,q,k) 



( D t (p-k)7 J D(p) T ^A t (q + k)7°A(q) 



16 This time we should set A; = f2 p _k — ^ P 
17 the fourth term in eq. (|L. 13(1 
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+ D\p - k) 7 ^(p) Z f (q + k) 7 M(q) 

(g + ft 4- q) z 

+ D\ V - k)r^(p) ^ -7 "V ^ta + k) 7 °A(q) 

/r(g + ft -T- g) 2 

- D t (p-k) 7 ° J D(p)lA t (q + k) 7 A(q) 

+ ^(p - k) 7 ^(p) -^^- A t (q + k)7M(q) 

+ D f (p - k) 7 °D(p) J! p - k " \ A f (q + k)/M(q) 

k z {P — k py 

- D t (p-k) 7 ° J D(p)lA t (q + k) 7 M(q) 



2(2tt^) ; 



y dpdqrfke-^ S{p ' q ' k) 



D\p - k) 7 ^(p) ^ A f (q + k) 7 M(q) 
(g + ft 4- g) 2 

+ D f (p - k) W?(p) - 2 ^ q+k r " ^, 2 ^(q + k)7 -4(q) 

fc 2 (g + ft 4- g) 2 

+ ^(p - k) 7 ^(p) l f (q + k) 7 M(q) 

+ TJ\p - k) 7 °D(p) " P " k ^ ^(q + W(q)) (8.20) 

Now we can insert eq. ( 18.20j) in the formula for the S'-operator ( 18. 17ft . To 
perform the integration by t from — oo to oo we just need to substitute the t- 
exponent e~^ B ^ p ' q ' k - ) * with the delta function 2%i5(E(p, q, k))@ This makes 
the S'-operator vanishing everywhere outside the energy shell E(p, q, k) = 0. 
So, we can use formulas 



f2 p _k — f2 p — ujq — u; q _|_k 



18 According to the definition (|6.98[) of the symbol Y we get 
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(P-K + P) 2 = (q + k + q) 2 (8.21) 
Finally, we use properties (IL.8[) and 0L.90 to obtain 

S 2 [d ] a ] da] = F 2 (t) 

2 r 

dpdqd\i5(E(p, q, k)) 



ie 2 



D\p - k)>fD(p) ^ Z f (q + k)YA(q) (8.22) 



The S'-operator (18.221) can be represented in the general form (I7.49ll 19 l 

S 2 [d*a^da] = / dpdqdp'dq'^^, q, p', q'; er, r, cr', T')d^ CT a^ T dp' |0 ('&^3) 

where the coefficient function S 2 can be obtained by formula 

(0|a qir dp iO -5 2 [ti t a t cZa]^, )(T ,a^ )T ,|0) 
= (0|a q)T d P)(T y dsdtds'dt'^jr^p^Cs, t, s', t';7r, /o, 7T 7 , /£?') 

■K,p,Tr',p' 

d s > y at' ,p' a^/ j(J / a q/ y 1 0) 
= y dsdtds'dt'S2(s,t,s',t';ir, p,it' , p') 

7T,p,7r'.p' 

<5(s - p^^t - q)5 PiT 5(s' - p')^/ iCT /5(t' - q')V,T' 
= S , 2 (p,q,p / ,q / ;er J '''X> i r') 
Using (JH22) and notation flX54|) - flX55|) we obtain 



<S 2 (p,q, p',qV, r, cr,r) 

«e 2 c 2 mMc 4 4 _ ^ tf"(q, r; q', r')W,,(p, a; p', a' 

=d (p + g — p — q ^ 



(8.24) 



19 Here we include the delta function S(p + q — p' — q') in the definition of the coefficient 
function S2. 
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where 



5 4 (p + q — p' — q') = 5(p + q - p' - q')5(O p + cj q - fi p / - co> q /) (8.25) 

is the 4-dimensional delta function. As we showed in Appendix IJ.71 U^ 1 and 
W^ 1 transform as four-vectors. Therefore, the matrix element (18.241) is a 
manifestly covariant object. 



8.2.2 5*2 in Feynman-Dyson perturbation theory 

In the preceding subsection we showed that the S-operator is invariant with 
respect to the non-interacting representation of the Poincare group. This in- 
variance is expected from the commutation relations (I6.90p . However, in our 
derivation this invariance looks almost accidental. We used a non-covariant 
form flK.14j) of the matrix /i Mi ,(k) and observed a cancelation of non-covariant 
terms proportional to k~ 2 coming from the 2nd order interaction V^(t) and 
from the commutator — |[Vi(t), V\{t)] in (18. 16ft . However, as discussed in sec- 
tion 8.5 of [9], this cancelation is not accidental. It is expected to occur for 
all processes in all perturbation orders. This opens a possibility to perform 
S-matrix calculations much more easily than we have done in the preceding 
subsection and to maintain the manifest covariance at each step. Such a 
possibility is realized is in the Feynman-Dyson perturbation theory, which is 
the method of choice for S'-matrix studies in QFT. 

The prescription used in the Feynman-Dyson approach has two ingredi- 
ents [9]. First, one should drop the 2nd order interaction V^t) i nj | 8.11l) . so 



that the full interaction operator is given simply by V\{t) in (I8.12p j 20 l Second, 
in calculations involving photon fields one should use only the covariant part 
of the matrix (IK. 141) 



M k ) = 9»v (8-26) 

Let us see how this prescription works in practice. Here we will repeat cal- 
culation of the 2nd order S'-matrix element S2 using the covariant Feynman- 
Dyson approach based on the perturbation formula (16.1011) 



2 So, we will call V\ the Feynman-Dyson interaction operator to distinguish it from the 
Hamiltonian interaction operator V\ + V2 ■ 
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S 2 (p,q, p',qV, t, g\t') 
(0|a qiT dp )CT 5 , 2^, )CT ,a^ )T ,|0) 



K, T d p , a ( ^ J dhdhT^i^Vxih)] j d pv ,a q , iT ,|0) 



1 



(7 ;, i.r2)^(x 2 ) + ^(x 2 )^(£ 2 ))]rf p/i(T/ a q , r/ |0) 

d 4 x 1 d 4 x 2 (0|a qir rf PiCT fT[J^(£ 1 )A M (£ 1 )^(£ 2 )^(5 2 )] 



+ 



2!/i 2 c 2 

r[^(x 1 )A M (z 1 )J"(x 2 )A A4 (£ 2 )])^ i(T ,o^|0) 



= ^ J d 4 xid 4 x 2 

(0|a qiT rf PiCT T[^(£ 1 )7^(5 1 )A M (£ 1 )^(£ 2 ) 7 ^(5 2 )^(x 2 )]d P , i(J ,a q , ir/ |0) 

(8.27) 

If the operator sandwiched between vacuum vectors (0| . . . |0) is converted 
to the normal form, then all its terms will not contribute to the matrix ele- 
ment, except the c-number term. In order to provide such a c-number term 
the operator under the T-symbol should have the structure d^a^da. From 
the expressions (1J.22I) and (1J.24j) for quantum fields if) and \1/ we conclude 
that operator d^ (with corresponding numerical factor) may come only from 
\]/, operator at from ip, etc. In the process of bringing the full operator 
to the normal form creation (annihilation) operators inside the T-symbol 
change places with corresponding annihilation (creation) operators outside 
this symbol. This leaves momentum delta function times Kronecker delta 
symbol of spin labels times numerical factor. The delta function and delta 
symbol disappear after integration (summation), and only the numerical fac- 
tor is left. For example, the electron creation operator from the factors ip a 
being coupled with the annihilation operator a qr results in the numerical 
factor 



exp(-<? • Xi)u a (q,r) 



(8.28) 
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After these routine manipulations the coefficient function takes the fornix 



S 2 (p,q, p',q';^, t, a',T) 

, 4 4 e 2 mMc 4 
a x\d x 2 - 



h 2 (2nh) 6 ^UqU^iQpQp/ 

ex P(T ( ? " ^l) ex P(-T? • £i) ex P(-rP • ^2) exp(-^p' • x 2 ) 
a n a n 

«(q, r)7 M n(q', r>(p, ( x) 7 ^(p / , a') (0|T[^(£0^(x 2 ))] |0) 

1 /■, 4 j4 , e 2 c 2 mlc 4 
— : / a X\d x 2 d s- 



2ni J (2irh) 9 ^UqLJ^QpQp, 



expf^g • xi) exp(--^g' • xA exp(^p • x 2 ) exp(-\' ■ x 2 ) expf^s • (x 2 - Xi)) 
n n n n n 

B.(q, r)7> 6 (q', r>)^-w c (p, a) 7 fw d (p f , a') 
r s z — ze 

1 /\ 4 , 4 , 4 eVtnlc 4 
a X\d x 2 d s- 



2-Kl J ' (2ttH) 9 ■s/uJqUJq'tlptlpi 

exp(-(g — q' — s) ■ x\) exp(-(p — p' + s) ■ x 2 ) 
n n 

«a(q, r)-ffu b (q', t') ^ . w c (p, a)ri d w d {p, a' 
p s z — ze 

ie 2 c 2 mMc A _ 4 . _ . . N 
=0 (p + g - p - g) 



B.(q, r)7> 6 (q', r') _ 9 £ _ ^ W c (p, ah?w d (p', a') (8.29) 

which, as expected, is exactly the same as in the non-covariant approach 

Using results from Appendix IJ.8I we can rewrite the S"-operator (18.221) in 
the non-relativistic approximation 



S^d^a^da] 

ie 2 c 2 ^ f S(E(p,q,k)) 



/ dpdqdk 



n'\2 



21 where the vacuum matrix element of the time ordered product of two photon quantum 
fields (the photon propagator) was taken from (|K.16p 
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•v 



q 'x 



p',o' 



Figure 8.1: Feynman diagram for the electron-proton scattering in the 2nd 
perturbation order. 



W M (p - k, a; p, e/)£/ M (q + k, r; q, r / )4,-k, ( x t W' a q+k,T a q,T 



le 



(27T) 2 h 



a q+k,r a q,T' 



w ,u ^(p ; q> k )) ,t , t 



(8.30) 



This is consistent with our toy model (17.921) . The difference in sign is related 
to the fact that eq. (17.92p describes scattering of two electrons having the 
same charge and, therefore, repelling each other, while eq. (18.301) refers to 
the attractive electron-proton interaction. 



8.2.3 Feynman diagrams 

The expression (18.291) for scattering amplitude can be conveniently repre- 
sented by the Feynman diagram shown in fig. IBTlPl Here we would like to 



formulate some general rules for drawing and interpreting Feynman diagrams 
in QED. 

The initial state of the electron with momentum q and spin component 
t is represented by the factoid 



22 Note that in spite of some similarities, Feynman diagrams are fundamentally different 
from diagrams considered in sections 17.31 and 17.41 Feynman diagrams describe expressions 
obtained in the Feynman-Dyson perturbation theory, while diagrams from sections 17.31 
and 17.41 are for the use in the "old-fashioned" (non-covariant) perturbation theory. 

23 This is the same expression as (|8.28j) . though the exponential factor is omitted. Ex- 
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mc 2 



■««(q,r) (8.3i; 



in (19.121) and by a thin incoming arrow in the diagram 19.21 Similarly, the 
final state of the electron is represented by the factor 



mc 2 



-Ub(q, t') (8.32) 



in (19.121) and by a thin outgoing arrow in the diagram 19.21 The incoming 
and outgoing proton lines are described by thick arrows in the diagram and 
by factors 



Mc 2 _ , / Mc 2 , . A , 

-w c [p,a), J w d {p,a) (8.33) 



respectively. Similarly incoming and outgoing external photon lines (not 
present on the graph) should correspond to factors 



hy/7 ' Mp,t), -^#=e:(p,r) (8.34) 



y/2p(2irh) 3 ^ ^2p(2nhY 

respectively. 

An internal photon line carrying 4-momentum k corresponds to the pho- 
ton propagator 



H 2 c 2 g^ 

(8.35) 



2m{2nhfk 2 



ponential factors coming from different sources will be collected and treated later. 

24 Compare with (|K.16[) . Here we omit the integration sign and the exponential factor, 
which will be tackled later. 
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An internal electron lineal connects two vertices and corresponds to the elec- 
tron propagator in (I9.12|J^1 



{fr + mc 2 ) bc (g36) 



2m(2iThy(k 2 - m 2 c 4 ) 
Similarly, an internal proton line is associated with the factor 



(8.37) 

2iri(2nh) 3 (k 2 - M 2 c A ) 

The number of vertices (V) in the graph is the same as the order of 
perturbation theory (=2 in our case). Each vertex is associated with the 
factor 



*(2vrft) 4 e 7 ^ 

n 

This factor has three indices subject to summation. Two spinor indices a and 
b are coupled to indices of fermion factors (18.311) - (18.331) or (18.361) - (18.371) . 
Thus, in the diagram, each vertex is connected to two fermion lines (either 
external or internal). The 4- vector index \x is coupled to indices of either free 
photon factor (I8.34j) or photon propagator (18.351) . Correspondingly, each 
vertex connects to one photon line (either external or internal). So, we 
conclude that each contribution to the QED S-matrix can be represented 
simply by drawing a connected^! diagram, whose edges and vertices respect 
the above connectivity rule. 

Let us now discuss exponential factors and integrations. Each inter- 
action vertex is associated with 4-integral J d 4 x. Each incoming external 
particle line (attached to the vertex with integration variable x) is associ- 
ated with exponential factor exp(|p • x). Each outgoing external particle 

25 For brevity, we call them "internal electron lines" . However, in fact, the corresponding 
propagator has contributions from both electron and positron operators. 

26 Compare with (|J.76j) . Here we omit the integration sign and the exponential factor, 
which will be tackled later. 

27 As discussed in subsection 17.4.21 we should not consider disconnected diagrams, be- 
cause they correspond to uninteresting spatially separated scattering events. 
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line (attached to the vertex with integration variable x) is associated with 
exponential factor exp(— ~r> ■ x). Each internal line carrying 4- momentum 
p and connecting vertices marked by x and x' provides exponential factor 
exp(|j5 • (x — x')). So, the full exponential factor that depends on x is 
exp(|(pi + p2 + ps) ■ x), where pi are 4-momenta (with appropriate signs) 
of the three lines attached to the vertex. Integrating on d 4 x we obtain the 
4-momentum 5-function (2TTh) 4 5 4 (pi + p2 + ps), which expresses the "con- 
servation of the 4-momentum" at the interaction vertex. This conservation 
rule helps us to assign 4-momentum labels to all lines: The external lines 
correspond to real observable particles, so their energy-momenta are given 
(po,p) and (p' ,p'), and they are always "on the mass shell" . I.e., they 
satisfy conditions 

p = Up = a/ m 2 c 4 + p 2 c 2 
Po — Wpi = a/ m 2 c 4 + (p') 2 c 2 

We can arbitrarily assign directions of the momentum flow through inter- 
nal lines. For each independent loop we should also introduce an additional 
4-momentum, which, as we will see, is a dummy integration variable. Then, 
following the rule that the sum of 4-momenta of lines entering each vertex 
must be equal to the sum of 4-momenta of lines leaving this vertex, we can 
assign a unique 4-momentum label to each line in the diagram. 

In addition to d x integrations discussed above we also have 4-momentum 
integrals associated with each external line and each internal line (propaga- 
tor). As we discussed in subsection I7.4.1[ this is sufficient to kill all 4- 
momentum delta functions, leaving just one expressing the conservation of 
the overall momentum and energy in the scattering process. The number of 
integrals left is equal to the number of independent loops in the diagram. 

To summarize, we have the following rules for writing V-order matrix 
element of the scattering operator 

1. Draw a Feynman diagram with V vertices and £ independent loops, 
whose external incoming (outgoing) lines correspond to initial (final) 
configuration of particles in the considered scattering event. Momenta 
and spins of particles in these asymptotic states are given. 

2. Assign arbitrary 4-momentum labels to £ internal loop lines. 
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3. Following the "4-momentum conservation" rule assign 4-momentum 
labels to all remaining internal lines. 

4. The integrand is now obtained by putting together numerical factors 
corresponding to all lines and vertices in the diagram as shown in Table 

o 

5. Integrate the obtained expression on all loop 4- momenta. 

6. Multiply by 1/V! (which comes from formula (16.1011) ) and by appro- 
priate symmetry factor^ 

7. Multiply by 4D delta function that expresses the conservation of the 
total energy-momentum in the scattering process. 

8.2.4 Dimensionality checks 

In this book we chose to show explicitly all fundamental constants, like c 
and h, in formulas, rather than adopt the usual convention h — c — 1. This 
makes our expressions slightly lengthier, but has the benefit of easier control 
of dimensionalities at each calculation step. With introduction of quantum 
fields the estimation of dimensionalities becomes more difficult, and in this 
subsection we are going to suggest a few rules for such estimations. 
From the familiar formula 

J dp5{p) = 1 

it follows that the dimensionality of the delta function i@ 



<*(P)> = 




28 For example, in our calculation (|8.27j) the symmetry factor of 2 is needed due to 
the appearance of two identical expressions under the t-ordering sign. This symmetry 
factor canceled exactly the 1/2! multiplier. In all S-matrix calculations in this book such 
cancelation of the symmetry factor and the 1/V! multiplier also occurs. For more complex 
case this may not be true. 

29 (p) = (m) (v) = (E) I (v) denotes the dimensionality of momentum 
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Table 8.1: The correspondence between elements in a Feynman diagram and 
factors in the Feynman-Dyson perturbative expression for the corresponding 
scattering amplitude. 

Diagram element Factor Physical interpretation 

incoming electron line y ^^^ -U^p, a) electron in the state |p, a) 

at t = — oo 



outgoing electron line y ^ 2 ^ 3u} u a (p, a) electron in the state |p, a) 

at t = +oo 

incoming photon line y^(2^h) 3 2 ' e *t JL ^ 1 r ) photon in the state |p, r) 

at t = — oo 

outgoing photon line -j=huL= e M (p, r) photon in the state |p, r) 



at t — +oo 



mc 2 ^ 



internal electron line propagator fe^T^Sl 
carrying 4-momentum p M 

internal photon line propagator ^f^ftprp 
carrying 4-momentum p M 

vertex 



i(2-wh) A e u 
a 'at 



Then (anti) commutation relations of creation and annihilation operators 

{«p l( 7' a pv'} = <Kp-p')<W' 

suggests that the dimensionalities of these operators are 



( a l,a) = Kv) = ( C P,r) = (Cp V ,> 



In the definition of the Dirac's quantum field (IJ.22I) 
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functions u and v are dimensionlesscj 4- vectors p and x have dimensionalities 
of energy (p) = (E) and time (x) = (t), respectively. From the Heisenberg 
uncertainty relationship (I5.45P it follows (h) = (p)(r) = (E)(t), which implies 
that arguments ip ■ x of exponents are dimensionless, as expected. Then the 
dimensionality of the Dirac quantum field is 



1 (P 3 ) P 3/2 ) 



Similarly, we obtain the dimensionality of the photon's quantum field (IK.llll^l 



(A) {h){cl/2) (P 1/2 )( cl/2 ) 

K I ^3/2^^1/2^ ^1/2^ 



the current density operator ( 1L.1I) 



(J) = (ecipip) 
and the potential energy (I8.12|)Ph 



(e)(c) 
(r 3 ) 



30 see (IX35|) - (1X381) 

31 In different texts one can find various definitions of quantum fields, which can differ by 
their numerical factors and dimensionalities from definitions adopted here. However, as we 
stress in subsection 1 1 . 4 . 2l quantum fields do not correspond to any observable quantities. 
They are just formal mathematical objects, whose role is to provide convenient "building 
blocks" for interaction operators (I8.12|) . (I8.13|) . and (|8.15|) . So, there is a significant 
freedom in choosing concrete forms of quantum fields and in formulas relating physically 
meaningful interaction operators V\ , V2, and Z with the fields. The important thing is 
that the form of these interaction operators is not altered. 

32 This expression was simplified by using (e 2 ) = (ft)(c), which follows from the fact that 
a = e 2 /(he) is the dimensionless fine structure constant. 
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(V) 1 ,3x (e)<c)<P 1/2 )<c 1/2 ) 

V i; (c) V ; (r 3 ) (rV2) 

(e)^ 1 ' 2 )^ 2 ) _ (e)(h 1 / 2 )(c 1 / 2 ) _ (e 2 ) 
(rV2) ~ ( r ) ~ (r) 

This is exactly the dimensionality of energy, as one can expect from the 
Coulomb law E = e 2 /(47rr). The 2nd order QED potential (18. 13[) also has 
the dimensionality of energy 

1 (r 3 )(r 3 )(e)(c)(e)(c) (e 2 ) 
{ 2) (c 2 ) (r) (r 3 ) (r 3 ) (r) 

By following the same rules it is easy to establish that all three terms in the 
potential boost (18.151) have the dimensionality (m)(r), as expected. 

Let us illustrate the dimensionality checks on the example of the scatter- 
ing amplitude (I8.27p . The S-operator is a dimensionless quantity, and par- 
ticle creation-annihilation operators have the dimensionality (p~ 3 ^ 2 ). There- 
fore, the dimensionality of the matrix element (0\a fljT dp i(T S2d* , ^a* , f \0) is 
(p~ 6 ). Turning to the final result (18.291) we may note that according to 



and 



(P) = (E) 
Then the dimensionality of ( 18. 29ft 



(e 2 )(c 2 ) <c 3 > 1 



(h)(E)<jfi)(E) (E 3 )(p 3 ) (p»> 

is consistent with expectation. 

Note also that d 4 x = dtdx and d A p = dEdp, so 



(d'x) = (t)(r 3 ) 
(d*p) = (E)(p 3 ) 
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Chapter 9 

RENORMALIZATION 



There is no great thing that would not be surmounted by a still 
greater thing. There is no thing so small that no smaller thing 
could fit into it. 

Kozma Prutkov 



9.1 Renormalization conditions 

In section 18.21 we calculated scattering amplitude (I8.29j) for electron-proton 
collisions in the 2nd perturbation order of QED. This result was finite and 
perfectly reasonable. Similarly, one can obtain rather accurate 2nd order 
results for other scattering events, such as Compton scattering or electron- 
positron annihilation. In general, all amplitudes whose Feynman diagrams 
are tree-like (i.e., do not contain loops), come out fairly accurate. However, 
in higher perturbation orders of QED the appearance of loops is inevitable^ 
and this leads to serious problems. 

For example, all 2nd and 4th order Feynman diagrams that are relevant 
to the electron-proton scattering are shown in fig. 19.11 ^1 The tree diagram 



1 see subsection 17.4. II 

2 Here we show only diagrams, in which loops are associated with electron lines. For 
the complete treatment, one should also take into account loops associated with proton 
lines. They can be analyzed in complete analogy with the steps described in this chapter. 
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19.1( a) is the only one in the 2nd perturbation order. It has been evaluated 
in subsection 18.2.21 All others are 4th order diagrams. Diagrams I9.1( b-g) 
are obtained by direct application of Feynman's rulesjf) All of them contain 
loops. 

There are two types of problems associated with loops. First, it can be 
showifl that loop integrals in diagrams I9.1( e-g) diverge due to singularity at 
zero loop momentum. These are infrared divergences [79|l9]. whose treatment 
is beyond the scope of this book. 

We will be more concerned with divergences of loop integrals I9.1( b-e) at 
high loop momenta, which are also known as ultraviolet divergences. The 
way to fix this problem is provided by the renormalization theory developed 
by Tomonaga, Schwinger, and Feynman in the late 1940's. Basically, this 
approach says that the QED interaction operator (I8.12p - (18.131) 

V(t) = V 1 (t) + V 2 (t) (9.1) 

is not complete. It must be corrected by adding certain counterterms. The 
counterterms are formally infinite operators. However, if they are carefully 
selected to cancel the infinities occurring in loop integrals, then only some 
residual finite contributions {radiative corrections ) remain in each perturba- 
tion order. Just few low orders in the perturbation expansion of the renormal- 
ized S'-operator are sufficient to obtain scattering cross sections, the electron's 
magnetic moment, energies of bound states (e.g., Lamb shifts in atoms), and 
other properties in remarkable agreement with experiment. 

9.1.1 Regularization 

Loop integrals are divergent, and it is difficult to do calculations with infinite 
quantities. To make things easier, it is convenient to perform regularization. 
The idea is to modify the theory by hand in such a way that all loop integrals 
are forced to be finite, so that intermediate manipulations do not involve in- 
finities. The simplest regularization approach adopted in Appendix [Ml is to 
introduce momentum cutoffs in all loop integrals. The cutoffs depend on 
two parameters: the parameter A limits integrals at high loop momenta and 

3 Diagrams I9.1f h-1) are obtained from renormalization counterterms that will be dis- 
cussed in the next section. 
4 see Appendix [Ml 




Figure 9.1: Feynman diagrams for the electron-proton scattering up to the 
4th perturbation order. 
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the parameter A controls integrations at low momenta. Of course, the the- 
ory with such truncated integrals cannot be exact. After adding appropriate 
counterterms to the interaction Hamiltonian, the ultraviolet cutoff momen- 
tum should be set to infinity A — > ooJ§ 

To summarize, we have the following plan 

1. Calculate regularized (finite) S-matrix elements corresponding to dia- 
grams I9.1( b-e) J^l 

2. Add regularized (finite) counterterms to the Hamiltonian, so that cer- 
tain unwanted parts in the S'-matrix elements are canceled. 

3. Take the limit A — > oo of the ultraviolet cutoff. 

4. Make sure that in this limit the S'-matrix elements are finite and accu- 
rate 

9.1.2 The mass renormalization condition 

In point 2 above we required cancelation of "unwanted" terms. Now we need 
to specify more precisely, which terms should be considered "unwanted" , and 
what are the conditions for selecting counterterms. To do that, we note that 
the divergence of loop integrals is not the biggest problem that we face in 
QED. Even if all loop integrals were convergent this would not solve the 
problem: the S-operator might still contain infinities. Let us now consider 
in more detail how these infinities appear and what we can do about them. 

The scattering phase operator F in (I8.17P calculated with QED interac- 
tion operator (19. ip has unphys, phys, and renorm terms, so we can write the 
S-operator in the form 

S = exp(F ) 

5 As we said above, we are not going to investigate the infrared limit \ m in — * 0. So, we 
will keep X m in non- vanishing. 

6 Diagrams I9.1f f-g) are ultraviolet-finite and do not require renormalization. Their 
calculation can be found in [83l [84] . 

In this limit the counterterms diverge, therefore the Hamiltonian become formally 
infinite and virtually useless. The way to resolve this problem will be discussed in section 

Hal 
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= exp(F^ + F^ + F^p 

= exp(F^+F^) (9.2) 

where we noticed that unphys terms in F do not contribute to the ^-operator 
due to eq. (I7.65p . Let us now apply scattering operator (19. 2p to an one- 
electron state a^JO). It follows from Lemma [7.21 that phys operators yield 
zero when acting on one-particle states. Renorm operators do not change 
the number of particles. Therefore, we can write 



= (l+^ + F^ + ^{F^+F^p 2 + ...)al a \0) 




A similar derivation can be performed for a one-photon state cj, r |0) and the 
vacuum vector 



SclJO) = exp(F^) C t iT |0> 
S\0) = exp(F^)|0) 

So, the "scattering" in these states is determined by the renorm part of F. 
We know from (17.641) that the t-integral F^™ is infinite, even if all terms 
in F ren are finite. Therefore, if F ren ^ then the action of the S"-operator 
on 0- and 1-particle states multiplies them by infinite phase factors. This 
divergence is unacceptable. Thus in a finite theory we must require that 



F ren = (9.3) 
which implies that operator ^F^ must be purely phys. 

p _ pph 
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From the condition ( 19.31) we can tell that in any sensible theory of inter- 
actingparticles the matrix element of the S'-operator between two 1-electron 
statesj should be 

(0|a p , CT Sa pv ,|0> = (0|a P)CT aJ, v ,|0) 

= 5(p-p')<W(0|0> 
= 5(p - p')5 aa/ 

On the other hand, from the perturbation expansion for 5* it follows 

(0|a p , CT £a pv ,|0) 
= (0|a Pi<T (l + ^ 2 + 5 , 3 + ...)a p , )CT ,|0) 

= 5{p - p')5 aa , + (0|a P)CT ^ 2 a p , i<T ,|0) + (0|a Pi<T £ 3 a PV ,|0) + . . . 

Comparing these two expressions we conclude that all contributions to the 
electron— ^electron scattering in the 2nd, 3rd, and higher orders must be ex- 
actly zero. Analogous arguments are applicable in the case of photon^photon 
and vacuum — > vacuum "scattering" . So, we can write 



(0|S 2 |0) = (9.4) 
(Olop^aa^JO) = (9.5) 
(0|c p , CT S 2 c p , CT ,|0> = (9.6) 

We formulate these requirements as the following 

Statement 9.1 (mass renormalization condition) There should be no 
scattering in the vacuum and one-particle states. 

In other words, scattering is expected to occur only when there are at least 
two particles which interact with each other. One particle has nothing to 
interact with, and nothing can happen in the no-particle vacuum state. 



8 This matrix element can be interpreted as an amplitude of single particle "scattering' 
electron — s-electron. 
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9.1.3 Charge renormalization condition 

The mass renormalization condition sets strict limitations ( 19. 4p - (19. 6p on 
matrix elements of the ^-operator between O-particle and 1-particle states. 
On physical grounds we can derive another necessary condition for matrix 
elements between states of charged particles. 

Recall that the 2nd order electron-proton scattering amplitude (18.291) has 
a singularity oc 1/k 2 at zero transferred momentum k = 0. Such a singularity 
is responsible for low-energy electron-electron scattering due to the long- 
range Coulomb potential. From classical physics and experiment we also 
know that electron-electron interactions at large distances and low energies 
depend on e 2 (in our language they are of the second perturbation order), 
and they are accurately described by the 2nd order term (I8.29p . We should 
require the low energy limit of the full theory to be consistent with this 
behavior. So, we will postulate that in orders higher that 2nd, scattering 
amplitudes for charged particles should be non-singularJ^| or equivalently 

Postulate 9.2 (charge renormalization condition) Scattering of charged 
particles at large distances and low energies is described exactly by the 2nd 
order term S2 in the S-operator. All higher order contributions to the low- 
energy scattering should vanish. 

9.1.4 Renormalization in Feynman-Dyson theory 

In the next section we will see that the mass and charge renormalization 
conditions are not satisfied in QED with interaction Hamiltonian ( 19.11) . This 
can be seen from the fact that the interaction operator V(t) contains unphys 
terms. Commutators of two unphys terms may contain renorm partso So, 
there is nothing to prevent the appearance of renorm terms in the scattering 
phase operator (16.1031) 

F(t) = V (t)-~[Vtt)_,V(t)} + ... (9.7) 

9 Suppose that this is not true, and that the 4th order electron-proton scattering am- 
plitude has a singularity oc 1/k 2 . Then this 4th order term would add a contribution to 
the long-distance low-energy scattering amplitude that depends on e . This would mean 
that the electron charge in the interacting theory is different from the charge e that was 
assumed before the introduction of interaction, which is unacceptable. 
10 see Table O 



320 



CHAPTER 9. RENORMALIZATION 



in violation of the mass renormalization condition ( 19. 3j) . We will also see 
that high order amplitudes for scattering of charged particles contain singu- 
larities oc 1/k 2 , which are unacceptable from the point of view of the charge 
renormalization condition. These two problems are very serious, and they 
are not directly related to the divergences in loop diagrams. The presence of 
such divergences is just another argument that QED interaction V(t) must 
be modified. 

The idea of the renormalization approach is to switch from the interaction 
Hamiltonian (19.11) to another interactional V c (t) by addition of renormaliza- 
tion counterterms, which will be denoted collectively by Q(t) 

V c (t) = V 1 (t) + V 2 (t) + Q(t) (9.8) 

The form of Q(t) must be chosen such that the corresponding scattering 
phase 

F\t) = V c (t)-^[V^t)_,V c (t)} + ... (9.9) 

does not contain renorm terms and satisfies the charge renormalization con- 
dition. 

Unfortunately, the program outlined above is difficult to implement. The 
reason is that scattering calculations with the QED Hamiltonian (19.11) are 
rather cumbersome. We had a chance to see that in subsection 18.2.11 As we 
discussed in subsection I8.2.2| it is much easier to use the Feynman-Dyson 
approach, in which the 2nd order interaction operator V2 is omitted and 
the photon propagator is taken simply as oc g^u/p 2 - This is the standard 
way to calculate the S'-matrix in QED, and we will adopt this approach in 
the present chapter. The general idea of renormalization remains the same. 
We are looking for certain counterterms Q FD (t)El that can be added to the 
interaction operator V% to obtain renormalized interaction 

V$ D (f) = V^ + Q^it) (9.10) 

with which the Feynman-Dyson perturbation expansion (16.1011) 

11 The superscript c denotes that this interaction contains counterterms. 
12 that are generally different from Q(t) 
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+00 +00 
S = dhV^ih)-^ J dt 1 dt 2 T[V^ D (t 1 )V^ D (t 2 )]..(9.11) 

—00 —00 

becomes finite, and the mass and charge renormalization conditions are sat- 
isfied. We will not try to calculate counterterms Q(t) in the Hamiltonian 
interaction (19.81) . simply assuming that all renormalization steps can be per- 
formed within this approach as well. 



9.2 Counterterms 

In this section we will see how the program outlined above works in the 
Feynman-Dyson scattering theory. Our calculations will be limited to the 
4th perturbation order, which is sufficient to illustrate the most important 
ideas of the renormalization theory. 



9.2.1 Electron self-energy 

There is only one connected diagram that contributes to the electron— ^-electron 
scattering in the 2nd order (fig. 19. 21) . Applying Feynman's rule£! to this 
diagram, we obtain^! 



(0|a PiO .5 , 2 aJ ) , CT ,|0) 

me 2 c 4 5 4 (p — p')_ 
— in -\2fo *\ Ma ( p ' a > 



^ (p — k) 2 — m 2 c A k 2 u . 



u b (p', a') 



(9.12) 



-u a (p, cr) \C8ab + A{£> - mc 2 ) ab + R a b(t>) )u b (p, a') 



(27Ti) 2 (27Tfl)UJ v 



(9.13) 



13 see Table O 

14 The integral enclosed in square brackets has been calculated in eq. (|M.30[) . C and R 

have the dimensionality of (m)(c ) and (A) = (c~ 3 ). Therefore, the dimensionality of 

(|9.13p is (p~ 3 ), as expected. 
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Figure 9.2: Feynman diagram for the scattering electron— > electron in the 
2nd perturbation order. 

where (divergent) constants C and A have been calculated in (1M.33P and 
0M.34p . respectively. The finite quantity R{/p) includes terms quadratic, 
cubic, etc. in fa — mc 2 \ 

By stripping away factors corresponding to external electron lines^l and 
the delta function in (19.131) . we obtain the contribution from the loop and 
two attached vertices 



V loop (fa) = h 2 e 2 c 2 (c + A(fa-mc 2 )+R(fa)^ (9.14) 

This expression is clearly infinite in the limit A — > oo. So, we are dealing 
with an ultraviolet divergence here. 

Now let us consider an arbitrary Feynman diagram, which can contain 
electron-photon loops in external and/or internal lines. For loops in external 
electron lines, the 4-momentum p is on the mass shell0 and only the constant 
term in (I9.14p survives!^! 



V loop {i) = mc 2 ) = h 2 e 2 c 2 C (9.15) 



15 see Table O 

16 This is also true for the diagram 19.21 

17 Here we formally write the mass shell condition as /p = mc 2 , because according to 
(|J.73p - (|J.74p . /p — mc 2 yields zero when acting on u(p, a) (from the right) or u(p,a) 
(from the left). 
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So, the scattering amplitude ( 19. 13ft does not vanishj^£l which contradicts our 
requirement (19.51) and the mass renormalization condition. 

For loops in internal electron lines, the 4-momentum p is not necessarily 
on the mass shell, so the full factor (19. 14j) should be taken into account. 



9.2.2 Electron mass renormalization counterterm 

From the preceding section we know how to deal with the above divergences. 
We must admit that the original interaction operator in the Feynman-Dyson 
approach to QED 



Vi(t) = ~e rfx^(x)7^(x)^(5) (9.16) 



is not adequate. The renormalized QED interaction must contain additional 
counterterms Q FD (t), which should be chosen such that all inappropriate 
and divergent terms in the perturbation expansion get canceled. In this 
subsection, we are interested in the electron-positron part of the 2nd order 
counterterm. Let us choose it in the following form 

Q£f(t) = A 2 J d^(x)iP(x) + A 2 J dx^(S:)(-ihc-f^ + mc 2 )tP(x) (9.17) 
where the 4-gradient <9 M is defined as 



1 d d d d 

cdt 1 dx J dy' dz' 



d ^(—-^—'—'—) ( 9 - 18 ) 



and parameters A 2 and A 2 need to be adjusted to satisfy renormalization 
conditions!^ The 2nd order contribution to the electron— ^electron scattering 
amplitude from this interaction iso 



18 it is, actually, infinite 

19 A2 has the dimensionality of energy and A2 is dimensionless. Both of them are second- 
order quantities, as indicated by the subscripts. In most textbooks (see, e.g., [9]) A2 is 
denoted by 5m and A2 is denoted by Z% — 1. 

20 This formula is obtained by inserting Q^it) instead of Vp D (t) in (|9.11[) . Note that 



(-ihcrfudn + mc 2 )ij(x)al JO) = J— — (- ^+mc 2 )e-^u(p,(T) 
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(0|a p ,^r n H'^'l°) 

-— (0|a Pi(T / rf 4 ^(£)^(5)a p/ (j/ |0) (9.19) 



1 <Tx e* px e R p x u a (p,a)u a (p',a') 



« 7 (27rft) 3 ./WpWp- 



ft 7 (27rft) 3 ^/CJptUp 

(27r/j,) 3 y/UpUJ- 

iA 2 (27rft) 4 5 4 (p — p') mc 
ik 2 (2ithf 5\p - p') mc 2 



w a (p, a)u a (p' , cr') 



ft (27rft) 3 ^a(p,^)(- i> + mc 2 )u a (p / ,a') (9.20) 

Dropping factors corresponding to external electron lineal and the delta 
function, we obtain the pure contribution from the counterterm 



2WiO = -^^A^^^A^-mc 2 ) (9.21) 
n n 

This factor can be ascribed to a new interaction vertex, which is denoted by 
a cross placed on electron linesi 22 ! 

Such vertices can appear in Feynman diagrams of arbitrary topological 
shape. If the counterterm vertex is placed on an external electron line, then 
the 4- momentum p is on the mass shell, and, according to ( 1J.73I) - ( ]J.74j) . the 
2nd term in ( 19.21ft vanishes. So 



V count {p = mc ) = A 2 

h 

Comparing this result with ( 19.151) we conclude that loops in external electron 
lines are canceled exact hi 23 ! if we choose 

21 see Table O 

22 See, for example, figs. 19. f f i-k). 

23 Such a cancelation in the case of diagram [921 is required by the mass renormalization 
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ie 2 c 2 C , . 

A 2 = -7 — -r- 9.22 
(2tt) 4 ^ v ; 

In other words, when doing calculations in the renormalized theory the self- 
energy loops in external electron lines can be simply ignored. 

Electron-photon loops can also appear in internal electron lines whose 
4-momentum ft is not necessarily on the mass shell. In order to cancel this 
divergence, it is sufficient to choose the other renormalization factoi@ 



A 2 = (9.23) 

Then infinite contributions from the loop and the counterterm cancel out, 
and only finite and harmless /^-correction remains 



count 

{£>) = h 2 e 2 c 2 R{i>) 

It is responsible for so-called electron self-energy radiative corrections to scat- 
tering amplitudes. 



9.2.3 Vacuum polarization 

The amplitude of scattering photon— >photon in the second order is obtained 
from the diagram shown in fig. [97c Fl 



<o|c p ^c;, ct ,|o> 

condition 19.11 This condition also guarantees that the electron propagator (in the 2nd 
order, this is an internal electron line with inserted electron-photon loop) has a pole at 
p = mc 2 , where m is the physical mass of the electron. 

24 Note that the finiteness requirement does not specify this factor uniquely. One can 
just as well choose A2 = ie 2 c 2 (A + 5) / (\6n A K) , where S is any finite constant. Usually, the 
correct choice S = is justified by the requirement that the residue of the renormalized 
electron propagator is equal to 1. 

25 The integral in square brackets was calculated, e.g., in section 11.2 in [9] or section xx 
in \8E\- 
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Figure 9.3: Feynman diagram for the scattering photon— >photon in the 2nd 
perturbation order. 



ce 



(27ih)2p(2iri) 



ce 



{£>- h - mc 2 ) bd 



k 2 — m 2 c 4 ^ ab (p — k) 2 + m 2 c 4 ^ cd - 



np 1 - pK(p, r){fg, v - j/y)n(p 2 )e„(p, t' 



(27ih)2p(27ri) r 

where II(p 2 ) is a divergent function! 2 ^! It is convenient to write IT(p 2 ) as the 
sum of its (infinite) value 11(0) on the photon's mass shell (p 2 = 0) plus the 
finite remainder 7r(p 2 ): 



e nP> T ) 
(9.24) 



Tl(p 2 ) = n(0) + 7r(p 2 ) (9.25) 
tt(0) = (9.26) 
The factor in (19.241) associated only with the loop and two attached vertices 



is 



V loop (ft) = e 2 U(p)(p 2 g, u -p^) (9.27) 

In eq. (I9.24p . the 4-momentum p is on the mass shell (p — 0), therefore the 
loop contribution (I9.27P vanishes there@ The same can be said for loops 
in external photon legs of any diagram: these loops can be simply ignored. 
However, we cannot ignore loop contributions in internal photon lines. In 
this case the 4-momentum p is not necessarily on the mass shall, and factor 
(19.271) is divergent. 

26 whose dimensionality is c -3 

27 and the mass renormalization condition is satisfied without extra effort 
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9.2.4 Photon self-energy counterterm 

Similar to the electron self-energy renormalization described in the precedin 
subsection, we are going to cancel this infinity by adding a new counterter 

Q F 2 P D h (t) = ~J dxF^(x)F„ u (x) (9.28) 
to the interaction operator of QED, where we denoted 



F/j, u = d^A u — d u A^ 

F^F^ = {d»A» -d"A^){d,A u -d u A^) 

= d p 'A u d ll A l/ - VA'd^ - d u A»d^A u + d v A^A^ 

= 2d ti A u d fl A v -2d fl A u d v A tl 

Let us now evaluate the effect of the counterterm (I9.28|) on the photon— >photon 
scattering amplitude. From definitions ( IK. II) and (19.18| it follows 

d„A^t)ci,jo) = - {2wh) s /2 ^ -^y veil (pW)\o) 



Then we obtain 



(oic P ,^r"'c^ CT ,io) 

-Jjr(°\ c p,« J d^x^A^x^A^x) -d x A K (x)d K A x (j;)yi, jO) 



28 From the dimensionality (|8.38|) of the photon quantum field, it is easy to show that 
this operator has the required dimensionality of energy if S2 is dimensionless. 
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zS 2 7T(5 4 (p - p') 
Ape 

[p x pxe* K {p, r)e K (p, r) + Px p X e* K {p, r)e K (p, r) 
- p x p K e* K (p, r)e A (p, r) - p K p A e* (p, r)e K (p, r)] 



[^-^1e:( P ,r)e,(p,r) (9.29) 



iE 2 Tr5 A (p - p') 2 „ (/ „ , 

2pc p 

The counterterm (19.281) gives rise to a new type of vertexQ which corresponds 
to the factofi 



V count = -^(pV-pV) (9-30) 
cr 

As expected, this factor vanishes when p is on the mass shell, i.e., for external 
photon lines. Therefore, neither loops nor counterterms should be applied to 
external photon lines in the renormalized theory. 

Electron loops can also occur in internal photon linesHj] In this case the 
4-momentum p of the line is not necessarily on the mass shell. So we cannot 
expect the full cancelation. However, if we choose 

n _ *eVn(0) 

^ 2 - s^r (9 - 31) 

then the sum of the loop (19.271) and the counterterm (19.301) is finite 



V loop + V count = e 2 <K{p 2 ){p 2 g^-p»p v ) (9.32) 

29 denoted by crosses on photon lines in Feynman diagrams, as shown in fig. I9.1f l) 
30 It is obtained from ([9T29]) by stripping off factors fic 1/2 (27rfi,)" 3/2 (2p)~ 1/2 e l/ (p, t) 

and ftc 1 / 2 (27r/i)~ 3 / 2 (2p) _1 / 2 e* (p, t) associated with external photon lines and the 4- 

momentum delta function. 

31 See, for example, the graph liOT d) . 
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and gives physically reasonable contribution to the scattering amplitude. 
This is the so-called vacuum polarization radiative correction. 

9.2.5 Charge renormalization 

If our only goal is to make the perturbation theory expansion finite, then the 
choice of the renormalization parameter (19.311) is not unique. Indeed, we can 
add to 11(0) in (19.311) an arbitrary finite number 5, so that 



„ 2e 2 c 2 (II(0) + 5) 

and (19.321) remains finite 



V loop+count = e 2 (7i(p 2 )-6)(p 2 g, lu -^Y) (9.33) 

Why don't we do that? The answer is that such an addition will be incon- 
sistent with the charge renormalization condition 19.21 

To see that, let us evaluate the contribution to the electron-proton scat- 
tering from diagrams 19.1( d) and (1). Using Feynman's rules and ( 19.33[) we 
obtain 



Sf + = =6 >(q - q -p +p) 

4 (27ri) 4 (27r^) 8 (27r0v^VV^V 

e 2 (ir(k 2 ) — 5) , ,,3^ ,r 2 ^,g\ K , , 
o 3T3 C^(q, o\ q , o- )^-{k g v \-k k ) T ~W (p, r;p , r ) 

If 5 ^ 0, then this matrix element has singularity oc 1/k 2 at small values 
of k, which violates the charge renormalization condition. The only way to 
satisfy this condition is to set 5 = 0. Then the non-singular behavior of the 
amplitude at k = is guaranteed by (19.261) . 



9.2.6 Vertex renormalization 

Our renormalization task is not concluded yet. One more type of counterterm 
is required in order to make QED calculations finite and accurate. The 
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structure of this counterterm is determined by the charge renormalization 
condition 19. 21 

Let us evaluate the diagram 19.1( e) using Feynman's rules 



Q ioo P eVmilfc 4 

(27ri) 4 (27ih) 2 ^uj^u^QpQp' 



5 (q-q -p + p)u(q,a) 



,4, - fi+ jq + mc 2 -jh+jq' + mc 2 1 

a li'y ll — l K — z 7m ~ 

{h — q) 2 — m 2 c A {h — q') 2 — m 2 c A h 2 _ 

1 



(9.34) 



The integral in square brackets I K (q,q') was calculated in (1M.48|) . To apply 
the charge renormalization condition, we should consider this expression at 
small values of k (i.e., when q « q'). In this case 



= u(q, - m ° 2 ) + (A - mc 2 )Y)u{q, a') 

= u(q, a){Yl»q u + l»q u Y ~ 2 7 / W))u(q, a') 
= u(q, a)(2g^q u - 2^mc 2 ))u(q : a') 



Therefore, in (1M.48P we can set q K ~ (q') K ~ 7 K mc 2 and obtai: 



lim I K (q, q') 



{ Trie 2 ( 

lim - 4 log(— — ) + 4 log 



k 

Fn 2 

—7 

ic 6 



A 



2 + 



140 cos 2 9 A6 \ vr V 
sin(20) sin 



(26) ) ic 3 



where we introduced the ultraviolet-divergent constant 



mc 2 ( A 

F = _41og( __)+41og — j ] 7 

A \ mc z 



32 In our notation Oequiv sin 1 ( ^ \ I and k = q' — q. 
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Then the scattering amplitude at small values of k 

Q ioop e 4 c 4 FmMc A 5 A {q - q' -p' +p) , , 

(9.35) 

has a singularity oc 1/k 2 . This means that in disagreement with our Postulate 
19.21 the 4th perturbation order makes a non-trivial contribution to the low- 
energy electron-proton scattering. Even more disturbing is the fact that this 
effect is infinite. 

This unacceptable situation can be fixed by adding one more (charge) 
renormalization counterterm to the QED interaction 



Qs D (t) = 6 3 J d^(x) %i iix)A^x) (9.36) 

This counterterm is of the 3rd perturbation order. In Feynman diagrams we 
will denote the corresponding vertex by a circle, which is attached to two 
electron lines and one photon line@ This counterterm has the same form as 
the basic QED interaction (I9.16p . so the diagram 19.1( h) is easily evaluated 



qC ount iec 2 Q z mMc A 5\q + p - q' - f) ^\w*(„ ^ W ^ 

^4 = , 9k , = = jz. -^-U K (q,a-<±,a)W (p, r, p , r ) 

Air z n^uj Ci uj Ci '\lp\lp'(q' — q) z 

The requirement to cancel the infinite/singular term (19.35!) tells us that we 
need to choose the renormalization constant Z 2 such that 



ie 3 c 2 F 
3 = ~W^h 



and the full electron vertex contribution.^] to scattering is given by eq. (I9.34p 
where the square brackets is replaced by ultraviolet-finitqfj expression 



33 see diagram in fig. I9.1f h) 
34 Fig. ICT el and (h) 

35 



This formula still has an infrared divergence in the log (mc /\ m in) term at X r 
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Fix 2 



ic 3 



7r 2 7 K / 89 . ( mc 2 \ , 

log — — H — — r / a tan acta 



ic 3 V tan(20) \ X J tan(20) 

o 

n/1 . , . / A \ I40cos 2 0\ 2n 2 9(q + q') K 

+ 3(l-0cot0)+4log( — ) -l + 



ic 3 



mc 2 J sin(20) / imc 5 sin(20) 

(-4log(— ) + 4log(^j + 7) 



iprf ( ( 89 \ /mc 2 \ 8 

+ 4 log — — H 7— r- / a tan acta 



ic 3 V V tan(20) / V A / tan(20) 

. a 140cos 2 0^ 2tt 2 0(, </')" 

— 30 cot — 5 + 



sin(20) / imc 5 sin(20) 
9.2.7 Renormalizability 

After adding all the renormalization counterterms, the Feynman-Dyson in- 
teraction operator takes the form 



V(t) = -e J dxip(x)^ fl ip(x)A' J '(x) + A 2 J (hcip(x)ip(x) 

+ A 2 / rfx ^)(- ite7A + rn^ym - | / ^( S )F, 
+ 3 / dx^(£)7 M V(5)^(x) (9.37) 



The counterterms have either second or third perturbation order. This new 
interaction allows one to obtain all 4th order S-matrix elements in remark- 
able agreement with experimental measurements. In higher perturbation 
orders, in order to satisfy both mass and charge renormalization conditions, 
we will need to add more counterterms@ The remarkable fact is that all 
these higher-order counterterms have exactly the same form as those already 



:S(i 



All of them are also ultraviolet-divergent. 
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discussed. This means that the complete interaction operator of the renor- 
malized QED have the same form (I9.37p . Only the values of renormalization 
parameters A, A, H, and G get more complicated forms than those described 
in the preceding subsections. These parameters can be expressed as pertur- 
bation series in powers of the coupling constant e0 This remarkable feature 
of QED is called renormalizability. 

The above renormalization steps were applied only to the potential en- 
ergy operator in QED. In order to have a relativistic theory we also need to 
find appropriate counterterms for the potential boost operator, so that the 
"renormalized boost" satisfies appropriate Poincare commutation relations 
with the "renormalized energy". As far as I know, there were no attempts 
to extend the renormalization theory to boosts. 

9.3 Renormalization in the toy model 

So far in this chapter we discussed renormalization in QED. To get a better 
grasp of the involved concepts it may be useful to repeat these derivations 
in a simpler theory. In this section we will describe renormalization steps in 
the "toy model" presented in section 17.31 

9.3.1 Mass renormalization 

It is easy to see that the toy model suffers from the same renormalization 
problems as QED. For example, in the 2nd perturbation order the S-operator 
contains a renorm term in the diagram 17.3( g). whose coefficient function 



contains a divergent integral (17.1 101) l 38 l 

Let us now try to modify the Hamiltonian (17.801) of our model theory by 
adding Hermitian counterterms^] R 2 , U 3 (t), i? 4 , . . . 

37 We found only the lowest-order terms in these series. Higher order calculations become 
rather involved. They will be not pursued in this book. 

38 This divergence is similar to the QED's infinite electron self-energy discussed in 
subsection 19.2.11 

39 As usual, the subscript denotes the perturbation order, i.e. the power of the coupling 
constant e. We will see later that in our model theory unphys counterterms appear only 
in odd orders and renorm counterterms appear only in even orders. This is reflected in 
the notation used for counterterms. We also take into account that renorm operators are 
t- independent. 
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H{t) -> H c (t) = H + V c (t) 

V c {t) = V 1 (t)+R 2 + U 3 {t)+R 4 + ... (9.38) 

so that renorm terms are eliminated from the scattering operator S c (t) 

(S c ) ren = 0. 

We obtain formulas for (i = 1, 2, 3, . . .) by inserting interaction (I9.38|) 

in (16. lOOp and collecting terms of equal perturbation order 

E c 2 (t) = Vi(t)Vi(t) + R 2 

£§(t) = + ^(t) + + U 3 (t) 

Zl(t) = a 4 (t) + U 3 (t)V±(t) + Vl(t)j7 3 (t) + R 4 

where we denoted 



(9.39) 
(9.40) 
(9.41) 

(9.42) 



a 4 (t) = Vi^V^ V^V^t) +V 1 (t) V 1 (t)R l 
+ V 1 (t) R 2 V 1 (t) + R 2 V 1 (t)V 1 {t) , 

Now we go order-by-order and choose counterterms R 2 , U 3 (t), R 4 , ... so that 
all renorm terms on the right hand sides of eqs. (19.391) - (I9.42p cancel out. 
The first-order term (19.391) is unphys (see eq. (17.811) ). so there is no need for 
first order renormalization counterterms. To ensure that E 2 (t) does not have 
a renorm part we choose a second-order countertern@ 



r 2 = -(vj(t)K(t)r n 

= (Vi(t)Vi(t)) ren (9.43) 

40 See diagram !7.3r g). According to (|7. 1 10|) . this counterterm is divergent. As mentioned 
in subsection l9.1.U we could introduce a momentum cutoff to make this counterterm finite. 
But we will prefer to keep the formal expression (|9.43|) for R2 and other counterterms 
avoiding their numerical evaluation. 
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With this choice, we can rewrite contributions to the S"-operator in the 4 
lowest orders 



£^ = 

£ c 2 (t) = (Vi{t)Vi(t)) ph (9.44) 

s -v—' s ^ , 

= V r i(*)fa(W(*)) P+u + (9.45) 



when 



41 



Zl(t) = ^(t) + U 3 (t)V 1 (t) + V 1 (t)U 3 (t)+R 4 (9.46) 



a 4 (t) = VMiVxV^ + VMiVM] 



+ V^Vx + R 2 ViVi + ViViRg 
= VxVxiViVtf^ + V X R 2 V X 



+ R2V1V1 (9.47) 

and the superscript p + u denotes the sum of phys and unphys terms. The 
first term on the right hand side of ( 19. 45ft has odd number of particle opera- 
tors, hence it is free of renorm parts (which have either zero or two particle 
operators). Therefore, to ensure that Sg(t) does not contain renorm parts 
we must choose 



U; en = (9.48) 

Just as we did in the 2nd order, we can choose a renorm counterterm R4 
which simply cancels all renorm terms which may be present in first three 
terms on the right hand side of (19.461) . With the above choices, the operator 
E c (i) does not contain renorm terms up to the 4th order, as required by the 
mass renormalization condition (Statement 19. lj) . Apparently, this procedure 
can be continued in higher perturbation orders. However, we will not proceed 
beyond the 4th order. 

41 for clarity we omit the ^-arguments in factors Vi(t) 
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9.3.2 Electron-electron scattering 

The above choice of counterterms is not yet sufficient to guarantee the validity 
of the charge renormalization condition (Postulate 19.21) and the finiteness of 
scattering amplitudes. In order to see that, let us consider the electron- 
electron scattering, i.e., a^a^aa terms in the S'-operator. 

The second order contribution to the electron-electron scattering in the 
mass-renormalized theory (19.441) coincides with that calculated in subsection 
17.3.41 So, renormalization does not affect physical results in the 2nd pertur- 
bation order. As we mentioned above, the first term on the right hand side 
of (19.451) has odd number of particle operators, so it does not contribute to 
the electron-electron scattering. We will see in the next subsection that Us(t) 

does not contribute as well. 

Let us now consider the 4th order term (I9.46p . First we will need to 
calculate the operator 04 (i) in (19.471) . The following Lemma is found helpful 

Lemma 9.3 ("integration by parts") For two regular non-renorm oper- 
ators A and B 



AB = - AB 



Proof. We denote E(A) and E(B) energy functions of operators A and B 
and use eqs. <^M> and (17321 



AB = -2irhAB o5(E(A) + E(B))E(B)- 1 

= 2nhAB o 5(E(A) + E(B))E(A)- 1 
= - AB 



This result has the following implication for the diagram technique. If 
we are interested in the behavior of a diagram on the energy shell, and the 
diagram has a box surrounding a subset of vertices, then we can obtain an 
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equivalent diagram by (i) erasing this box, (ii) drawing another box sur- 
rounding the complement of the subset of vertices, and (iii) changing the 
total sign of the diagram. 

Using Lemma [9731 and (19.431) we can simplify expression (I9.47[) for a±{t) 

0-4OO 

= V 1 V 1 (V 1 V 1 ) P+U + V 1 R 2 V 1 + R 2 V 1 V 1 



{v 1 v 1 y* a (v x v 1 y* a + ( w) ren (^iii) p+u 



+ V L R 2 V L + R 2 (ViV L ) p+u + R2 (ViV L Y en 
= ((V 1 V 1 ) p+u (V l V 1 ) p+u ) ph + {V X R 2 VxY 1 



((KVinViVirf - {V 1 {V 1 V 1 ) ren V 1 ) ph (9.49) 



The product V\V\ which appears in the first term is shown in Fig. 19.4( a) 
- (d) (without normal ordering). The normally ordered expression 

{V 1 Vi) p+u (9.50) 
is shown in fig. 19.4( e) - (m). Diagrams representing 

(V L V 1 ) P+U (9.51) 

differ from (ViVi) p+u by the absence of the big box around all vertices and 
by moving the small box to another vertex. 

Here we are interested only in the electron-electron scattering described 
by terms a^a^aa in the S"-operator. Therefore, when calculating the product 

(ViV 1 ) p+u (V 1 V k ) p+u 

we need to consider only three terms from (19.511) and three terms from (I9.50P 
as shown in Fig. I9.5ll 42 l The result of this calculation is shown in Fig. 19.61 
Calculation of the second term in 04 (t) 



42 The terms (d), (e), and (f) on the diagram l9.5l are the same as terms (h), (1), and (m), 
respectively, on the diagram [931 
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Figure 9.4: Calculation of (V^V^t))^ . 
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- (v L (v 1 v L y en v L ) ph 

v ' 

is shown in Fig. 19.71 

By adding Fig. 19.61 and Fig. 19.71 together we can make some simplifica- 
tions. First, consider terms (a) and (b) in Fig. 19.61 and the term (e) in Fig. 
19. 7[ These three diagrams have the same topology. The only difference is in 
energy denominators. Let us denote the energy functions of the four vertices 
in the diagram 19.7( e) by A, —A, C, and — C. Then the sum of the three 
diagrams is proportional to 

1 1 1 

~AC{A + C) ~ A 2 {A + C) + A*C 
-A-C + A + C 
A 2 C(A + C) 

= 

Similarly, we can show that diagrams (c) and (d) in Fig. 19.61 and the diagram 
(d) in Fig. 19.71 cancel each other. Next consider two diagrams (e) and (f ) in 
Fig. 19.61 which also have the same topology. The sum of these diagrams is 
proportional to 

1 1 _ 1 

A(A + B)D + B(A + B)D ~ ABD 

i.e., is equal to the diagram 19.8( b). Similarly, the sum of diagrams 19.6( g) 
and 19.6( h) is equal to the diagram 19.8( a). We can also simplify the sum 
of diagrams I9.6( m) and I9.6( n). Using notation for vertex energy functions 
shown in Fig. I9.6( m) we obtain that this sum is proportional to 

1 1 _ 1 

A(A + B)D + B(A + B)D ~ ABD 

i.e., is equal to the diagram 19.8( g). 

Finally, 04 (i) is represented by seven diagrams shown in Fig. 19.81 Let 
us first discuss the contribution of diagrams 19.8( a) - 19.8( b) to the coefficient 
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(VV/^VV/^ 




Figure 9.5: Calculation of (V L V 1 ) P+U (V 1 V L ) P+U . 
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Figure 9.6: Terms in (ViVi) p+u (V 1 Vi) p+u having structure a)a)aa. 
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Figure 9.7: Calculation of -ViiV^^Vi. 
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Figure 9.8: The part of the operator a%{t) having operator structure aWaa 
on the energy shell. 
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function D for the electron-electron scattering on the energy shell. Using 
diagram rules from subsection I7.3.3[ we obtain 

srwk) - - mu ^. ^ + ck)k I t<w + w» (9 - 52) 

where £> = cj p _h — ^ P + ch, C = co> p _k — ^ P -h-k — ch, E = c<j q _h — w q + c/t, 
and F = cj q+ k — ^ q+ k-h ~~ c ^-- This contribution is infinite, because at large 
values of h the integrand behaves as /i _3 @ Moreover ( 19.521) has a singu- 
larity at k — 0, which is explicitly forbidden by the charge renormalization 
condition (Postulate I9.2j) . Thus we conclude that the mass renormalization 
procedure described in section 19.1.21 has not removed all divergences. To 
solve this problem we need to perform a second renormalization step known 
as the charge renormalization procedure. This step is explained in the next 
subsection. 

9.3.3 Charge (vertex) renormalization 

Just as in the case of QED, we are going to fix divergences (19.521) by proper 
selection of counterterms in the Hamiltonian. 

The mass renormalization condition (Statement I9.ip did not define all 
counterterms in an unambiguous way. So far we have determined only coun- 
terterms i? 2 , -R4, and the renorm part of U 3 in eq. (I9.48p . We still have a 
freedom of choosing the unphys part of U3. If we choose an (infinite) unphys 
counterterm U3 as shown in Fig. 19.9( a) and 19.9( b) F^l then expression 

tf 3 (t)Vi(*) + Vi(t)E/3(t) (9-53) 



in (I9.46P (see Fig. 19.9( e) and 19.9( f)) exactly cancels unwanted infinite dia- 
grams 19.8( a) and 19.8( b) on the energy shell. 

43 see footnote on page 12841 

44 Since our toy model cannot be compared with precise measurements, there is no 
objective criterion for choosing the behavior of counterterms far from k = 0. So, for 
illustrative purposes, we will make a choice that is most convenient for calculations. Note 
that in the case of QED (see subsection I9.2.6[) the prescription for canceling the k — > 
singularity could be made unambiguous. 
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Surviving diagrams 19.8( c) - 19.8( g) are the fourth-order radiative correc- 
tions to the electron-electron scattering. On the energy shell these corrections 
are 



Dt 9) (P,q,k) 

ie 4 c 2 f dh 11 J_ J_ J_ 1 
(2n) 5 h 2 J h\h + k\A { BC + DC + EF + DG + EG }{ ' } 

where relevant energy functions are denoted by 



A = tUq-h — + Ch 

B = w p _ k _h - ^ P + c|h + k| 

C = CU q _h + ^p-k + C\h + k| — Co> q — LU p 
D = CUp+h + t<Jq_k — — ^p 

E = cu q+k - u; q + |h + k| + ch 

F = Wq+k + ^p-h-k + Ch - CJq - U p 

G = Wq +k + L0 p+h + C|h + k| - W q - L0 p 

The integrand in (19.541) is proportional to /i~ 5 and the integral is convergent 
at large values of the loop momentum h. Therefore the 4th order radiative 
correction to the scattering operator ^(a^a^aa) is finite on the energy shell. 

So, in the renormalized theory the Hamiltonian H c in (19.38P is formally 
divergent^ However the S"-operator is finite. In particular, the electron- 
electron scattering up to the 4th order is described by the coefficient function 



D = D 2 + D A + . . . (9.55) 
where D 2 is given by eq. (I7.93P and D4 is given by eq. (I9.54p . 



The counterterms R2, U3, R4, . . . are represented by divergent integrals. 



346 



CHAPTER 9. RENORMALIZATION 




Figure 9.9: (a) - (b): charge renormalization counterterms U 3 (t); (c) - (f): 
calculation of a)a)aa terms in U 3 (t)Vi(t) + Vi(t)U 3 (t) on the energy shell. 
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In the first part of this book we presented a fairly traditional view on 
relativistic quantum field theory. This well-established approach had great 
successes in many important areas of high energy physics, in particular, in the 
description of scattering events. However, it also has a few troubling spots. 
First is the problem of ultraviolet divergences. The idea of self-interacting 
bare particles with infinite masses and charges seems completely unphysical. 
Moreover, QFT is not suitable for the description of time evolution of particle 
observables and their wave functions. In this second part of the book, we 
suggest that these problems can be solved by abandoning the idea of quantum 
fields as basic ingredients of nature and returning to the old (going back to 
Newton) concept of particles interacting via direct forces. This reformulation 
of QFT is achieved by applying the "dressed particle" approach first proposed 
by Greenberg and Schweber [TO] . 

The existence of instantaneous action-at-a-distance forces implies the real 
possibility of sending superluminal signals. Then we find ourselves in con- 
tradiction with special relativity, where faster-than-light signaling is strictly 
forbidden (see Appendix II. 3p . This paradox forces us to take a second look 
on the derivation of basic results of special relativity, such as Lorentz trans- 
formations for space and time coordinates of events. We find that previ- 
ous approaches missed one important ingredient. Specifically, they ignored 
the fact that in interacting systems generators of boost transformations are 
interaction-dependent. The full recognition of this fact allows us to reconcile 
faster-than-light interactions with the principle of causality in all reference 
frames and to build a consistent relativistic theory of interacting quantum 
particles in this second part of the book. 
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Chapter 10 

THE DRESSED PARTICLE 
APPROACH 

The first principle is that you must not fool yourself - and you 
are the easiest person to fool. 

Richard Feynman 

In this chapter we will continue our discussion of quantum electrodynam- 
ics - the theory of interacting charged particles (electrons, protons, etc.) and 
photons. Great successes of this theory are well known. In section 110.11 we 
are going to focus on its weak points. The most obvious problem of QED is 
related to extremely weird properties of its fundamental ingredients - bare 
particles. The masses and charges of bare electrons and protons are infi- 
nite and the Hamiltonian H c of QED is formally infinite^ as well. It is even 
more significant that the "bare particle" Hamiltonian of QED is completely 
unsuitable for calculations of time evolution. 

We are going to demonstrate that the formalism of QED can be signifi- 
cantly improved by removing ultraviolet-divergent terms from the Hamilto- 
nian and abandoning the ideas of non-observable virtual and bare particles. 
In particular, in section 110.21 we will find a finite "dressed" or "physical" 
particle Hamiltonian H d which, in addition to accurate scattering opera- 
tors (as in the traditional QED), also provides a good description of the 

^^when the cutoff momentum is sent to infinity, as it should; see subsection 19.2.71 
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time evolution and bound states. We will call this approach the relativistic 
quantum dynamics (RQD) because, unlike traditional quantum field theory 
concerned with calculations of time-independent ^-matrix, RQD emphasizes 
the dynamical, i.e., time-dependent nature of interacting processes. 

In section [10.31 we will briefly discuss applications of RQD to the simplest 
quantum mechanical problem - the structure of the hydrogen atom. We will 
derive the interaction between dressed electrons and protons in the lowest 
2nd perturbation order and demonstrate how well-known fine and hyperfine 
atomic level structures can be calculated. We will also discuss an extension 
of this approach to higher perturbation orders. Section 110.41 is devoted to 
more philosophical discussion of the role of quantum fields in modern physical 
theories and their interpretation. 

10.1 Troubles with renormalized QED 

10.1.1 Renormalization of the Hamiltonian 

One possible way to eliminate renorm terms from E could be to formulate 
certain subtraction rules for calculating scattering amplitudes (see, e.g., [86]). 
so that unwanted contributions to E are simply deleted from formula (16. 1Q0[) 
in each order of perturbation theory. This would be okay if our only goal 
were to obtain matrix elements of the S-matrix and scattering cross sections. 
However, in the final theory we would like to keep the standard quantum- 
mechanical connection between the Hamiltonian and the S"-operator given by 
eqs ( I6.99P and (I6.100j) . Therefore, we will prefer another (equivalent) way to 
do the renormalization: We will modify the Hamiltonian by adding certain 
unphys U and renorm R counterterms to the interaction operator V"H In 
other words, we are saying that the original Hamiltonian with interaction 

(HSU) 

H = H + V 1 

is not good, and a modified Hamiltonian with renormalization counterterms^] 

2 It appears that in our model theory the renormalization is achieved by unphys and 
renorm counterterms only. In more general cases, such as QED, phys counterterms should 
be added as well. 

3 The superscript 'c' will denote operators that appear in a theory with renormalization 
counterterms added to the interaction. 
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H c = H + V c 

= Ho + Vi + U + R (10.1) 

better describes interactions between particles. 

At this point the idea of fixing problems in the interaction V\ by adding 
renormalization counterterms looks rather ad hoc. How can we be certain 
that interaction operator V c describes nature better that Vi? We will have 
more discussions of the renormalization program and its physical meaning in 
subsection 19.2.71 and in chapter [10l 



10.1.2 Renormalization in QED revisited 

Let us now take a closer look at the renormalized QED and recall the logic 
which led us from the original interaction Hamiltonian V in fIL.lOj) and flL.13j) 
to the interaction with counterterms V c (see eq. ( 19.371) ). 

One distinctive feature of the interaction V is that it contains unphys 
and renorm terms. In order to obtain the scattering operator F one needs 
to calculate multiple commutators of V f)6.103p . It is clear from Table 17721 
that these commutators will give rise to renorm terms^ in each perturbation 
order of F. However, according to eq. (I9.3P and Statement 19.11 (the mass 
renormalization condition), there should be no renorm terms in the operator 
F of any sensible theory. This requirement can be satisfied only if there is a 
certain balance of unphys and renorm terms in V, so that all renorm terms 
in F cancel out. However, for most QFT interactions V there is no such 
balanced So, we have a contradiction. 

The traditional renormalization approach^) suggests the following resolu- 
tion of this paradox: change the interaction operator from V to V c by adding 
(infinite) counterterms. If these counterterms are properly chosen, then one 
can achieve cancelation of all renorm terms in F c (Statement 19.11 - no scat- 
tering in the vacuum and 1-particle states) and ensure accurate scattering 
properties of charged particles in the low energy regime (Postulate 19. 2j) . In- 
troduction of these renormalization counterterms is effectively equivalent to 



4 in commutators [U, U] and [R, R] 

5 This includes interactions in our toy model (|7.8ip and in QED (IL.10[) and (|L.13|) . 



3 see chapter [9] 
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making the masses and charges of free particles infinite!] Somewhat mirac- 
ulously, the S-matrix with thus modified Hamiltonian H c = Hq + V c agrees 
with experiment at all energies and for all scattering processes. 

The traditional interpretation of the renormalization approach is that 
infinities in the Hamiltonian H c (I9.37P have a real physical meaning. The 
common view is that bare electrons and protons really have infinite masses 
m and M, and infinite charges ±ej^| The fact that such particles were never 
observed in nature is usually explained as follows: Bare particles are not 
eigenstates of the total Hamiltonian H c . The electrons and protons observed 
in experiments are complex linear combinations of multiparticle bare states. 
These linear combinations do have correct (finite) measurable masses m and 
M and charges ±e. This situation is often described as bare particles being 
surrounded by "clouds" of virtual particles, thus forming physical or dressed 
particles. The virtual cloud modifies the mass of the bare particle by 
an infinite amount, so that the resulting mass is exactly the one measured 
in experiments. The cloud also "shields" the (infinite) charge of the bare 
particle, so that the effective charge becomes ±e. 

Even if we accept this weird description of physical reality, it is clear 
that the renormalization program did not solve the problem of ultraviolet 
divergences in quantum field theory. The divergences were removed from the 
S'-operator, but they reappeared in the Hamiltonian H c in the form of infinite 
counterterms, and this approach just shifted the problem of infinities from 
one place to another. Inconsistencies of the renormalization approach con- 
cerned many prominent scientists, such as Dirac and Landau. For example, 
Rohrlich wrote 

Thus, present quantum electrodynamics is one of the strangest 
achievements of the human mind. No theory has been confirmed 
by experiment to higher precision; and no theory has been plagued 

7 see subsection 19.2.71 

8 It is also common to hypothesize that these bare parameters may be actually very large 
rather than infinite. The idea is that "granularity" of space-time or other yet unknown 
Planck-scale effect sets a natural momentum limit, which does not allow to send the 
momentum cutoff to infinity. This "effective field theory" approach assumes that QED 
is just a low energy approximation to some unknown divergence-free truly fundamental 
theory operating at the Planck scale. Speculations of this kind are not needed for the 
dressed particle approach developed in the next section. In the dressed particle theory, 
the Hamiltonian and the S'-operator remain finite, even if the cutoff momentum is set to 
infinity. 
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by greater mathematical difficulties which have withstood repeated 
attempts at their elimination. There can be no doubt that the 
present agreement with experiments is not fortuitous. Neverthe- 
less, the renormalization procedure can only be regarded as a tem- 
porary crutch which holds up the present framework. It should be 
noted that, even if the renormalization constants were not infinite, 
the theory would still be unsatisfactory, as long as the unphysical 
concept of "bare particle" plays a dominant role. F. Rohrlich 

m 

10.1.3 Time evolution in QED 

In addition to peculiar infinite masses and charges of bare particles, tra- 
ditional QED predicts rather complex dynamics of the vacuum and one- 
particle states. Let us forget for a moment that interaction terms in H c 
are infinite, and apply the time evolution operator exp(— j i H c t) to the vac- 
uum (no-particle) state. Expressing V c in terms of creation and annihilation 
operators of particles (1L. 101) and (1L.13[) and omitting numerical factors we 
obtain^] 

|o(t)) = e -^» 

= (l-^(H + V c ) + ...)\0) 

= |0)+taW|0)+tdW|0) + ... 

= \0) +t\abc) +t\dfc) + ... (10.2) 

We see that various multiparticle states (\abc), \dfc), etc.) are created from 
the vacuum during time evolution. So, the vacuum is full of appearing and 
disappearing virtual particles. The physical vacuum in QED is not just an 
empty state without particles. It is more like a boiling "soup" of particles, 
antiparticles, and photons. 

Similar disturbing problems become evident if we consider the time evo- 
lution of one-electron states. One bare electron a*\0) is not an eigenstate of 
the full Hamiltonian H c . Therefore, the initial state of one electron quickly 

9 Here we are concerned only with the presence of <vwc* and cT f'c' interaction terms 
in (|L.10p . All other terms are omitted. We also omit factors i, H, and coefficient functions 
which are not so relevant in this context. 
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transforms into a multi-particle state: bare electron + photons + electron- 
positron pairs + proton- antiproton pairs + ... 

\a(t)) = e-^ HH \a) 

= (1- 1 {(H + V C ) +...)\a) 

= \a) + ta j b j c j a j \0) + td j fc j a j \0) + ... 

= | a) +t\aabc) +t\adfc) + . . . (10.3) 

Such a behavior of zero- and one-particle states has not been seen in experi- 
ments. Obviously, if a theory cannot get right the time evolutions of simplest 
zero-particle and one-particle states, there is no hope of predicting the time 
evolution in more complex multiparticle states. 

The reason for these unphysical time evolutions is the presence of unphys 
(e.g., a^b^c^ + (P and renorm (a^a + Wb + d)d + /'/) terms in the inter- 
action V c of the renormalized QED. This problem is separate from the fact 
that coefficient functions of these terms are infinite. How is it possible that 
such an unrealistic Hamiltonian leads to exceptionally accurate experimental 
predictions? 

The important point is that unphys and renorm interaction terms in H c 
are absolutely harmless when the time evolution in the infinite time range 
(from — oo to oo) is considered. As we saw in eq. (I6.92p . such time evolution 
is represented exactly by the product of the non-interacting time evolution 
operator and the S-operator 



U c (oo <- -oo) = U (oo «- -oo)S c 

The factor Uq in this product leaves invariant no-particle and one-particle 
states. The factor S c has the same properties due to the cancelation of 
unphys and renorm terms in F c as discussed in subsection 19.1.21 So, in spite 
of ill-defined operators H c and exp(— \H c t), QED is perfectly capable of 
describing scattering. 

Luckily for QED, current experiments with elementary particles are not 
designed to measure time-dependent dynamics in the interaction region. In- 
teraction processes occur almost instantaneously in particle collisions. High 
energy particle physics experiments are, basically, limited to measurements of 
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scattering cross-sections and energies of bound states, i.e., properties encoded 
in the S'-matrix. In this situation, the inability of the theory to describe time 
evolution can be tolerated. But there is no doubt that time-dependent pro- 
cesses in high energy physics will be eventually accessible to more advanced 
experimental techniques] 10 ! Clearly, without accurate description of time evo- 
lution, we cannot claim a success in developing a comprehensive theory of 
subatomic phenomena. 



10.1.4 Unphys and renorm operators in QED 

In the preceding subsection we saw that the presence of unphys and renorm 
interaction operators in V c is responsible for unphysical time evolution. It 
is not difficult to see that the presence of such terms is inevitable in any 
local quantum field theory where interaction Hamiltonian is constructed as a 
polynomial of quantum fields [89]. We saw in f|j.22j) and flK.lj) that quantum 
fields of both massive and massless particles always have the form of a sum 
(creation operator + annihilation operator) 



ifj oc cr + a 

Therefore, if we construct interaction as a product (or polynomial) of fields, 
we would necessarily have unphys and renorm terms there. For example, 
converting to the normal order a product of four fields 



V oc V 4 

= (or + ct)(ar + a)(or + a)(ac + a) 

= orovorw + orovova + a'aaa + aaaa + a 'a' + aa (10.4) 

+ a ] a + C (10.5) 

+ aWaa (10.6) 

we obtain unphys terms (j!0.4p together with renorm terms (110.51) and one 
phys term (110. 6p . So, this operator cannot properly describe interacting time 
evolution. 

1 Time dynamics of wave functions can be resolved in some experiments in atomic 
physics, e.g., with Rydberg states of atoms [88]. Moreover, time evolution is clearly 
observable in everyday life. So, a consistent theory of subatomic phenomena should be able 
to describe such phenomena in its low-energy limit. This is not true for the renormalized 
QED. 
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This analysis suggests that any quantum field theory is destined to suffer 
from renormalization difficulties. Do we have any alternative? The prevalent 
opinion is that "no, there is no alternative to quantum field theory" 

The bottomline is that quantum mechanics plus Lorentz invari- 
ance plus cluster decomposition implies quantum field theory. S. 
Weinberg [JJ 

If this statement was true, then we would find ourselves in a very troubling 
situation. Luckily, this statement is not true. It is possible to construct a 
satisfactory relativistic quantum theory where renormalization problems are 
absent. This possibility is discussed in the next section. 



10.2 Dressing transformation 

The position taken in this book is that the presence of infinite counterterms 
in the Hamiltonian of QED H c is not acceptable and that the Tomonaga- 
Schwinger-Feynman renormalization program was just a first step in the pro- 
cess of elimination of infinities from quantum field theory. In this section we 
are going to propose how to make a second step in this direction: remove 
infinite contributions from the Hamiltonian H c and solve the paradox of 
ultraviolet divergences in QED. 

Our solution is based on the dressed particle approach which has a long 
history. Initial ideas about "persistent interactions" in QFT were expressed 
by van Hove [901 EI]- First clear formulation of the dressed particle concept 
and its application to model quantum field theories are contained in a brilliant 
paper by Greenberg and Schweber [10]. This formalism was further applied 
to various quantum field models including the scalar-field model [32], the 
Lee model H2 M, S3 EE] , and the Ruijgrok-Van Hove model [JTJ [97]. The 
way to construct the dressed particle Hamiltonian as a perturbation series 
in a general QFT theory was suggested by Faddeev [98] (see also [991 HOOj 
[TOT]). Shirokov with coworkers [JJ M> EEl [TO3l [TOJ] further developed these 
ideas and, in particular, demonstrated how the ultraviolet divergences can 
be removed from the Hamiltonian of QFT up to the 4th perturbation order 
(see also [105] ). 
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10.2.1 Physical particles 

The simplest way to avoid renormalization problems is to demand that in- 
teraction Hamiltonian V does not contain unphys and renorm terms. In this 
case, there are only phys terms in so that each term has at least two 
creation and at least two annihilation operators 



V = a^a^aa + ccwaaa + a'cra'aa + . . . (10-7) 

According to Table 17.21 in subsection 17.2.51 commutators of phys terms can 
be only phys. Therefore, when the F-operator is calculated (16.1031) only phys 
terms can appear there. So, F has a form similar to (110.71) . and both V and 
F yield zero when acting on zero-particle and one-particle states 



V|0> = VaJ\0)=0 
F\0) = Fa j \0)=0 



Therefore, the mass renormalization conditional is automatically satisfied, 
i.e., the S'-operator is equal to unity in the zero-particle and one-particle 
sectors of the Fock space. 



S\0) = exp(F00)|O) 

= (1 + F* h (t) +^ F ph (t) FP h (t) + . . .)|0) 
= |0> 

Sa j \0) = (1 + F ph (t)+^F ph (t)F ph (t) + ...)a j \0) 
= a*\0) 

Moreover, the time evolution of the vacuum and one-particle states is not 
different from the free time evolution 



11 Recall that decay and oscillation operators are not present in QED. 
12 eq. fOll and Statement IO 
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0(t)> 



a(t)) 



as it should be. Physically this means that in addition to forbidding scat- 
tering in zero-particle and one-particle states (Statement 19. ip we forbid any 
(self-)interaction in these states. 

Postulate 10.1 (stability of vacuum and one-particle states) There is 
no (self-) interaction in the vacuum and one-particle states, i.e., the time evo- 
lution of these states is not affected by interaction and is governed by the non- 
interacting Hamiltonian H . Mathematically, this means that the interaction 
Hamiltonian V is phys. 

Summarizing discussions from various parts of this book, we can put together 
a list of restrictions that should be satisfied by any realistic interaction 

(A) Poincare invariance (Statement 13.21) ; 

(B) instant form of dynamics (Postulate 111.21) ; 

(C) cluster separability (Postulate 16 . 3j) : 

(D) no self-interactions (Postulate 110.11) ; 



= e-* m \0) 

= (l- l ±(H + V ph ) + ...)\0) 

= (1-|# + ...)|0> 

= e -s Ho *|0> 

= e~r, H W\0) 

= (l- i l(H + V ph ) + ...W\0) 

= (1- + )at|0) 



(E) finiteness of coefficient functions of interaction potentials; 
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(F) coefficient functions should rapidly tend to zero at large values of mo- 
menta 



As we saw in subsection I10.1.4[ requirement (D) practically excludes all 
field-theoretical Hamiltonians. The question is whether there are non-trivial 
interactions that have all the properties (A) - (F)? And the answer is "yes". 

One set of examples of allowed interacting theories is provided by "direct 
interaction" models, 3 Two-particle models of this kind were first constructed 
by Bakamjian and Thomas [I]. Sokolov [HIE], Coester and Polyzou [5] showed 
how this approach can be extended to cover multi-particle systems. There 
are recent attempts [80] to extend this formalism to include description of 
systems with variable number of particles. In spite of these achievements, the 
"direct interaction" approach is currently applicable only to model systems. 
One of the reasons is that conditions for satisfying the cluster separability 
are very cumbersome. This mathematical complexity is evident even in the 
simplest 3-particle case discussed in subsection 16.3.71 

In the "direct interaction" approach, interactions are expressed as func- 
tions of (relative) particle observables, e.g., relative distances and momenta. 
However, it appears more convenient to write interactions as polynomials in 
particle creation and annihilation operators (17.491) . We saw in Statement 17.71 
that in this case the cluster separability condition (C) is trivially satisfied 
if the coefficient functions have smooth dependence on particle momenta. 
The no-self-interaction condition (D) simply means that interaction is phys. 
The instant form condition (B) means that generators of space translations 
P = Po and rotations J = Jo are interaction-free, and that interaction V 
commutes with P and Jo- The most difficult part is to ensure the relativistic 
invariance (condition (A)), i.e., commutation relations of the Poincare group. 
One way to solve this problem is to fix the operator structure of interaction 
terms and then find the momentum dependence of coefficient functions by 
solving a set of differential equations resulting from Poincare commutators 
f[6"26D pH EE1 CLEl Unil DUE [ITT] . Kita demonstrated that there is 
an infinite number of solutions for these equations, i.e., an infinite number 
of interacting models which satisfy conditions (A) - (F). Apparently, there 
should be additional physical principles that would single out a unique theory 



13 According to Theorem 1 7. 121 this guarantees convergence of all loop integrals involving 
vertices V, and, therefore, the finiteness of the ^-operator calculated with interaction V. 
14 Some of them were discussed in section T6.3I 
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of interacting particles that agrees with experimental observations. Unfortu- 
nately, these additional principles are not known at this moment. 

10.2.2 The main idea of the dressed particle approach 

The Kita-Kazes approach pH EH QSZl EH EH HUH ECE] is difficult to apply 
to realistic particle interactions, so, currently, it cannot compete with QFT. It 
might be more promising to abandon the idea to build relativistic interactions 
from scratch and, instead, try to modify QFT to make it consistent with the 
requirements (D), (E), and (F). One argument in favor of such an approach 
is that the S"-matrix of the usual renormalized QED agrees with experiment 
very well. So, we may add the following requirement to the above list: 

(G) the S'-operator of our theory is exactly the same as the S'-operator of 
the renormalized QED. 

Let us denote the desired "phys" interaction operator by V d . Then, con- 
dition (G) means that the Hamiltonian H d = H° + V d is scattering equivalent 
to the QED Hamiltonian H c = H + V c . Recalling our discussion in section 
16.5.31 we see that this can be achieved if H d and H c are related by a unitary 
transformation 

H d = H + V d 

= e i0 H c e~^ (10.8) 

= e^(H + V c )e-^ 

= {H + V c ) + z[$, {H + V c )} - [$, {Ho + V c )}} + . . .(10.9) 

where Hermitian $ satisfies condition (16.1061) . The new Hamiltonian H d will 
be called the dressed particle Hamiltonian, and transformation e** will be 
called the dressing transformation. 

10.2.3 The unitary dressing transformation 

Now our goal is to find a unitary transformation e l * which ensures that the 
dressed particle Hamiltonian H d satisfies all properties (A) - (G). In this 
study we will need the following useful results 
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Theorem 10.2 (transformations preserving the S-operator) A unitary 
transformation of the Hamiltonian 



H' = e^He^* 

preserves the S- operator if the Hermitian operator $ has the form FTJIfy 
[TJW where all terms $nm have smooth coefficient functions. 



Proof. Let us write the left hand side of the scattering-equivalence condition 
(16.106P for each term $nm in $ 



lim e-* Hot $ NM ei Hot 

t— >±oo 

= lim V" / dq / 1 ...rfq / ^rfqi...dq M D A r M (q / 1 ?7 / 1 ;...;q / Ar ?7^;q 1 ^ 1 ;...;q M ^ M ) 

t— >±00 ' * J 

N M 

5 (J2 - ^ e ~ iENMta l' v v[ ■ ■ ■ a {' N ,v' N a ™ ■ ■ ■ a ^,vM 

i=l j=l 

where Enm is the energy function of this term. The limits t — > ±oo are zero 
by Riemann-Lebesgue lemma lB~Tj because the coefficient function D^m is 
smooth, while factor e~n NMt oscillates rapidly in the momentum space. 
Therefore, according to (16.1071) . Hamiltonians H and H 1 are scattering- 
equivalent. ■ 



Lemma 10.3 Potential -fi| 15 l is smooth if B is either unphys with arbitrary 
smooth coefficient function or phys with a smooth coefficient function which 
is identically zero on the energy shell. 

Proof. The only possible source of singularity in B_ is the energy denominator 
Eg 1 (see eq. <^M)) which is singular on the energy shell. However, for 
operators satisfying conditions of this Lemma, either the energy shell does 
not exist, or the coefficient function vanishes there. So, the product of the 
coefficient function with Eg is smooth and finite on the energy shell. ■ 

15 For definition of the underlined symbol see (|6.97p . 
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Next we introduce regularization, e.g., a cutoff at large integration momenta 
which ensures that all interactions in the Hamiltonian of QED are 
finite0 and that all loop integrals involved in calculations of products and 
commutators of interactions Vf are convergent. In this section we are going 
to prove that in this regulated theory the operator $ can be chosen so that 
conditions (A) - (G) are satisfied in all orders. Of course, in order to get 
accurate results, in the end of calculations the momentum cutoff should be 
send to infinity. Only those quantities may have physical meaning, which 
remain finite in this limit. The limit of removed regularization cutoff A — > oo 
will be considered in subsection 110.2.71 

Multiplying (110.91) by e~n- Hot from the left and e^ H ° l from the right we 
enforce the t-dependence (17.501) characteristic for regular operators^ We will 
assume that all relevant operators can be written as expansions in powers of 
the coupling constant, and all series converge 



H c = H + V£ + V 2 C + ... (10.10) 
H d = Ho + Vf + V 2 d + ... (10.11) 
$ = $ 1 + $ 2 + ... (10.12) 

Using these expansions and collecting together terms of equal order we 
obtain an infinite set of equations. 



V 2 \t) = ^)+# 2 (f),ffo]+^iW > ^)]-^[$ 1 (t),[$ 1 (t) ) Fo]] 

V 3 d (t) = Vi(t)+i[^ 3 (t),H }+i[^ 2 (t),Vm}+i[^i(t),V 2 c (t)} 
16 see subsection l9.1.1l 

17 We will assume that final results do not depend on how exactly the cutoffs are intro- 
duced and lifted, so we will not perform the regularization explicitly. It will be sufficient 
to simply assume that all loop integrals and counterterms are made finite by the regular- 
ization. We can do that, because we are not going to evaluate these integrals explicitly. 
As discussed in subsections 17.3.11 and 17.4.31 we will also avoid singularities at k — and 
related infrared divergences by assigning a small mass to photons. 

18 The i-dependence is introduced here merely to assist in calculations. At the end of 
calculations we should set t = to obtain the Hamiltonian (|10.11|) in the final form which, 
of course, does not depend on time. So, parameter t has no relationship to the physical 
time. It would be less confusing if we chose another letter to denote this parameter. But 
we simply follow usual conventions here. 
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- I[* 2 (t), [^(t),H Q ]] - [<& 2 (t), tf ]] - ![*!(*), 

- ^[^i(t),[^i(t),[^i(t),^o]]] 



Using property ( 17. 58ft these equations can be transformed to 



V'(t) = V«(f) + fi^> (10.13) 

»?(«) = vm + + im),vm] (io.u) 

V?(«) = V/(() + R^^ + i[4 2 ((),V 1 c (()]+i[4iW,14 c (()] 

+ + §[*,«), - ![•,(«), [•,(«), vrwn 

- £[•>(«), [•>«. ^11 (10-15) 



Now we need to solve these equations order-by-order. This means that we 
need to choose appropriate operators so that interaction terms Vf on 

left hand sides satisfy above conditions (B) - (G)@ Let us start with the first 
perturbation order. 



10.2.4 Dressing in the first perturbation order 

In QED, Vf(t) = Vi(t) is unphysH therefore in eq. (110. 13j) we can choose 
$P ft (i) = $™ = and use eqs. (16\97D and (17321) to write 

= -11' V 1 (t')dt' 

= iVi(t) (10.16) 



Then VJ (t) = 0, so that conditions (B) - (F) are trivially satisfied in this 
order. The coefficient function of V\(t) is non-singular. By Lemma [10.31 this 

19 We will discuss condition (A) separately in subsection ll0.2.8l 
20 seeeq. (jOUj) 
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implies that $" np (t) in eq. (110.161) is smooth. By Theorem 1 10. 21 the presence 
of this term in the dressing transformation e** does not affect the S'-operator 
in agreement with our condition (G). 

10.2.5 Dressing in the second perturbation order 

Now we can substitute the operator $i(t) found above into eq. CIlO. 14[) and 
obtain expression for the 2nd order dressed potential 



v 2 d (t) = v 2 c ( t ) + - [vm, vrn] + iggj), vm\ 

It is convenient to write separately unphys, phys, and renorm parts of this 
equation and take into account that d$ r 2 n /dt = 



{V 2 d ) unp {t) = {V 2 c ) unp {t) + h — 2 —±± - ^[ Vx{t) ,V^{t)] unp (10.18) 

{v 2 d y\t) = (v 2 y h (t) + n^j^- - \ [vm, vmr h (10.19) 

(ydyen = (ycyen _ }_ ] yc^ y°(t)] ren (10.20) 

From the condition (D) it follows that (V 2 ) unp (t) must vanish, therefore we 
should choose in (110.181) 



$r p (t) = l iy^it) - 1 - ^)^)]^ (10.21) 

Operators V\(t) and (V 2 ) unp are smooth. Therefore, by Lemma |10.3[ the op- 
erator V\(t) is also smooth, and by Lemma 17. lll the commutator [Vi(t), Vi(t)] unp 



is smooth as well. Using Lemma 110.31 again, we see that operator Q 2 np (t) 
is smooth, and by Theorem 110.21 its presence in the transformation e l * does 
not affect the S'-operator. 

Let us now turn to eq. (110. 19f) for the phys part of the dressed particle 
interaction V 2 . First, note that unlike § 2 np (t), we cannot choose & 2 h {t) so as 
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to cancel completely the phys part of interaction. Such a cancelation would 
require us to define 



$f(t) = i (v 2 c )*(t) - l - [vm,vmr (10.22) 

However, the right hand side has t-integrals of phys operators which have 
non-empty energy shells. Therefore, these integrals have singularities on the 
energy shell (see eq. ( 17.62)) ) . but we are not allowed to use a transformation 
with singular operator $, because this would change the S'-operator and 
violate condition (G). 

Note also that we cannot simply choose & 2 h (t) = 0, because in this case, 
the dressed particle interaction would acquire the form 



(v 2 d r h (t) = (v 2 y h (t) - 1 -[vm,v 1 c (t)] ph 

and there is absolutely no guarantee that the coefficient function of (V 2 ) ph (t} 
rapidly tends to zero at large values of particle momenta (condition (F)) 



21 



In order to have this guarantee, we are going to choose $f (t) such that 

h — cancels out two other terms on the right hand side of (110.191) when 
momenta are far from the energy shell. In addition, we will require that 
& 2 h (t) is non-singular. Both conditions can be satisfied by choosing^ 



$f(t) = {i(V 2 r h (t) - -[TO, V?(t)]»} o (1 - C 8 ) (10.23) 



where ( 2 is a real function of particle momenta, such that 
(I) ( 2 is equal to 1 on the energy shell; 

21 This has the danger that loop integrals involving (V 2 d ) ph (t) would not converge thus 
implying a divergent ^-operator. 

22 This expression differs from Ijl0.22j) by the factor (1 — (2) which, according to the 
property (I) below vanishes on the energy shell. (Recall the definition of the symbol o 
from subsection 17.2.31 ) This allows us to avoid the on-shell singularity of the ^-integral. 
Notice also that this part of our dressing transformation closely resembles the "similarity 
renormalization" procedure suggested by Glazek and Wilson [14l [15] . 
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(II) (2 depends on rotationally invariant combinations of momenta (to make 
sure that V 2 commutes with P and Jo); 

(III) (2 is smooth; 

(IV) (2 rapidly tends to zero when the arguments move away from the energy 
shell@ 

With the choice fll().23|) we obtain 

(v 2 d r h (t) = {(v 2 r\t)- 1 -[vi(t)_,v 1 %t)] ph }°c2 (10.24) 

so that {V 2 d ) ph (t) rapidly tends to zero when momenta of particles move away 
from the energy shell in agreement with condition (F). 
Now we can set 



<$> r 2 en = (10.25) 

and prove that condition (D) is satisfied automatically. We already proved 
(V 2 ) unp (t) = 0, so we are left to demonstrate (V 2 ) ren = First note that 
with the above definitions (fHTTEIl . ([HOT]) . (1X031) . (HJF25\\ the operator 
$i(t) + $2^) is smooth. Therefore, according to Theorem 110.21 the S- 
operator obtained with the transformed interaction V 2 (t) agrees with the 
S'-operator S c up to the second perturbation order (condition (G)). This 
would be impossible if V 2 (t) contained a non-zero renorm termini Therefore 
we must conclude that (V 2 ) ren = and that two terms on the right hand 
side of (110.201) cancel each other. 

10.2.6 Dressing in an arbitrary order 

For any perturbation order i, the selection of $i(t) and the proofs of (B) 
- (G) are similar to those described above for the 2nd order. The defining 
equation for Vf(t) can be written in a general fornix 

23 For example, we can choose (2 = e~ aE ^ where a is a positive constant and E is the 
energy function of the operator in curly brackets in (|10.23|) . 

24 this would imply that operators F^it) and F£(t) also have non-zero renorm terms in 
disagreement with eq. (|9.3[) . 

25 compare with (|10.17| 
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Vfit) = Vm + ^^^ + E t (t) (10.26) 

where Hj-(t) is a sum of multiple commutators involving V!f(t) from lower 
orders (1 < j < i) and their t-integrals. This equation is solved by 



% en = (10.27) 

$r p w = i zr p {t) +i vr p {t) , (10.28) 

$f(t) = z (Sf(t) + ^(t))o(l-Q) (10.29) 

where function Q has properties (I) - (IV). Similar to the 2nd order discussed 
above, one then proves that $i(t) is smooth, so that condition (G) is satisfied 
in the i-th order. 

Solving equations fll0.26j) order-by-order we obtain the dressed particle 
Hamiltonian 



H d (t) = ^H c {t)e-^ (10.30) 
= H + V d (t)+V d (t) + V d (t) + ... (10.31) 

which satisfies properties (B) - (G) as promised. 

10.2.7 The infinite momentum cutoff limit 

It seems rather obvious that conditions (B) - (D) and (F) remain valid in- 
dependent on the momentum cutoff A. Therefore, they also remain valid in 
the limit of infinite cutoff. Let us now demonstrate that condition (E) also 
remains valid in this limit. To do that, we use (16.1021) and (16.1031) . and write 



logS c = £^ + £^ + £^+... 

logS d = ^+^+^~[V^,V d (t))--- 

Since 5* c = 5^ by the condition (G), we obtain the following set of relations 
between V d {t) and F?(t) on the energy shell 
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Vf(t) = F 2 c (t) (10.32) 

VftQ = Fgl (10.33) 

SB = ^ + l¥M> v *w ( 10 - 34 ) 

V d (t) = Ff{t)+Qi{t) } i>A (10.35) 



where Qi(t) denotes a sum of multiple commutators of V d {t) from lower 
orders (2 < j < i — 2) with t-integrations. These relations are independent on 
the cutoff A, so they remain valid when A — > oo. In this limit operators F?(t) 
are finite and assumed to be known on the energy shell from the standard 
renormalized QED theory. This immediately implies that V d (t) and V d (t) 
are finite on the energy shell, and, due to the condition (F), they are finite 
for all momenta. 

The equation for the 4th order potential (I10.34p is different from (I10.32[) 
and (110.331) by the presence of an additional term 

\ iYM> ( 10 - 36 ) 

on its right hand side. How can we be sure that this expression is finite on 
the energy shell? According to Theorem 17.121 the fast decay of the potential 
V2 off the energy shell (condition (F)) ensures the convergence of all loop 
integrals which can appear in calculations of this commutator. Therefore, 
commutator (110.361) is finite on the energy shell, and in fll0.34[) is finite 
on the energy shell and everywhere else. These arguments can be repeated 
in all higher orders, which proves that the dressed particle Hamiltonian H d 
is free of ultraviolet divergences. 

10.2.8 Poincare invariance of the dressed particle ap- 
proach 

The next question is whether the theory with the transformed Hamiltonian 
H d is Poincare invariant (condition (A))? In other words, whether there 
exists such a boost operator K. d that the set of generators {Pq, Jo, K d , H d } 



10.2. DRESSING TRANSFORMATION 



371 



satisfies Poincare commutators? With the unitary dressing operator exp(i$) 
constructed above this problem has a simple solution. If we define K d = 
e l *K c e -1 *, then we can obtain a full set of dressed generators via unitary 
transformation of the old generators^! 

{P , Jo, K d , H d } = j*{P Q , Jo, K c , H c }e^ 

The dressing transformation e** is unitary and, therefore, preserves commu- 
tators. Since old operators obey the Poincare commutators, the same is true 
for the new generators. This proves that the transformed theory is Poincare 
invariant and belongs to the instant form of dynamics |112j . 

10.2.9 General properties of physical particle interac- 
tions 

One may notice that even after conditions (I) - (IV) are satisfied for functions 
Q, there is a great deal of ambiguity in choosing their behavior outside the 
energy shell. Therefore, the dressing transformation e** is not unique, and 
there is an infinite set of dressed particle Hamiltonians that satisfy our re- 
quirements (A) - (G). Which dressed Hamiltonian should we choose? Before 
trying to answer this question, we can notice that all Hamiltonians satisfying 
conditions (A) - (G) have some important common properties, which will be 
described in this subsection. 

Note that electromagnetic interactions are rather weak. In most situation 
the (expectation value) of the interaction potential energy is much less than 
the sum of particle energies (mc 2 ). To describe such situations it is sufficient 
to know the coefficient functions of the interaction only near the energy shell 
where we can approximately set Q ~ 1 for each perturbation order This 
observation immediately allows us to obtain a good approximation for the 
second-order interaction from eq. fll0.24[) by setting ( 2 ~ 1 

V 2 d (t) « (V 2 y h (t)-~[V 1 c (t),Vi c (t)] ph (10.37) 

Some examples of potentials present in V 2 d are shown in Table 110.11 We can 
classify them into two groups: elastic potentials and inelastic potentials. 



Note that operator exp(i<!>) commutes with Po and Jo by construction. 
This follows from condition (I) on the functions Q ( see page I367j) . 
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Elastic potentials do not change the particle content of the system. They 
have equal number of annihilation and creation operators, as if they create 
and then annihilate the same numbers and types of particles. As shown 
in subsection 17.2. 7[ elastic potentials correspond to particle interactions fa- 
miliar from ordinary quantum mechanics and classical physicsl^l Inelastic 
potentials change the number and/or types of particles. Among 2nd order 
inelastic potentials in RQD there are potentials for pair creation, annihila- 
tion, and pair conversion. 

Similarly to the 2nd order discussed above, the third-order interaction V% 
can be explicitly obtained near the energy shell by setting £3 m 1. All 3rd 
order potentials are inelastic. Two of them are shown in Table ITOTTl The term 
Sa^c^da (bremsstrahlung) describes creation of a photon in a proton-electron 
collision. In the language of classical electrodynamics, this can be interpreted 
as radiation due to acceleration of charged particles and is referred to as the 
radiation reaction force. The Hermitian-conjugated term d)a)dac describes 
absorption of a photon by a colliding pair of charged particles. 

The situation is less certain for the 4th and higher order dressed particle 
interactions. Near the energy shell we can again set £4 ~ 1 and write (from 
eq. (HE2D) 

V*(t) « {Fiy\t) + \[V«{t),V 2 d {t)] (10.38) 

The operator obtained by this formula is a sum of various interaction 
potentials (some of them are shown in Table 110.11) 



= So} da + a ] a)a ] b ] aa + ... (10.39) 

The contribution (F£) p in eq. (110.381) is well-defined near the energy shell, 
because we assume exact knowledge of the S'-operator of renormalized QED 
in all perturbation orders. However, this is not true for the contribution 
2W21 V2). This commutator depends on the behavior of V 2 d everywhere in 
the momentum space. So, it depends on our choice of (2 outside the energy 
shell. The function (2 satisfies conditions (I) - (IV), but still there is a great 
freedom which is reflected in the uncertainty of V£ even on the energy shell. 

28 In section HO .31 we will discuss in detail potentials with the operator structure Sa)da. 
They describe pairwise interactions between electrons and protons. 
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Table 10.1: Examples of interaction potentials in RQD. Bold numbers in 
the third column indicate perturbation orders in which explicit interaction 
operators can be unambiguously obtained near the energy shell as discussed 



in subsection 110.2.91 



Operator 


Physical meaning 


Perturbation 






Orders 




Elastic potentials 




a^a^aa 


e~ — e~ potential 


2,4,6,... 


eft da 


e~ — p + potential 


2,4,6,... 


a^c^ac 


e~ — 7 potential (Compton scattering) 


2,4,6,... 


a^a'a'aaa 


e~ — e~ — e~ potential 


4,6,... 




Inelastic potentials 






e~ — e + pair creation 


2,4,6,... 


c^c^ab 


e~ — e + annihilation 


2,4,6,... 


tfpab 


conversion of e~ — e + pair to p~ — p + pair 


2,4,6,... 


Soft da 


e~ — p + bremsstrahlung 


3,5,... 


d^a^dac 


photon absorption in e~ — p + collision 


3,5,... 




pair creation in e~ — e~ collision 


4,6,... 



Therefore, we have two possibilities depending on the operator structure of 
the 4th order potential we are interested in. 

First, there are potentials contained only in the term (F£) p and not 
present in the commutator V*]- For example, this commutator does 

not contain the contribution a^a^a^tfaa responsible for the creation of an 
electron-positron pair in two-electron collisions. For such potentials, their 
4th order expression near the energy shell can be explicitly obtained from 
formula fTiTJ^g]) !^ 

Second, there are potentials whose contributions come from both two 
terms on the right hand side of eq. (110.381) . For such potentials, the second 
term on the right hand side of (110.381) remains uncertain. One example is 
the 4th order contribution to the electron-proton interaction d)a)da, which 
is responsible for the famous Lamb shift. 

To summarize, we see that in interaction operators of higher perturba- 
tion orders there are more and more terms with increasing complexity. In 
contrast to the QED Hamiltonian H c , there seems to be no way to write H d 



This is indicated by the bold 4 in the last row of Table 110.11 
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in a closed form. However, to the credit of RQD, all these high order terms 
directly reflect real interactions and processes observable in nature. Unfortu- 
nately, the above construction of the dressed particle Hamiltonian does not 
allow us to obtain full information about V d : The off-shell behavior of poten- 
tials is fairly arbitrary, and the on-shell behavioS can be determined only for 
lowest order terms. However, this uncertainty is perfectly understandable: It 
simply reflects the one-to-many correspondence between the S'-operator and 
Hamiltonians. It means that there is a class of finite phys interactions {V d } 
all of which can be used for S-matrix calculations without encountering di- 
vergent integrals. Then which member of the class {V d } is the unique correct 
interaction Hamiltonian V d l As we are not aware of any theoretical condi- 
tion allowing to determine the off-energy- shell behavior of Q, this question 
should be deferred to experiments. There seems to be no other way but to 
fit functions Q to experimental measurements. Such experiments are bound 
to be rather challenging because they should go beyond usual information 
contained in the S'-operator (scattering cross-sections, energies and lifetimes 
of bound states, etc.) and should be capable of measuring radiative correc- 
tions to the wave functions and time evolution of observables in the region 
of interaction. Current experiments do not have sufficient resolution to meet 
this challenge. 



10.2.10 Comparison with other dressed particle ap- 
proaches 

In this subsection, we would like to discuss another point of view on the 
dressing transformation. This point of view is philosophically different but 
mathematically equivalent to ours. It is exemplified by the works of Shirokov 
and coauthors |102[ I103[ [104]. In contrast to our approach in which the 
dressing transformation e** was applied to the field-theoretical Hamiltonian 
H c of QED while (bare) particle creation and annihilation operators were 
not affected, they kept the H c intact, but applied the (inverse) dressing 
transformation e~ J * to creation and annihilation operators of particles 



30 which is the most relevant for the comparison with experiments 
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and to the vacuum state 



\0) d 



e~ m \0) 



Physically, this means that instead of bare particles (created and annihi- 
lated by «t and a, respectively) the theory is formulated in terms of fully 
dressed particles (created and annihilated by operators a\ and a^, respec- 
tively), i.e., particles together with their virtual clouds. Within this approach 
the Hamiltonian H c must be expressed as a function of the new particle op- 
erators H c = ^(a^ad). Apparently, the same function T expresses the 
Hamiltonian H d of our approach through original (bare) particle operators: 
H d = !F(a\ a). Indeed, from eq. (110. 8p we can write 



So, mathematically, these two approaches are equivalent. Let us demonstrate 
this e quiv alence on a simple example. Suppose we want to calculate a tra- 
jectory^ of the electron in a 2-particle system (electron + proton). In our 
approach the initial state of the system has two particles 



and the expectation value of the electron's position is given by formula 



r(t) 



(¥|R(f)|¥> 

(0\daei Hdt Re-i Hdt aW\0) 
(0|rfa(e i *e^ c 'e- i *)R(e i *e-^ c *e- i ' 



)a t d + |0> (10.40) 



31 the time dependence of the expectation value of the position operator 
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where R is the position operator for the electron. However, we can rewrite 
this expression in the following form characteristic for the Shirokov's ap- 
proach 

r(t) = (0|e i *(e- i<I, rfae i *)e^ c *(e- i *Re i *)e-^ c *(e- i *a t d t e i<I, )e- l *|0) 
= Md d a d e^ HCt R d e-% HCt al4\0) d 

= d (0\d d a d R d (t)a d d d \0) d (10.41) 

where the time evolution is generated by the original Hamiltonian H c , while 
"dressed" definitions are used for the vacuum state, particle operators, and 
the position observable 

|0>d 

{a d , d d , a d , d d } 
R d 

In spite of different formalisms, physical predictions of both theories, e.g., 
expectation values of observables ( 110.40}) and ( 110.411) . are exactly the same. 

An interesting and somewhat related approach to particle interactions in 
QFT was recently developed by Weber and co-authors |113l 11141 11151 1116} . 

10.3 The Coulomb potential and beyond 

In the preceding section we obtained formulas for the dressed particle Hamil- 
tonian H d in a rather abstract form@ In this section we would like to 
demonstrate how this Hamiltonian can be cast into the form suitable for 
calculations, i.e., expressed through creation and annihilation operators of 
electrons, protons, photons, etc. It would be very difficult to explore all 
kinds of RQD interactions (e.g., those in Table [TOTT!) in one book. So, here 
we will focus on pair interactions between electrons and protons in the lowest 
(second) order of the perturbation theory. In the {v/c) 2 approximation we 
will obtain what is commonly known as the Breit potential. The major part 
of this interaction is the usual Coulomb potential. In addition, there are rel- 
ativistic corrections responsible for magnetic, contact, spin-orbit, spin-spin 



= e- <$ |0) 

= e~^{a, d, a\ d)}e v 



see, e.g., eqs. (|10.37|) and l|10.38|) . 
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and other interactions which are routinely used in relativistic calculations 
of atomic and molecular systems. This derivation demonstrates how formu- 
las familiar from ordinary quantum mechanics and classical electrodynamics 
follow naturally from RQD. Applications of the Hamiltonian H d to the hy- 
drogen atom are briefly discussed in subsection I1U.3.41 

10.3.1 Electron-proton interaction in the 2nd order 

The second-order dressed interaction operator near the energy shell is fll0.37[) 

v 2 d (t) « (v 2 r\t)-\[vm,vm] ph 

We may notice that the term Vf(t) is the same as in the original (non- 
renormalized) QED Hamiltonian (18.121) 



vm = v 1 {t) 



because renormalization counterterms appear only in the second and higher 
orders. Phys counterterms appear only in the 4th and higher orders, so 
(V 2 c Y h (t) = V 2 ph (t). Thus, in our calculations we can use original expressions 
for interactions (IL.lOj) and flL.131) and write 



v 2 d {t) » vt{t) - -WAvm ph (10.42) 

We can set t = 0, use notation and results <KW\ . flX54j) - (jX55j> . (jQ2l> (j03|l 
and obtain the following expression for the electron-proton interaction of the 
type Sa)da 



Vj[tfdda\ = {V 2 d ) A +{V 2 d ) B + {V 2 d ) c (10.43) 

where 



(y 2 d u 



e h c f dkdedpMmc 
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(V 2 % 



(V 2 d )c 



W°(p - k, tt; p, n')U°(e + k, e; e, e') x 

4-k )7 r4 + k l£ ^P >7 r'«e,e' (10.44) 



P 

e 2 h 2 c 2 f dkdedpMmc 4 



(2ttH) 3 J v /w eWe+k n p n p _ k (e + k 4- e) 2 
^ W(p - k, vr; p, tt') • U(e + k, e; e, e') x 

ee'-K-K 1 

4-k^ a i+k,e rf P,-' a e, £ ' (10.45) 

e 2 fr 2 c 2 f dkdedpMmc 4 1 



(2^) 3 i v /^ e ^ e+k fi p fi p _ k (e + k + e) 2 *; 2 
£ ( k • W (P - k ' ^ P' ^(k • U(e + k, e; e, e')) 



X 



ee 7V7T' 
Tt „t 



Vk/e+k^pye,' (10.46) 

In these formulas we integrate over the electron (e), proton (p), and trans- 
ferred (k) momenta, and sum over spin projections of the two particles e, e' 
and 7T, 7i"'. 



10.3.2 Electron-proton potential in the momentum space 

Operator (110.431) has non-trivial action in all sectors of the Fock space which 
contain at least one electron and one proton. However, for simplicity, we will 
limit our attention to the "1 proton + 1 electron" subspace 7i pe in the Fock 
space. If \l/(p, 7r; e, e) is the wave function of a two-particle state, then the 
interaction Hamiltonian (110.431) will transform it td 33 l 



#'(p, 7r, e, e) = V 2 d [d ] a ] da\§(p,ii]e } e) 

= / rfkw 2 (p,e,k;7r,e,7r , ,e , )^(p -k,7r / ;e + k,(e[p.47) 

where v 2 is the coefficient function of the interaction operator V 2 d \d) a) da\. 
We are going to write our formulas with the accuracy of (v/c) 2 . So, we can 
use (IX56D . 0371) - (IX62D . expand the denominators in (fTIlil) - (fT0!46l) 

33 See discussion in subsection 17.2.71 
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Mmc 4 

\J ^p-k^e+k^p^e 



1 , (p-k) 2 U P 2 ( e +k) 2 /j 

1 ^ 2M 2 c 2 V 2M2c2 V 2m 2 c 2 V 2m2c2 

, (p-k) 2 p 2 (e + k) 2 e 2 



4M 2 c 2 4M 2 c 2 4m 2 c 2 4m 2 c 2 
p 2 pk A; 2 e 2 ek k 2 



1 "77+7^ + 



2M 2 c 2 2M 2 c 2 4M 2 c 2 2m 2 c 2 2m 2 c 2 4m 2 c 2 



and obtain 



^2=^2.4 + ^25+^20 (10.48) 

where 



e 2 h 2 



(el)* (pr)* (el) (pr) 
Ae A.7T Ae ; A--k' 



(1- 



(2tt^) 3 A; 2 - 

p 2 pk k 2 e 2 ek A; 2 



2M 2 c 2 2M 2 c 2 4M 2 c 2 2m 2 c 2 2m 2 c 2 4m 2 c 2 



(2p - k) 2 - 2m F ■ [k x p] (2e + k) 2 + 2ia el ■ [k x e] 
1 8M 2 c 2 Jl 8m 2 c 2 J 

_ v (efl* v (pr)* (ei) V (PT) 

i Ae A7r Ae' A-tt' 



(27r^) 3 A; 2 ' 

p 2 pk A; 2 e 2 ek A; 2 

f 1 h 



2M 2 c 2 2M 2 c 2 4M 2 c 2 2m 2 c 2 2m 2 c 2 4m 2 c 2 
P 2 pk k 2 e 2 ek A: 2 . a pr [k x p] . a el [k x e] 

2M 2 c 2 2M 2 c 2 8M 2 c 2 2m 2 c 2 2m 2 c 2 8m 2 c 2 % 4M 2 c 2 * 4m 2 c 2 J 

e2/ * 2 „(ei)., / (pr)., / (eO, / (pr)/ 1 ^ ^ /fMp] L /elMe] 



v (ei). v (pr)* (eJ) (pr),, _ _^ « - <VL* X pj (7 e / [K X ej 

(2nh)^k 2Xe Xn Xe ' Xn ' V 8M 2 c 2 8m 2 c 2 4M 2 c 2 4m 2 c 2 J 

^ v (ep* (pr)* (eQ (pr)/ 1 _ _J 1 / pr [k X p] ^ [k X e] 

(27r^) 3Xe X " Xe ' l A; 2 8M 2 c 2 8m 2 c 2 4M 2 c 2 A; 2 4m 2 c 2 A; 2 J 
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v 2B (p,e, k; ir,e,Tc',e 

/ (e«)* v (pr)* ( e (P r ) 



K »* foil* Cm.'U (Wl J- 



(w** 5 *" " xf **' (2p - k - x k|)(2e + k + x k|) 

- 2ke + 2pk - * 2 

2i[a pr x k] • e + 2'p • [<r e ; x k] + [a pr x k] • [a ei x k]) 

vM' v W« v W v Wf P e ke Pk 

(2tt^) 3A£ Xn Xe ' Xw ' y Mmc 2 k 2 2Mmc 2 k 2 2Mmc 2 k 2 

1 i[Bpr x k] • e ip ■ x k] [<j pr x k] ■ [a d x k]) ^ 



4Mmc 2 2Mmc 2 k 2 2Mmc 2 k 2 AMmc 2 k 2 



U2cr(p,e,k;7r,e,7rV) 



e2 ^ 2 -,(eo* v ^)*v (e0 v (pr) r^ pk ^ ek ^ ek ■ pk 



(2tt^) 3A£ a " Ae y Mmc 2 k A 2Mmc 2 k 2 2Mmc 2 k 2 AMmc 2 ' 
Further, we useS 



[a^ x k] ■ [a el x k] = \[a el x k] x a pr ] ■ k 

= (k(a e ; • a^) - a pr (a e i • k)) • k 
= k 2 (a ei ■ apr) - (a pr ■ k)(a el ■ k) 

to write (110.481) in the form (compare with §83 in ref. [86] ) 
u 2 (p,e,k) 

e 2 ft 2 (11 1 pe (pk)(ek) 



(2vr/i) 3 V k 2 8M 2 c 2 8m 2 c 2 Mmc 2 k 2 Mmc 2 k 4 
+ . y[k x p] ^ g e ;[kxe] , y[kxe] .^[kxp] 



AM 2 c 2 k 2 Am 2 c 2 k 2 2Mmc 2 k 2 2Mmc 2 k 2 

@el ' @pr) (jJpr 



AMmc 2 AMmc 2 k 2 



(10.49) 



34 see properties of Pauli matrices in Appendix IH.4I 



10.3. THE COULOMB POTENTIAL AND BEYOND 



381 



10.3.3 The Darwin-Breit potential 

The physical meaning of the interaction (110.491) is more transparent in the 
position representation, which is derived by replacing variables p and e in 
(I1Q.49H with differential operators p = —ihd/dx and e = —ihd/dy and taking 
the Fourier transforni 3 ^! 



V^dVda^x, 7r;y,e) 

fdke^U- 1 + — L_ + _J_ + ^ _ (P k )(^ k ) 

(2nh) 3 J \ k 2 8M 2 c 2 8m 2 c 2 Mmc 2 k 2 Mmc 2 k 4 



. a pr [k x p] _ a el [k x e] _ B pr \k x e] .a et [k x p] 



4M 2 c 2 F 4m 2 c 2 P 2Mmc 2 k 2 2Mmc 2 k 2 

4Mmc 2 4Mmc 2 fc 2 / 1 ' ' y ' ' 

Using integral formulas (IB. 9|) - flB.13j) we obtain the following position-space 
representation of this potential (where r = x — y) 



2 1 1 Anr 8c 2 \M 2 m 2 J 



8irMmc 2 r 



£.g + (r-e)(r-p) 



e 2 h[r x p] • a pr e 2 K[r x e] • o e \ e 2 h\r x e] ■ a pr e 2 h[r x p] ■ o e \ 

16nM 2 c 2 r 3 lQirm 2 c 2 r 3 8nMmc 2 r 3 8 r nMmc 2 r' i 

e 2 h 2 ( a pr -a e i (a pr ■ r) (a d ■ r) 2^ _ 

+ 4M^ { - I^T + 3 4^ + 3 ^ ' ad5[r > 

With the accuracy of (f/c) 2 the free Hamiltonian if can be written as 



H = ^/M 2 c 4 + p 2 c 2 + Vm 2 c 4 + e 2 c 2 
= Ic + mc + 



2M 2m 8M 3 c 2 8m 3 c 2 

where the rest energies of particles Mc 2 and mc 2 are simply constants which 
can be eliminated by a proper choice of zero on the energy scale. Note 



35 see subsection 17.2.71 and §83 in ref. [86]; x is the proton's position and y is the 
electron's position 
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also that Pauli matrices ( 1H.3I) - ( 1H.5j) are proportional to the spin operators 
(see Table IH. 1|) S e ; = ~<7 e ;, S pr = \a pr . So, finally, the QED Hamiltonian 
responsible for the electron-proton interaction in the 2nd order is obtained 
in the form of Darwin- Breit potential^ 



H° 



H + V 2 d {p,e,r,S el ,S pr 



p 2 e 2 

n j ,r r> ^Coulomb 'orbit 'spin—orbit ^spin—spin (10.50) 

2M 2m 

This form is similar to the familiar non-relativistic Hamiltonian in which 
2hi §in * s treated as the kinetic energy operator and Vc ou iomb is the usual 
Coulomb interaction between two charged particles 



V ( 



Coulomb 



Airr 



(10.51) 



This is the only interaction term which survives in the non-relativistic limit 
c — > oo. V or f,it is a relativistic correction to the Coulomb interaction which is 
independent on the spins of particles. 



V c 



P 1 



orbit 



+ 



8M 3 c 2 
e 2 

8irMmc 2 r 



3m 3 c 2 



p • e 



e 2 ^/ 1 1 \ r- / \ 



8c 2 V M 2 
■ e)(r ■ p) 



(10.52) 



The first two terms do not depend on relative variables, so they can be 
regarded as relativistic corrections to energies of single particles. The contact 
interaction (proportional to h 2 5(r)) can be neglected in the classical limit 
h — > 0. Keeping the (f/c) 2 accuracy and substituting — > v pr and ^ — > v e i 
the remaining terms can be rewritten in a more familiar form of the Darwin 
potential |118] 



V, 



Darwin 



8irc 2 r 



pr 



(r • v pr )(r • v e i) 



(10.53) 



which describes magnetic interaction between charged spinless particles J 3 ^! 



36 Compare with §83 in ref. [86] and with [117] 
37 see, e.g., subsection ll2.1.7l 
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Two other terms K 



spins 



spin— orbit 



and V* 



spin— spin 



in (110.501) depend on particle 



V f 



spin— orbit 



e 2 [r x p] ■ S 



pr 



e r x e 



e r x e 



spin— spin 



+ 



+ 



87rM 2 c 2 r 3 

e 2 [r x p] • S eZ 
47rMmc 2 r 3 

,2 , g 



47rMmc 2 r 3 



pr 



Mmc 2 V 47rr 3 
S,i)(S(v) 



g (Spr_ 



r)(S e 



■ r 



47rr 5 



-fs, 

3 



(10.54) 



(10.55) 



Since our dressing transformation preserved the commutation relations 
of the Poincare Lie algebra@ we can be confident that the Darwin-Breit 
Hamiltonian is relativistically invariant, at least up to the order (v/c) 2 . In 
Appendix [O] we additionally verify this important fact by a direct calcula- 



tion 

The Darwin-Breit Hamiltonian was successfully applied to various elec- 
tromagnetic problems, such as the fine structure in atomic spectra [HU 1118] , 
superconductivity and properties of plasma [1221 1123[ I124[ 1125] . In chapter 
[12] we will see that in the classical limit this Hamiltonian reproduces correctly 
all major results of classical electrodynamics. 



10.3.4 The hydrogen atom 

Now we would like to apply the Hamiltonian (I10.50p to describe the system 
of two charged particles - the proton and electron. We can use the fact that 
this Hamiltonian commutes with the operator of total momentum P = p + 
e. Therefore Hamiltonian (110.501) leaves invariant the zero-total-momentum 
subspace of Ti. pe . Working in this subspace we can set q = — e = p in eq. 
(110. 52p and (110.541) and consider q as operator of differentiation with respect 
to r 



or 



38 see subsection 110. 2.81 
39 see also pHl [T20l [m] 
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If we make these substitutions in (I10.50j) . then the energies e and wave func- 
tions \l/ e (r, 7r, e) of stationary states of the hydrogen atom at rest can be 
found as solutions of the stationary Schrodinger equation 



Analytical solution of eq. (110.561) is not possible. Realistically, one can first 
solve equation (110.561) leaving just the Coulomb interaction term (110. 51j) 
there. This is the familiar non-relativistic problem with a well-known ana- 
lytical solution, which can be found in any textbook on quantum mechanics, 
e.g., [24 ^ H26j . We can consider this solution as a zero-order approximation 
for energies e and wave functions \l/ £ . Then other interaction terms in (ll0.5Uj) 
can be treated as perturbations. In the first approximation, these perturba- 
tions do not affect the wave functions but shift energies. Then V or bu and 
Vgpin-orbit are responsible for the fine structure of the hydrogen atom, and 
V S pi n - sp i n is responsible for the hyperfine structure (see Fig. 110.11) . Calcula- 
tions of these energy corrections can be found in §83 in ref. [86J. 

One important advantage of the dressed particle approach is that it allows 
us to derive inter-particle potentials in any order of the perturbation theory. 
This is true for potentials preserving the number of particles and also for 
potentials that lead to particle creation and annihilation. 

For example, the largest correction to the Breit electron-proton potential 
comes from the 4th order contribution V* [d)a}da\, which is responsible for 
the Lamb shifts of atomic energies. As we discussed in subsection 110.2.91 
energies of bound states are related to the ^-matrix, so they can be obtained 
reliably from the traditional renormalized QED. On the other hand, radia- 
tive corrections to stationary wave functions remain undetermined in our 
approach due to the uncertainty of interaction potentials outside the energy 
shell. Experimental determination of these wave function is very difficult as 
well. Such experiments should rely on observations of non- stationary dynam- 
ics of atomic states. However time-resolved studies of such processes with a 
resolution sufficient for extracting small radiative corrections is a challenging 
experimental taskF^I 

So far we discussed the action of operators Sa^da in the Hilbert space 
of the hydrogen atom. The sector H pe was invariant with respect to this 

40 See footnote on page 13571 




(10.56) 
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(a) (b) (c) (d) 

Energy 

F 

2SJP _2P- ^ =2p! . 



2S 1/2 

2 pl/2 2s T/2_ := . — =2S 



1/2 



^ = 2P ir 



IS 



IS 



1/2 



IS 



1/2 



IS 



1/2 



Figure 10.1: Low energy states of the hydrogen atom: (a) the non-relativistic 
approximation (with the Coulomb potential ( 110. 51ft ); (b) with the fine struc- 
ture (due to the orbit ( 110.521) and spin- orbit fll0.54[) corrections); (c) with 
the Lamb shifts (due to the 4th and higher order radiative corrections); (d) 
with the hyperfine structure (due to the spin-spin corrections (110. 55[) ) . 
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interaction, so the eigenvalues and eigenvectors could be found by the di- 
agonalization of such a truncated Hamiltonian. However, there are other 
terms playing a role as well. The most significant are the potentials d'cvdac 
and dtafc^da in the 3rd perturbation order (see Table 110.11) . These terms 
are responsible for light absorption and spontaneous light emission by the 
atom. The two-particle subspace Ti pe is not invariant with respect to these 
potentials. For example, operators d)a)dac and d^a^c^da have non-zero ma- 
trix elements between the stationary state 2P 1 / 2 of the hydrogen atom and 
the state IS* 1 / 2 + 7 which comprises the ground state of the hydrogen atom 
and one emitted photon 7 (see Fig. 110. lj) . Then expression 



to e 2 pi/2 —e ls i/2) is absorbed by the ground state IS 1 / 2 of the hydrogen atom, 
and the excited state 2P 1 / 2 is created. The expression 



describes an amplitude for the process in which a photon is spontaneously 
emitted from the excited atomic state 2P 1//2 . The presence of light emission 
interactions means that only the ground state | IS* 1 / 2 ) of hydrogen is a true 
stationary state of the full Hamiltonian. The terms like d^a^c^da in V d , rather 
than "zero-point oscillations of the electromagnetic field" , are responsible for 
the instability and broadening of excited atomic levels. Time evolution of 
such metastable states is discussed in chapter [TH 

10.4 Are quantum fields necessary? 

The general idea of RQD is that particles are the most fundamental ingre- 
dients of nature, and that everything we know in physics can be explained 
as manifestations of quantum behavior of particles interacting at a distance. 
Thus, the notion of fields become redundant in RQD. However, it is also true 
that (quantum) fields are in the center of all modern relativistic quantum 
theories, and we actually started our formulation of RQD from the quantum 




(1S 1/2 + 1 \d ] a ] c ] da\2P 1/2 ) 



41 up to a numerical factor 
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field version of QED in section 18.11 This surely looks like a contradiction. 
Then we are pressed to answer the following question: what is the role of 
quantum fields in relativistic quantum theory? 

In this section we will argue that the true reason for introducing quantum 
fields is just a technical one. Quantum fields can be regarded simply as con- 
venient linear combinations of particle creation and annihilation operators, 
which are useful for construction of relativistic and separable interactions 
between particles. However, it is not necessary to assign any physical signif- 
icance to quantum fields themselves. 



10.4.1 Dressing transformation in a nutshell 

Let us now review the process by which we arrived to the finite dressed 
particle Hamiltonian H d = H + V d earlier in this chapter. We started with 
the QED Hamiltonian H = H + V in subsection 18.1.21 (the upper left box 
in Fig. 110.21) and demonstrated some of its good properties, such as the 
Poincare invariance and the cluster separability. However, when we tried 
to calculate the S-operator from this Hamiltonian (arrow (1) in Fig. 110 .2[) 
we obtained meaningless infinite results beyond the lowest non-vanishing 
order of perturbation theory. The solution to this problem was given by the 
renormalization theory in chapter [9] (arrow (2)): infinite counterterms were 
added to the Hamiltonian H and a new Hamiltonian was obtained H c = H + 
V c . Although the Hamiltonian H c was infinite, these infinities canceled in the 
process of calculation of the S'-operator (dashed arrow (3)) and very accurate 
values for observable scattering cross-sections and energies of bound states 
were obtained (arrow (4)). As a result of the renormalization procedure, the 
divergences were "swept under the rug" , and this rug was the Hamiltonian 
H c . This Hamiltonian was not satisfactory: First, in the limit of infinite 
cutoff the matrix elements of the Hamiltonian H c on bare particle states were 
infinite. Second, the Hamiltonian H c contained unphys terms like a^b^c^ and 
a'c^a, which implied that in the course of time evolution the (bare) vacuum 
state and (bare) one-electron states rapidly dissociated into complex linear 
combinations of multiparticle states. This behavior was clearly unphysicalF^l 
Therefore, H c could not be used to describe dynamics of interacting particles. 



42 Although the divergences in the Hamiltonian H c can be avoided by the "similarity 
renormalization" approach [TH IT51 1127] . the problem of unphysical time evolution (=the 
instability of bare particles) persists in all current formulations of QED that do not use 
dressing. 



388 



CHAPTER 10. THE DRESSED PARTICLE APPROACH 



To solve this problem, we applied a unitary dressing transformation to the 
Hamiltonian H c (arrow (5)) and obtained a new dressed particle Hamiltonian 

H d = e i* H c e -i* ( 1Q 57) 

We managed to select $ so that all infinities from H c were canceled out in 
the product on the right hand side of (110.571) @ In addition, the Poincare 
invariance and cluster separability of the theory remained intact, and the 
S'-operator computed with the dressed particle Hamiltonian H d was exactly 
the same as the accurate S'-operator of renormalized QED (arrow (6)). 

The Hamiltonian of RQD (110.571) has a number of advantages over the 
Hamiltonian of QED. Unlike "trilinear" interactions in flL.101) . all terms in 
H d have very clear and direct physical meaning and correspond to real ob- 
servable physical processes (see Table [HTT1) . Moreover, with the help of H d , 
in addition to scattering amplitudes and energies of bound states, one can 
study the time evolution (arrow (7)) without regularization, renormalization, 
and other tricks. The RQD approach is very similar to the ordinary quantum 
mechanics: states are described by normalized wave functions, the time evo- 
lution is governed by a finite well-defined Hamiltonian, the stationary states 
and their energies can be found by diagonalizing this Hamiltonian. The only 
significant difference between RQD and conventional quantum mechanics is 
that in RQD the number of particles is not conserved: particle creation and 
annihilation can be adequately described. 

Looking back at the above derivation of the dressed particle Hamiltonian 
H d one may wonder if nature was meant to be that complicated? Currently 
we must rely on the dubious sequence of steps: "canonical gauge field quan- 
tization — > renormalization — > dressing" in order to obtain a finite H d . Are 
these steps inevitable ingredients of a realistic physical theory? Our answer 
to this question is "no" . Apparently, the "first principles" used in construc- 
tion of traditional relativistic quantum field theories (local fields, gauge in- 
variance, etc.) are not fundamental. Otherwise, we would not need such a 
painful procedure, involving infinities and their cancelations, to derive a sat- 
isfactory dressed particle Hamiltonian. We believe that it should be possible 
to build a fully consistent relativistic quantum theory without even invoking 

43 0ne can say that our approach has swept the divergences under another rug. This 
time the rug was the phase $ of the transformation operator e 4 *. However, this operator 
had no physical meaning, so there is no harm in choosing it infinite. 



10.4. ARE QUANTUM FIELDS NECESSARY? 



389 



Renormalization 



Dressing 
transformation 



Hamiltonian 

H=H +V 

o 

(finite) 



(1) 



S=S (V) 



Infinite 
S-operator 
(wrong) 




Hamiltonian 

with count erterms 

H C =H +V C 

o 

( infinite ) 



(5) 



S = S (V°) 



Dressed 
particle 
Hamiltonian 
H d =e i *H c e _i * 
(finite) 



(3) 



S=S (V d ) 



Finite, 

accurate 

S-operator 

S c 



(4) 




(7) 



Observable 
scattering 
properties 



t 

Dynamics 



Figure 10.2: The logic of construction of the dressed particle Hamiltonian. 
S(V) is the perturbation formula f!6.96j) that allows one to calculate the S- 
operator from the known interaction Hamiltonian V. 
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the concepts of quantum fields@ Unfortunately, this has not been done yet 
and we must rely on quantum fields and on the messy renormalization and 
dressing procedures to arrive to a physically acceptable theory of dressed 
particles. 

10.4.2 What is the reason for having quantum fields? 

In a nutshell, the traditional idea of quantum fields is that particles that 
we observe in experiments - photons, electrons, protons, etc. - are not 
the fundamental ingredients of nature. The most fundamental ingredients 
are fields. For each kind of particle, there exists a corresponding field, a 
continuous all-penetrating "substance" that extends all over the universe. 
Dyson called it "a single fluid which fills the whole of space-time" |128j . The 
fields are present even in situations when there are no particles, i.e., in the 
vacuum. The fields cannot be measured or observed by themselves. We 
can only see their excitations in the form of small bundles of energy and 
momentum that we recognize as particles. Photons are excitations of the 
photon field; electrons and positrons are two kinds of excitations of the Dirac 
electron-positron field, etc. The usual attitude is that QFT is a fundamental 
advancement of ordinary quantum mechanics. In QFT quantum rules are 
applied to the field degrees of freedom, while in ordinary QM the usual 
particle degrees of freedom (positions, velocities, etc.) are quantized. 

One important feature of the quantum theory of fields is that the num- 
ber of field "coordinates" is infinite (even uncountable), so quantum fields 
are dynamical systems with infinite number of degrees of freedom. Field 
"coordinates" and their conjugated "momenta" are interpreted as operator 
functions on the 4D Minkowski space-time whose values are operators in the 
Fock space. In addition, certain commutation (or anticommutation) rela- 
tions between fields and conjugate momenta are postulated, and manifestly 
covariant transformation rules with respect to Lorentz transformations are 
established^ 

In spite of its dominant presence in theoretical physics, the true meaning 
of QFT and its mathematical foundations are poorly understood. There are 
basically two views on this subject. One is purely pragmatical 

It is clear from all these examples, that quantum field theory oc- 

44 see discussion in the end of subsection 1 10. 2. II 
45 see Appendices [J] and [K] 
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cupies a central position in our description of Nature. It pro- 
vides both our best working description of fundamental physical 
laws, and a fruitful tool for investigating the behavior of complex 
systems. But the enumeration of examples, however triumphal, 
serves more to pose than to answer most basic questions: What 
are the essential features of quantum field theory? What does 
quantum field theory add to our understanding of the world, that 
was not already present in quantum mechanics and classical field 
theory separately? The first question has no sharp answer. The- 
oretical physicists are very flexible in adapting their tools, and no 
axiomatization can keep up with them. F. Wilczek |129j 

Another approach attempts to put QFT on a solid mathematical ground 
by formulating it in an axiomatic way. In spite of long history of efforts, 
successes of the axiomatic or algebraic quantum field theory (AQFT) are 
rather modest 

The major problem with AQFT is that very few concrete theories 
have been found which satisfy AQFT axioms. To be precise, the 
only known theories which do satisfy the axioms are interaction- 
free; no examples are known of AQFT-compatible interacting field 
theories, and in particular the standard model cannot at present 
be made AQFT-compatible. D. Wallace [13U] 

In this book we took a different attitude toward quantum fields. Our 
viewpoint is that quantum fields are not the fundamental ingredients of na- 
ture. World is made of discrete, countable, and localizable particles. Fields 
are just formal mathematical objects which are rather helpful in constructing 
relativistic quantum theories of interacting particlesF^I 



It should be noted that in non-relativistic (e.g., condensed matter) physics, quantum 
fields may have perfectly valid physical meaning. However, in these cases the field descrip- 
tion is approximate and works only in the low-energy long-distance limit. For example, the 
quantum field description of crystal vibrations is applicable when the wavelength is much 
greater than the inter-atomic distance. The excitations of the crystal elastic field give rise 
to (pseudo-)particles called phonons. The concept of renormalization also makes a perfect 
sense in these systems. For example, the polaron (a conduction band electron interacting 
with lattice vibrations) has renormalizcd mass that is different from the effective mass of 
the "free" conduction band electron in a "frozen" lattice. In this book we are discussing 
only fundamental relativistic quantum fields for which the above relationships between 
quantum fields and underlying small-scale physics do not apply. 
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If (as usually suggested) fields are important ingredients of physical re- 
ality, then we should be able to measure them. However, the things that 
are measured in physical experiments are intimately related to particles and 
their properties, not to fields. For example, we can measure (expectation 
values of) positions, momenta, velocities, angular momenta, and energies of 
particles as functions of time (= trajectories). In interacting systems of par- 
ticles one can probe the energies of bound states and their wave functions. A 
wealth of information can be obtained by studying the connections between 
values of particle observables before and after their collisions (the S-matrix). 
All these measurements have a transparent and natural description in the 
language of particles and operators of their observables. 

On the other hand, field properties (field values at points, their space and 
time derivatives, etc.) are not directly observable. Fermion quantum fields 
are not Hermitian operators, so that, even formally, they cannot correspond 
to quantum mechanical observables. Even for the electric and magnetic fields 
of classical electrodynamics^! their direct measurability is very questionable. 
When we say that we have "measured the electric field" at a certain point in 
space, we actually have placed a test charge at that point and measured the 
force exerted on the test charge by surrounding charges. Nobody has ever 
measured electric and magnetic fields themselves. 

The formal character of quantum fields is clear also from the fact that 
their arguments t and x have no relationship to measurable time and posi- 
tion. The variable t is the parameter which we used in f)7.50p to describe the 
"t-dependence" of regular operators generated by the non-interacting Hamil- 
tonian i/o@ Three variables x are just coordinates in the abstract Minkowski 
space-time, and we do not attempt to relate them to physical positions of 
particles. 

It should be clear (for example, from consideration of the simple one-slit 
diffraction experiment discussed in subsection 12.1.31) that particle position 
must be described by a Hermitian operator and that wave functions in the 
position representation must have a well defined theoretical meaning. These 
wave functions determine the probability distributions for point marks on 
scintillating screens or photographic plates used in diffraction experiments. 

47 They are supposed to be built as classical limits of space and time derivatives of QED's 
photon quantum fields from Appendix iKl 

48 As we explained in subsection 16.5.21 this i-dependence has no relationship to the 
observable time dependence of physical quantities, but is rather added as a help in calcu- 
lations. 
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This quantum description of diffraction is very natural in theories possessing 
position operators. However, such a description looks very problematic if one 
interprets quantum field arguments x (c-numbers) as theoretical representa- 
tives of the position observable. 

Moreover, it does not seem right to assume that x are eigenvalues of some 
position operator. As seen from eqs. (16.961) and (18.81) - (18.91) . the parameters 
t and x are just integration variables, and they are not present in the final 
expression for the fundamental measurable quantity calculated in QFT - the 
S'-matrix. 

Every physicist would easily convince himself that all quantum cal- 
culations are made in the energy-momentum space and that the 
Minkowski x^ are just dummy variables without physical mean- 
ing (although almost all textbooks insist on the fact that these 
variables are not related with position, they use them to express 
locality of interactions!) H. Bacry [131j 

It is important to note that the x and t that appear in the quan- 
tized field A(x, t) are not quantum-mechanical variables but just 
parameters on which the field operator depends. In particular, x 
and t should not be regarded as the space-time coordinates of the 
photon J. Sakurai [132J 

So, we arrive to the conclusion that quantum fields ip(~x,t) are simply 
formal linear combinations of particle creation and annihilation operators. 
Their arguments t and x are some dummy variables, which are not related 
to temporal and spatial properties of the physical system. Quantum fields 
should not be regarded as "generalized" or "second quantized" versions of 
wave functions. Their role is more technical than fundamental: They pro- 
vide convenient "building blocks" for the construction of Poincare invariant 
operators of potential energy V ("18. 1 2[) - (18 . 13[) and potential boost Z (I8.15P 
in the Fock space [H [9]. That's all there is to quantum fields. 

10.4.3 Diffraction and interference 

One common argument in favor of the field-based formulation of QED is that 
in the classical limit this theory go to the Maxwell's electrodynamics whose 
classical description of electromagnetic radiation in terms of continuous fields 
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E and B is supported by observed wave properties of light. However, as we 
saw in section 12.11 quantum theory of photons (particles) can also explain 
the diffraction and interference of light. 

This leads to an interesting dilemma. Both these theories predict exactly 
the same interference patterns for a given light source and the geometry 
of the experiment, e.g., in the double-slit arrangement. Apparently, only 
one explanation can be correct. Which one? The answer is clear if we 
notice that the field-based arguments do not work in the limit of low-intensity 
light and fail to describe the photo-electric effect. So, the representation of 
electromagnetic radiation as a flow of discrete countable quantum particles 
better agrees with experiment and is more general than the field (or wave) 
theory of light [133J 11341 11351 11361 1137] . This is an invitation to reconsider 
the status of Maxwell's electrodynamics: 

Finally, the remark may be made, as previously pointed out by 
Feynman 1138^ and other authors adopting a similar approach 
I139\j , that the so called 'classical wave theory of light 7 developed 
in the early part of the 19th century by Young, Fresnel and others 
is QM as it applies to photons interacting with matter. Simi- 
larly, Maxwell's theory of CEM [Classical electromagnetism] is 
most economically regarded as simply the limit of QM when the 
number of photons involved in a physical measurement becomes 
very large. [...] Thus experiments performed by physicists during 
the last century, and even earlier, were QM experiments, now in- 
terpreted via the wavefunctions of QM, but then in terms of 'light 
waves'. [...] The essential and mysterious aspects of QM, as 
embodied in the wavefunction (superposition, interference) were 
already well known, in full mathematical detail, almost a hundred 
years earlier! J. H. Field [133J 

Thus Maxwell's electromagnetic theory cannot be called a truly classical 
theory. While the description of massive charges (e.g., electrons) in this the- 
ory is, indeed, classical (electrons move along well-defined trajectories), the 
Huygens-Maxwell wave theory of light is, in fact, an attempt to approximate 
quantum wave functions of billions of photons by two surrogate functions 
E(x, t) and B(x, t) [1331 11371 I14U] . We will develop a version of classical 
electromagnetic theory that does not involve fields in chapter |T2J 
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10.4.4 Haag's theorem 

Denying the observability and physical significance of quantum fields allows 
us to avoid one important controversy characteristic for quantum field theo- 
ries. This controversy is known as Haag's theorem. 

The logic behind Haag's theorem is the following. In the traditional inter- 
pretation of QFT, where quantum fields are regarded as physical ingredients, 
it is assumed that "free" fields 0j(x, t) from Appendices Ul and iKl are approx- 
imations to exact "interacting" fields $j(x, t). The interacting and free fields 
are assumed to coincide at time t — 

$ f (x,0) = <Mx,0) 

In contrast to free fields whose t-dependence is governed by the non-interacting 
Hamiltonian, the "time evolution" of interacting fields is assumed to be gen- 
erated by the full interacting Hamiltonian H = Ho + V 

$i(x,t) = e-* ff ViCM)e* H * 

= e -^ m e^ Vi(x,t)e-^°*e^* (10.58) 

Moreover it is assumed that interacting fields have manifestly covariant trans- 
formation properties with respect to the Lorentz subgroup 

t/- 1 (A,0)$ l (a;)f/(A,0) = ^ Aj(A -1 )$j(A(x)) (10.59) 

3 

where U is the interacting representation of the Poincare group in the Fock 
space (compare with eq. (1J.53I) ). This requirement is considered important 
manifestation of the relativistic invariance of QFT. 

Haag's theorem [1411I142] establishes that the above assumptions are mu- 
tually contradictory. In particular, this theorem establishes that conditions 
(I10.58P and (I10.59[) cannot hold simultaneously. In the traditional approach 
to QFT, Haag's theorem provides a serious obstacle, as it seems to indicate 
that interacting field theories violate relativistic invariance. It is true that 
interacting fields constructed by formula (110. 58p are not manifestly covari- 
ant. This was confirmed, for example, by an explicit construction of $j(x, t) 
in [106] . However this fact has no relevance for the relativistic invariance of 
the "dressed particle" theory, where "interacting fields" do not play any role 
at all [89]. 
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Chapter 11 



PARTICLES AND 
RELATIVITY 

How often have I said you that when you eliminate the impossible, 
whatever remains, however improbable, must be the truth? 

Sherlock Holmes 

In chapter [HD we constructed a dressed particle version of quantum elec- 
trodynamics which we called relativistic quantum dynamics or RQD. One 
important property of RQD (condition (G) in subsection 110.2. ip is that it 
reproduces exactly the S'-matrix of the standard renormalized quantum elec- 
trodynamics. Therefore, RQD describes existing experiments (e.g., scattering 
cross-sections and bound state energies) just as well as QED. However RQD 
is fundamentally different from QED. The main ingredients of RQD are par- 
ticles (not fields) that interact with each other via instantaneous potentials. 
The usual attitude toward such a theory is that it cannot be mathematically 
and physically consistent [1431 H44[ 11451 1129] . One type of objections against 
particle-based theories is related to the alleged incompatibility between ex- 
istence of localized states and principles of relativity and causality. We will 
analyze these objections in section [11 .11 and demonstrate that there is no rea- 
son for concern: the Newton- Wigner position operator and sharply localized 
particle states do not contradict any fundamental physical principle. 

In section Hl.ll we will define the notion of a localized event and discuss the 
limitations of this notion in quantum mechanics where localization of parti- 
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cles is observer-dependent. In particular, we will analyze the well-known 
paradox of superluminal spreading of localized wave packets. In section 
111.21 we will notice that spatial translations and rotations induce kinematical 
transformations of observables. On the other hand translations in time are 
always dynamical (i.e., dependent on interactions) Then the boost transfor- 
mations of observables are necessarily dynamical as well. This implies first 
that interactions are governed by the instant form of dynamics, and second 
that the connection between space and time coordinates of events in different 
moving reference frames are generally different from Lorentz transformations 
of special relativity. In section 111.31 we will conclude that Minkowski space- 
time picture is not an accurate representation of the principle of relativity. 

11.1 Localized events in relativist ic quantum 
theory 

In section 14.31 we found that in relativistic quantum theory particle position 
is described by the Newton- Wigner operator. However, this idea is often 
considered controversial. There are at least three arguments that are usually 
cited to "explain" why there can be no position operator and localized states 
in relativistic quantum theory, in particular, in QFT: 

• Single particle localization is impossible, because it requires an unlim- 
ited amount of energy (due to the Heisenberg's uncertainty relation) 
and leads to creation of extra particles [86] : 




In quantum field theory, where the particle propagators do 
not allow acausal effects, it is impossible to define a posi- 
tion operator, whose measurement will leave the particle in a 
sharply defined spot, even though the interaction between the 
fields is local. The argument is always that, to localize the 
electric charge on a particle with an accuracy better than the 
Compton wavelength of the electron, so much energy should 
be put in, that electron-positron pairs would be formed. This 
would make the concept of position meaningless. Th. W. 
Ruijgrok [146] 

• Newton- Wigner particle localization is relative, i.e., different moving 
observers may disagree on whether the particle is localized or not. 
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• Perfectly localized wave packets spread out with superluminal speeds, 
which contradicts the principle of causality |147j . 

The 'elementary particles' of particle physics are generally 
understood as pointlike objects, which would seem to imply the 
existence of position operators for such particles. However, 
if we add the requirement that such operators are covariant 
(so that, for instance, a particle localized at the origin in 
one Lorentz frame remains so localized in another), or the 
requirement that the wave- functions of the particles do not 
spread out faster than light, then it can be shown that no such 
position operator exists. (See Halvorson and Clifton (2001) 
[144] . and references therein, for details.) D. Wallace [145] 

In the present section we are going to show that relativistic localized states 
of particles have well-defined meaning in spite of these arguments. 

11.1.1 Localized particles 

Let us first consider the idea that precise measurements of position disturb 
the number of particles in the system. 

It is true that due to the Heisenberg's uncertainty relation ( I5.45P sharply 
localized 1-particle states do not have well-defined momentum and energy. 
For a sufficiently localized state, the energy uncertainty can be made greater 
than the energy required to create a particle-antiparticle pair. However, 
large uncertainty in energy does not immediately imply any uncertainty in 
the number of particles, and sharp localization does not necessarily require 
pair creation. The number of particles in a localized state would be uncertain 
if the particle number operator did not commute with position operators of 
particles. However, this is not true. One can easily demonstrate that particle 
(Newton- Wigner) position operators do commute with particle number oper- 
ators. This follows directly from the definition of 1-particle observables in a 
multiparticle Hilbert spaceQ By their construction, all 1-particle observables 
(position, momentum, spin, etc.) commute with projections on n-particle 
sectors in the Fock space. Therefore these 1-particle observables commute 
with particle number operators. So, one can measure position of any particle 



1 see subsection l6.1.2l 



400 



CHAPTER 11. PARTICLES AND RELATIVITY 



without disturbing the number of particles in the system. This conclusion 
is valid for both non-interacting and interacting particle systems, because 
the Fock space structure and definitions of one-particle observables do not 
depend on interaction. 

Note that commutativity with the particle number operators does not 
necessarily hold for the center-of-mass position R of a multiparticle interact- 
ing system, because generally R depends on interaction. This is clear from 
the fact that R is a function of total energy H and the total boost operator 
K0. Operators H and K depend on interaction and do not commute with 
particle number operators in QFT theories, where interactions changing the 
number of particles are permitted. Eigenstates of these operators do not 
have definite number of particles. Similarly, eigenstates of the center-of-mass 
position R are not characterized by definite numbers of particles. 



11.1.2 Localized states in the moving reference frame 

In this subsection we will discuss the second objection against the use of 
localized states in relativistic quantum theories, i.e., the non-invariance of 
the particle localization. 

The position-space wave function of a single massive spinless particle in 
a state sharply localized in the origin ig^| 

iJ>{t)=6(t) (11.1) 
The corresponding momentum space wave function is (I5.29P 



V»(p) = (2vrft)- 3/2 (H.2) 

Let us now find the wave function of this state from the point of view of a 
moving observer O' . By applying a boost transformation to (jll.2jl FI 



u p cosh 9 — cp x sinh 9 
2 see eq. (TOUf 

3 This is a non-normalizable state that we called "improper" in section 15.21 Similar 
arguments apply to normalized localized wave functions, like y/6(r). 
4 see eq. (j5^|) 



l K x 6 



V>(p) 



-3/2 
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and transforming back to the position representation ( 15. 34ft we obtain 



We are not going to calculate this integral explicitly, but one property of the 
function (111.31) must be clear: for non-zero 9 this function is non-vanishing 
for all values of r|f] Therefore, the moving observer O' would not agree with 
O that the particle is localized. Observer O' can find the particle anywhere 
in spaced This means that the notion of localization is relative: a state 
which looks localized to the observer O does not look localized to the moving 
observer O' . 

The non-invariant nature of localization is a property not familiar in clas- 
sical physics. Although this property has not been observed in experiments 
yet, it does not contradict any postulates of relativistic quantum theory and 
does not constitute a sufficient reason to reject the notion of localizability. 

11.1.3 Spreading of well-localized states 

Here we are going to discuss the wide-spread opinion that superluminal 
spreading of particle wave functions violates the principle of causality [1441 



In the preceding subsection we found how a localized state (lll.ip looks 
from the point of view of a moving observer. Now, let us find the appearance 
of this state from the point of view of an observer displaced in time. Again, we 

5 This property follows from the non-analyticity of the square roots in the integrand 
|143j . The non-conservation of localization by boosts can be shown by different arguments 
as well. Assume that operator e~^ K * 6 preserves the localization. Obviously, the operator 
e« p * a also has this property for any a. Then the same should be true for any product of 
operators of this kind. However, using eq. (]4.3[) we can see that the product 

/ —2£K x d 4rPj-a ^r-K x 9\ — -it P~ a cosh 6 4rPj-acosh& — 4- Ha sinh 8 — -f P x a cosh 8 



is a time translation, which is known to destroy localization due to the wave-packet spread- 
ing effect (see subsection 111.1. 3]) . This contradiction implies that boosts destroy the lo- 
calization as well. 

6 although the maximum of the probability distribution is still near the point r = 




113511138111371 11391 . 



— jr Ha sinh 9 
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Figure 11.1: Spreading of the probability distribution of a localized wave 
function. Full line: at time t — 0; dashed line: at time t > (the distance 
between points A and B is greater than ct). 



first make a detour to the momentum space flll.2|) . apply the time translation 
operator 



e~^V(P,0) 



= (2nh)-^ 2 e-^^ m2c4+p2c2 
and then use eq. (15.341) to find the position-space wave function 

V>(r,t) = (2nh)- 3/2 J dp^(p,i)e^ pr 



This integral can be expressed in a closed form [150] . However, for us the 
most important result is that the wave function is non-zero outside the light 
cone (r > ct)J3 The corresponding probability density \ip(r,t)\ 2 is shown 
schematically by the dashed line in Fig. 111.11 Although the probability 



7 This can be justified by the same analyticity argument as in footnote on page 14011 
See also section 2.1 in l85l . 
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density outside the light con^l is very small, there is still a non-zero chance 
that the particle propagates faster than the speed of light. 

Note that superluminal propagation of the particle's wave function in the 
position space does not mean that particle's speed is greater than c. As we 
established in subsection 15.4.11 the eigenvalues of the quantum-mechanical 
operator of speed for a free massive particle are less than c. So, the possi- 
bility of wave functions propagating faster than c is a purely quantum effect 
associated with the non-commutativity of operators R and V. 

11.1.4 Superluminal spreading and causality 

The superluminal spreading of localized wave packets described in the pre- 
ceding subsection holds under very general assumptions in relativistic quan- 
tum theory [147] . It is usually regarded as a sign of a serious trouble 
|144[ 11451 11481 1149] . because the superluminal propagation of any signals 
is strictly forbidden in special relativity (see Appendix 11.31) . This contradic- 
tion is often claimed to be the major obstacle for the particle interpretation 
of relativistic quantum theories. Since particle interpretation is the major 
aspect of our approach, we definitely need to resolve this controversy. That 
is what we are going to do in this subsection. 

Let us first describe the reason why the superluminal spreading of wave 
functions is claimed to be unacceptable in the traditional approach. The idea 
is that this phenomenon can be used to build a device which would violate 
the principle of causality, as discussed in Appendix 11.31 In that discussion we 
have not specified the mechanism by which the instantaneous signals were 
sent between observers O and O' . Let us now assume that these signals are 
transmitted by spreading quantum wave packets. More specifically, suppose 
that the signaling device used by the observer O is simply a small box con- 
taining massive spinless quantum particles. Before time t = (point A in 
fig. 111.21) the box is tightly closed, so that wave functions of the particles are 
well-localized inside it. The walls of the closed box at t < are shown by 
two thick parallel lines in fig. 111.21 At time t = observer O tries to send 
a signal to the moving observer O' by opening the box. The wave function 
of spreading particles at t > is shown schematically in fig. 111.21 by dashed 
parallel lines. Due to the superluminal spreading of the wave function, there 
is, indeed, a non-zero probability of finding particles at the location of the 



at distances larger than ct from the initial point A 
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Figure 11.2: Space-time diagram demonstrating the causality "paradox" as- 
sociated with superluminal spreading of wave functions. Observers O and 
O' have coordinate systems with space-time axes (x, ct) and (x',ct'), respec- 
tively. The situation here is similar to that shown in fig. 11.11 Observers 

and O' send superluminal signals to each other by opening boxes with 
localized quantum particles. See text for more details. 

moving observer O' (point B) immediately after the box was opened. The 
observer O' has identical closed box with particles. Upon receiving the signal 
from O (point B) she opens her box. It is clear that the wave packet of her 
particles ip'(r',t') spreads instantaneously in her own reference frame. The 
question is how this spreading will be perceived by the stationary observer 

01 The traditional answer is that the wave function ip(r,t) from the point 
of view of O should be obtained by applying Lorentz transformations (1I.14|) 
- ( 11.171) to the arguments of ip' 

ip(x,y,z,t) = ip'(x cosh 9 + ct sinh 9, y, z, t cosh^ + a;/csinh 9) (11.4) 

This wave function is shown schematically in fig. 111.21 by inclined parallel 
dashed lines. Then we see that there is a non-zero probability of finding 
particles emitted by O' at point C. This means that the response signal sent 
by O' arrives to O earlier than the initial signal O — > O' was sent (at point 
A). This is clearly a violation of causality. 

Actually, the time evolution of the wave packet (111.41) looks totally absurd 
from the point of view of O. The particles do not look as emitted from B 
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at all. In fact, the wave function approaches observer O (point C) from the 
opposite side (from the side of negative x). The wave packet (i.e., the signal) 
moves in the positive x direction. So, one cannot even talk about the "signal" 
being sent from O' to 0\ 

What is wrong with this picture? The traditional answer is that this weird 
behavior is the consequence of the superluminal propagation of the wave 
function. The usual conclusion is that sanity can be restored by forbidding 
such superluminal effects. However, this would go against the entire theory 
developed in this book. Could there be a different answer? 

We would like to suggest the following explanation: Apparently, the cru- 
cial step in the above derivation is the use of the wave function transfor- 
mation law (111.4j) . However, there are serious reasons to doubt that this 
formula is applicable even approximately. First, here we are dealing with 
a system (particles confined in a box) where interactions play a significant 
role. In such a system the boost operator is interaction-dependent, and boost 
transformations of wave functions should depend on the details of interaction 
potentials^ Therefore, it is obvious that the wave function transformation 
cannot be described by the universal interaction-independent formula (111.41) . 
Moreover, our system is not isolated. It is described by a time-dependent 
Hamiltonian (the box is opened at some point in time). This makes Poincare 
group arguments unapplicable and further complicates the analysis of boost 
transformations. Even if we assume that interaction-dependence of boost 
transformations can be neglected in some approximation, there is no jus- 
tification for eq. (jll.4p . This formula cannot be used to transform even 
wave functions of free particles. For example, this formula contradicts the 
transformation law All .3j) derived earlier for the localized particle state. So, 
there is absolutely no evidence that the wave function of particles emitted 
by observer O' will behave as shown in fig. 111.21 from the point of view of O. 
In particular, there is no evidence that the signal sent by O' arrives to O at 
point C in violation of the causality law. 

It is plausible that using the correct boost transformation law one would 
obtain that the wave function of particles released by O' at point B propa- 
gates instantaneously in the reference frame O as wellH This conclusion can 
be supported by the following argument. From the point of view of observer 



9 This dependence will be discussed in greater detail in the next section. 
10 i.e., that thin dashed lines around point B in fig. 1 11. 21 should be drawn parallel to the 
axis x 
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O, the particle emitted at point B (t = 0) is in a localized state with definite 
position. Such states do not have any definite velocity (or momentum), so 
their fred"1 time evolution is determined only by the value of position char- 
acteristic for the initial state. Therefore particles emitted by boxes at rest 
(e.g., the box A) and by moving boxes (e.g., the box B) are described by 
essentially the same time-dependent wave functions at t > 0. The only dif- 
ference being a relative shift along the x-axis. Then instead of the acausal 
response signal B — > cf^l one would have a signal B — > A, which, in spite of 
being instantaneous, does not violate the principle of causality. 

11.2 Inert ial transformations in multiparticle 

systems 

One of the goals of physics declared in Introduction (see page Ixxxiil) includes 
finding transformations of observables between different inertial reference 
frames. In chapter H] and in subsection 16.2.31 we discussed inertial transfor- 
mations of total observables in a multiparticle system, and we found that 
these transformations have universal forms, which do not depend on the sys- 
tem's composition and interactions acting there. In this section we will be 
interested in establishing inertial transformations of observables of individual 
particles within an interacting multiparticle system. Our goal is to compare 
these predictions of RQD with Lorentz transformations for time and posi- 
tion of events in special relativity (see Appendix [I]) . Here we will reach a 
surprising conclusion that formulas of special relativity may be not accurate 
when applied to observables and events related to particles in an interacting 
multiparticle system. 

11.2.1 Events and observables 

One of the most fundamental concepts in physics is the concept of an event. 
Generally, event is some physical process or phenomenon occurring in a small 
volume of space in a short interval of time. So, each event can be character- 
ized by four numbers: its time t and its position r. These numbers are usually 

11 At times t > the box B is opened, so the particle is described by the non-interacting 
Hamiltonian, and the time evolution is free. 

12 as predicted incorrectly in traditional approaches based on eq. (|11.4p 
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referred to as space-time coordinates (t, r) of the event. For the event to be 
observable, there should be some material particles present at time t at the 
position So, the event's space coordinate r should be identifiable with 
the (expectation) value of the position of particle (s) present in the event's 
volume. 

Our main goal in this chapter is to derive boost transformations for the 
time and position of eventso Since we just identified events' positions with 
particle positions, finding boost transformations of such positions is just an 
exercise in application of the general rule for transformation of operators 
of observables between different reference frames. Thus we should be able 
to derive analogs of Lorentz transformations without usual questionable as- 
sumptions mentioned in Appendix [IJ and we should be able to tell whether 
Lorentz transformations formulas are exact or approximate. This is our ma- 
jor motivation here. 

For simplicity, in this section we will consider a system of two massive 
spinless particles described in the Hilbert space H = Hi (g> H2, where one- 
particle observables are denoted by lowercase letters. Observables of the 
particle 1 and 2 are 

ri,Pi,Vi,ji,Si,/ii,... (11.5) 
r 2 ,P2, v 2 ,j 2 ,si,/i2, • • • (11-6) 

i.e., position, momentum, velocity, angular momentum, spin, energy,..., re- 
spectively. 

Transformations of these observables between reference frames O and O' 
should be found by the general rule outlined in subsection 13.2.41 Suppose 
that observers O and O' are related by an inertial transformation (e.g., boost) 
which is described by an (Hermitian) generator F and parameter b. If g is 
an observable (a Hermitian operator) of a particle in the reference frame O, 
and g(b) is the same observable in the reference frame O' then we can use 
eqs. (JXID and flET3j) 

g(b) = ei Fb ge-i Fb 

13 The simplest example of an event is an intersection of trajectories of two particles. 
14 i.e., the relationship between space-time coordinates (t, r) measured in the reference 
frame at rest O and space-time coordinates (t', r') measured in the moving reference frame 

a 
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= 9 + j[F,9]-^ n [F,[F,g]] + ... (H.7) 

Direct use of this formula is somewhat difficult, because event localization 
does not have an absolute meaning in quantum mechanics. If observer O 
registers a localized event (or particles constituting this event), then other 
observers may disagree that the event is localized or that it has occurred at 
all. Examples of such a behavior were discussed in subsections 15.3.31 111.1.21 
and 111.1.31 Thus boost transformations should be applied only to expec- 
tation values of positions. So, in the rest of this chapter we will work in 
the classical limit, where particle localization and trajectories can be un- 
ambiguously defined. Then we will interpret (111.51) and (I11.6P as numerical 
(expectation) values of observables in quasiclassical states. And instead of 
operator equation (111.71) with commutators we will use its classical analog, 
where transformations of expectation values are computed with the help of 
Poisson brackets (I5.50p 



g{b) « g + b[F,g} P + -[F,[F,g} P } P + ... 

In order to perform calculations with this formula one requires two major 
things. First, one needs to know expressions for Poincare generators F in 
terms of one-particle observables ( 11 1.5ft - (111.61) . This is equivalent to having 
a full dynamical description of the system] 15 ! Second, one needs to know 
Poisson brackets between all one-particle observables (111.51) - (lll.6p . This is 
an easier problem, which has been solved already in chapters H] and [5] and 
in section 16.11 In particular, we found there that observables of different 
particles always have vanishing Poisson brackets. The Poisson brackets for 
observables referring to the same particle are 



[ri,rj] P = [pi,Pj] P = [r h Sj] P = \p h Sj} P = (11.8) 

ViiPj]p = (H-9) 

3 

[si,Sj] P = ^2e ijk s k (11.10) 



15 In chapters [T2l - fl4l we will consider several examples of realistic systems in which such 
a full, albeit approximate, description is possible. 
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[ Pi ,h} P = [ 8i ,h]p = Q (11.11) 

ViMp = Vj y (ii-i2) 

11.2.2 Non-interacting particles 

First we assume that the two particles 1 and 2 are non-interacting, so that 
generators of inertial transformations in the Hilbert space 7i are 



H = hx + h 2 (11.13) 

Po = P1 + P2 (11.14) 

Jo = ji+j 2 (11.15) 

K = k x + k 2 (11.16) 

The trajectory of the particle 1 in the reference frame O is obtained from the 
usual formula (I4.52p for time dependence 

ri (t) = e i H ° t r 1 e~Ti Hot 



e^ hlt rie~^ hlt 



t 2 



« ri + t[hi, ri] P + — [h u [h, r 1 ] P ) P + ... 

= Tx+Vit (11.17) 

Applying boost transformations to (111.171) . and taking into account (I4.54p 
- ( 14.561) and (14.581) we find the trajectory of the particle 1 in the reference 
frame O' moving with the speed v = ctanh# along the x-axis 

ri,(9,f) = P (^j^ + (v lx - »)(') (11.18) 
M = ,( n „-^ + ^) (11.19) 

^ <- +J if + ^) (11 - 20) 

where we denoted /3 = (1 — fi^f c -2 ) -1 . Similar formulas are valid for the 
particle 2. 
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The important feature of these formulas is that inertial transformations 
for particle observables are completely independent on the presence of other 
particles in the system, e.g. formulas for ri(6, t') do not depend on observ- 
ables of the particle 2. This is hardly surprising, since the particles were 
assumed to be non-interacting. 

11.2.3 Lorentz transformations for non- interacting par- 
ticles 

For classical non-interacting particles discussed so far in this section, there 
is one especially obvious type of event well localized in both space and time: 
the intersection of particle trajectories. 

Suppose that linear trajectories of two particles intersect, i.e. there is a 
time instant t such that ri(t) = r 2 (i). Then we can define a localized event 
whose space-time coordinates in the reference frame O are t and 



x = r lx {t) = r 2x {t) 

y = n y (t) = r 2y {t) 

z = r lz {t) = r 2z (t) 

Apparently, the two trajectories intersect from the point of view of the mov- 
ing observer O' as well. So O' also sees this event. Now, the question is: 
what are the space-time coordinates of the event seen by O'? The answer to 
this question is given by the following theorem. 



Theorem 11.1 (Lorentz transformations for time and position) For 

events defined as intersections of trajectories of non-interacting particles, the 
Lorentz transformations for time and position (|7. 1$ - jL17\) are exactly valid. 



Proof. Let us first prove that Lorentz formulas (1I.14j) - (11.171) are correct 
transformations for the trajectory of the particle 1 between reference frames 
O and O'. For simplicity, we will consider only the case in which the particle 
is moving along the x-axis: ri y (t) = ri z (t) = v\ y = v\ z = 0. (More general 
situations can be analyzed similarly.) Then we can neglect the y- and z- 
coordinates in our proof. So, we need to prove that 
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ri x {9,t') = r lx (0, t) cosh 6* — ct sinh0 

= (ri x + v\ x i) cosh 9 — ct sinh (11.21) 

where 



t! = t cosh 9 - -r lx (t) sinh (11.22) 

To do that we calculate the difference between the right hand sides of eqs 
(111.180 and (111.211) with t! taken from flll.22p and using v = ctanh0 



+ {v\ x — v )/?(tcosh0 — c _1 (r 1;r + V\ x t) sinh0) 
V\ x i) cosh 9 + ct sinh 9 

[fix + Vi x t cosh 2 9 — vt cosh 2 — v\ x r\ x jc sinh cosh 



cosh0 

+ vr ix/c sinh cosh — t> \ x tjc sinh cosh + W\ x tjc sinh cosh 

— r ix cosh 2 + ri^fi^fc -2 cosh 2 — Vi x t cosh 2 + v\ x tvc~ 2 cosh 2 9 + ct sinh cosh 

— v lx vt/c sinh cosh 0] 



[ria; — ft cosh — fi^ri^/c sinh cosh 



cosh0 

+ vr ix/ c sinh cosh — v\ x tjc sinh cosh 

— r lx cosh 2 + r lx v \ x vc~ 2 cosh 2 + v\ x tvc~ 2 cosh 2 9 + ct sinh cosh 0] 

= — ^— [ri x — ct sinh cosh — V\ x ri x / c sinh cosh 
cosh0 

+ ri x sinh 2 — v\ x t j c sinh cosh 

— r lx cosh 2 + r 1;c t> 1;c /csinh cosh0 + v f x t/csmh. 9 cosh0 + ct sinh cosh 0] 
= 

Therefore, boost-transformed trajectory of the particle 1 flll.ISp is consistent 
with Lorentz formulas (11.141) and (11.151) . The same is true for the particle 
2. This implies that times and positions of events defined as intersections of 
linear trajectories of non-interacting particles also undergo Lorentz transfor- 
mations (II.14p - (1I.17P when the reference frame is boosted. ■ 
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11.2.4 Interacting particles 

This time we will assume that the two-particle system is interacting. This 
means that the unitary representation U g of the Poincare group in 7i is 
different from the non-interacting representation U® with generators ( 111. 13ft 
- ( 111.161) . Generally, we can write generators of U g as 



H = h 1 + h 2 + V(r 1 ,p l ,r 2 ,p 2 ) (11.23) 

P = Pi + P2 + U(r 1 ,p 1 ,r 2 ,p 2 ) (11.24) 

J = Ji+j2 + Y(r 1 ,p 1 ,r 2 ,p 2 ) (11.25) 

K = kj + ka + Z^p^ra.pa) (11.26) 



where V, U, Y, and Z are interaction terms that are functions of one-particle 
observables. One goal of this section is to find out more about the interaction 
terms V, U, Y, and Z, e.g., to see if some of these terms are zero. In other 
words, we would like to understand if one can find an observational evidence 
about the relativistic form of dynamics in nature. 

11.2.5 Time translations in interacting systems 

By definition, interaction is a modification of the time evolution of the system 
as compared to the non-interacting time evolution. We estimate the strength 
of interaction between particles by how much their trajectories deviate from 
the uniform straight-line movement (111.171) . Therefore in any realistic form 
of dynamics the Hamiltonian - the generator of time translations - should 
contain a non-vanishing interaction V, and we can discard as unphysical any 
form of dynamics in which V = 0. Then the time evolution of the position 
of particle 1 is 

= e jr(h 1 +h 2 +V)t rie -jr(hl+h 2 +V)t 

t 2 

« la + t[h + V, n] P + -[(h + h 2 + V), [h + V, rxjpjp + . . . 
= r x + vit + t[V, r x ]p + *-\y, vJp + + h 2 ), [V, n] P ] P 

+ L[V,[V,r 1 } P } P + ... (11.27) 
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In the simplest case when interaction V commutes with particle positions, 
and in the non-relativistic approximation^! vi »s px/mi this formula simpli- 
fies 

ri(t) « ri + vit- 
= ri + vit + 
= ri + vit + 

where we denoted 

- / x 9V(ri,pi,r 2 ,p2) 
fi(ri,pi,r 2 ,p 2 ) = « 

OTi 

the /orce with which particle 2 acts on the particle 1. The vector ai = f\/mi 
can be interpreted as acceleration of the particle 1 in agreement with the 
Newton's second law of mechanics. The trajectory r\(t) of the particle 1 
depends in a non-trivial way on the trajectory r 2 (t) of the particle 2 and 
on interaction V. The same can be said about the trajectory of the parti- 
cle 2. Curved trajectories of particles 1 and 2 are definitely observable in 
macroscopic experiments0 However, this interacting time evolution, by it- 
self, cannot tell us which form of relativistic dynamics is responsible for the 
interaction. Other types of inertial transformations should be examined in 
order to make this determination. 

16 These simplifications are not material for our argument, and more general relativistic 
interactions can be considered in a similar way. 

17 In order to directly see interaction corrections to particle trajectories in (|11.27p . the 
range of interaction should be larger than the spatial resolution of instruments. This 
condition is certainly true for particles interacting via long-range forces, such as electro- 
magnetism or gravity, and there are plenty of examples of macroscopic systems in which 
a non-trivial interacting dynamics (|11.27[) is directly observed. However, interaction cor- 
rections in eq. (jll.27[) are not always observable. In the case of systems governed by 
short-range interactions such as strong nuclear forces, the interacting dynamics (|11.27p 
takes place only when the distance between two nucleons is less than 10 -13 cm. In this 
case it is virtually impossible to measure particle positions ri(i) and ?2(t) separately. At 
larger distances the nucleons do not interact, and the time evolution of their observables 
becomes trivial f|ll . 17[) . In this case the presence of interaction between particles becomes 
evident only through scattering effects or formation of bound states. 



t 2 dV 
2uii dri 
fit 2 



+ 



2m\ 
ti 



+ 



ait 2 



+ 



414 



CHAPTER 11. PARTICLES AND RELATIVITY 



As an example, in this section we will explain which experimental mea- 
surements should be performed to tell apart two popular forms of dynamics: 
the instant form 

H = h 1 + h 2 + V (11.28) 
P = Pl + p 2 (11.29) 
J = ji+j 2 (11-30) 
K = ki + k 2 + Z (11.31) 

and the point form 

H = h 1 + h 2 + V (11.32) 
P = P1 + P2 + U (11.33) 
J = ji+j 2 (11-34) 
K = ki + k 2 (11.35) 

11.2.6 Boost transformations in interacting systems 

Similar to the above analysis of time translations, we can examine boost 
transformations. For interactions in the point form fjl 1.32j) - (111.351) . the 
potential boost Z is zero, so boost transformation of position and velocity 
are the same as in the non-interacting casa^l 



r lx (e) = e -^oUce rixei (K ) x ce 

= e ~^ klxCe r lx e^ klxCe 
~ ri x - [h x ,r lx )p + . . . 

Tlx 

cosh 9(1 — vi x vc~ 2 ) 
Vlx (e) = e-^ K ^ c0 v lx e^ K ^ c9 

pa v lx - c9[k lx ,v lx }p + ■ 
Vlx ~ v 



(11.36) 



(11.37) 



1 - VixVC 2 

18 For simplicity, we consider only x-components here. For a general case, see (|4.5[) 
(TOT) and (11X181) - fTOOjl . 
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On the other hand, in the instant form of dynamics generators of boosts 
are dynamical (lll.3ip . Then the transformation of the position of the particle 
1 to the moving reference frame is given by formula 



r lx {6) = e-i K * c9 r lx ei K * ce 

= e -tA(Ko)*+z x )ce r ^ e j-((K ) x +z x )ce 

« rix-[kix,r lx ]p-[Z x ,r lx }p + ... 

= ^di-^i '"-'^ 1 - (1L38) 

The first term on the right hand side is the same interaction-independent 
term as in fjll.36[) . This term is responsible for the well-known relativistic 
effect of length contraction (1I.18j) . The second term in (111.381) is a correction 
due to interaction with the particle 2. This correction depends on observables 
of both particles 1 and 2, and it makes boost transformations of particles' 
positions dependent in a non-trivial way on the state of the system and 
on interactions acting in the system. So, in the instant form of dynamics, 
there is a strong analogy between time translations and boosts of particle 
observables, which are both interaction-dependent. 

In order to observe the relativistic effects of boosts described above, one 
would need measuring devices moving with very high speeds comparable to 
the speed of light. This presents enormous technical difficulties. So, boost 
transformations of particle positions have not been directly observed with 
sufficient accuracy to detect kinematical relativistic effects (111.361) and (11.181) . 
let alone the deviations [Z x ,ri x ]p due to interactions. 

Similarly, we can consider boost transformations of velocity in the instant 
form of dynamics 



v lx {9) = c -**-»W**-* 

~ V lx - [k lx , Vix]p ~ [Z x , Vix]p + ■ 

Vlx-V 

— - [Z x ,Vix\p + ■ ■ ■ 



1 - VixVC 



(v lx - v) H [Z x ,v lx \ P + 
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The terms on the right hand side have clear physical meaning: The first term 
v\ x — v is the usual non-relativistic change of the velocity of the object in 
the moving reference frame. This is the most obvious effect of boosts that is 
visible in our everyday life. The second term is a relativistic correction that 
is valid for both interacting and non-interacting particles. This correction is 
contribution of the order (f/c) 2 to the relativistic law of addition of veloci- 
ties ( 14. 5p - (14.71) . Currently, there is abundant experimental evidence for the 
validity of this law@ The third term is a correction due to the interaction be- 
tween particles 1 and 2. This effect has not been seen experimentally, because 
it is very difficult to perform accurate measurements of particle observables 
from fast moving reference frames. 

To summarize, detailed measurements of boost transformations of particle 
observables are very difficult, and with the present level of experimental 
precision they cannot help us to decide which form of dynamics is active 
in any given physical system. Let us now turn to space translations and 
rotations. 

11.2.7 Spatial translations and rotations 

In both instant and point forms of dynamics, rotations are interaction- 
independent, so the term Y in the generator of rotations (jl 1.25ft is zero, 
and rotation transformations of particle positions (and other observables) 
are exactly the same as in the non-interacting case, e.g., 



This is in full agreement with experimental observations. 

In the instant form of dynamics, space translations are interaction-independent 
as well 




(11.39) 




= e » 



Mpi+P2)-a. 



Tie' 1 



MPi+p 2 )-a 



19 



see subsection lll.3.21 
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= e"^ Pra rie* Pl ' a 
= ri — a 

Again this result is supported by experimental observations and our common 
experience in various physical systems and in a wide range of values of the 
transformation parameter a. 

However, the point-form generator of space translations does depend on 
interaction (111.331) . thus translations of the observer have a non-trivial effect 
on measured positions of interacting particles. For example, the action of a 
translation along the x-axis on the x-component of position of the particle 1 
is 

r Xx {a) = e-* p * a r lx e* p * a 

— P ~j,{Pix+P2x+U x )a „jr(pix+P2x+U x )a 

= n x - a[(p lx + U x ),r lx ] P + ... 

= r lx - a- a[U x ,r lx } P + . . . (11.40) 

where the last term on the right hand side of (111.401) is an interaction cor- 
rection. Such a correction has not been seen in experiments. However, there 
is no difficulty in arranging observations from reference frames displaced by 
large values of a. So, there are good reasons to believe that interaction 
dependence (111.401) has not be seen because it is non-existent. 

Thus we conclude that the effect of space translations and rotations is 
independent on interactions in the system. This means that these transfor- 
mations are kinematical as in the instant form 

P = Po (11-41) 
J = J (11.42) 

One important consequence of (111.411) and (111.421) is that boosts ought to be 
dynamical. Indeed, suppose that boosts are kinematical, i.e., K = Ko. Then 
from commutator ( 13. 57ft we obtain 



H = c 2 [K x ,P x ] P 

= c 2 [(K ) x ,(P ) x } P 
= H 
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which means that V = and the system is non-interacting in disagreement 
with our assumption in the beginning of subsection 111.2.51 Therefore avail- 
able experimental data imply that 

Postulate 11.2 (instant form of dynamics) The unitary representation 
of the Poincare group acting in the Hilbert space of any interacting physical 
system belongs to the instant form of dynamics. 

In part I of this bool@ we tacitly assumed that the interacting represen- 
tation of the Poincare group belongs to the instant form. Now we see that 
this was a wise choice. 

Our arguments used the assumption that one can observe particle tra- 
jectories while interaction takes place. As we discussed in footnote on page 
14131 this conclusion is appropriate only for long-range interactions, such as 
electromagnetic and gravitational. In these two cases the explicit forms of 
interacting boost operators will be written in (112. 6p and (113. 2p . respectively. 
In chapter [TH we will show that Postulate 111.21 is also valid for short-range 
weak nuclear force, which is responsible for particle decays. 

11.2.8 Physical inequivalence of forms of dynamics 

Postulate 111.21 contradicts a widely shared belief that different forms of dy- 
namics are physically equivalent. In the literature one can find examples of 
calculations performed in the instant, point, and front forms. The common 
assumption is that one can freely choose the form of dynamics which is more 
convenient. Where does this idea come from? There are two sources. The 
first source is the factf^lthat different forms of dynamics are scattering equiv- 
alent. The second source is the questionable assumption that all physically 
relevant information can be obtained from the S'-matrix: 

If one adopts the point of view, first expressed by Heisenberg, that 
all experimental information about the physical world is ultimately 
deduced from scattering experiments and reduces to knowledge of 
certain elements of the scattering matrix ( or the analogous classi- 
cal quantity), then different dynamical theories which lead to the 
same S-matrix must be regarded as physically equivalent. S. N. 
Sokolov and A. N. Shatnii [7] 



20 see, e.g., subsection [8X2] 

21 explained in subsection 16.5.41 
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We already discussed in section 16.51 that having exact knowledge of the S- 
matrix one can easily calculate scattering cross-sections. Moreover, the en- 
ergy levels and lifetimes of bound states are encoded in positions of poles of 
the S-matrix on the complex energy plane. It is true that in modern high 
energy physics experiments it is very difficult to measure anything beyond 
these data. This is the reason why scattering-theoretical methods play such 
an important role in particle physics. It is also true that in order to describe 
these data, we can choose any convenient form of dynamics, and a wide range 
of scattering-equivalent expressions for the Hamiltonianr 2 ! 

However, it is definitely not true that the S'-matrix provides a complete 
description of everything that can be observed. For example, the time evo- 
lution and other inertial transformations of particle observables discussed 
earlier in this section, cannot be described within the S'-matrix formalism. A 
theoretical description of these phenomena requires exact knowledge of gen- 
erators of the Poincare group, in particular, the Hamiltonian. Two scattering 
equivalent Hamiltonians or two scattering-equivalent forms of dynamics (see 
subsection I6.5.4j) may yield very different time evolution trajectories and 
different wave functions of bound states. 



11.2.9 The "no interaction" theorem 

The fact that boost generators are interaction-dependent has very impor- 
tant implications for relativistic effects in interacting systems. For exam- 
ple, consider a system of two interacting particles. The arguments used to 
prove Theorem 111.11 are no longer true in this case. Boost transformations 
of particle positions fill. 381) contain interaction-dependent terms, which lead 
to deviations of space-time positions of events (intersections of trajectories 
of particles) from those predicted by Lorentz formulas (11.141) - (II.17j) . So, 
Lorentz transformations for trajectories of individual particles are no longer 
valid when particles interact. 

The contradiction between the usually assumed "invariant world lines" 
and relativistic interactions was noticed a long time ago [61]. Currie, Jordan, 
and Sudarshan analyzed this problem in greater detail [2] and proved their 
famous theorem 



see subsections 16.5.31 and 16.5.41 
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Theorem 11.3 (Currie, Jordan, and Sudarshan) In a two-particle sys 
temffi trajectories of particles obey Lorentz transformation formulas (1. 14) ■ 



( 1. 11 ) if and only if the particles do not interact with each other. 



Proof. We have demonstrated in Theorem 111.11 that trajectories of non- 
interacting particles do transform by Lorentz formulas. So, we only need to 
prove the reverse statement. 

In our proof we will need to study inertial transformations of particle 
observables (position r and momentum p) , with respect to time translations 
and boosts. In particular, given observables r(0, t) and p(0, t) at time t in the 
reference frame O, we would like to find observables r(6, t') and p(8, t') in the 
moving reference frame O', where time t' is measured by its clock. As before, 
we will assume that O' is moving relative to O with velocity v = ctanh^ 
directed along the x-axis. 

Our plan is similar to the proof of Theorem 111.11 We will compare formu- 
las for r(8,t') and p(8, t') obtained by two methods. In the first method, we 
will use Lorentz transformations of special relativity. In the second method, 
we will apply interacting unitary operators of time translation and boost to 
r and po Our goal is to show that these two methods give different results. 
It is sufficient to demonstrate that the difference occurs already in the term 
linear with respect to t! and 9. So, we will work in this approximation. 

Let us apply the first method (i.e., traditional Lorentz formulas). From 
eqs. (11.141) - (II.17P and (14. 3p we obtain the following transformations for the 
position and momentum of the particle 1 (formulas for the particle 2 are 
similar) 



ri x (9,t') « r lx (0,t)-ct6 (11.43) 

rx v {e,t') = r ly (0,t) (11.44) 

ri z (9,t') = r l2 (0,t) (11.45) 

Pi*(0,*O ~ Pu(0,t)--h 1 (0,t)9 (11.46) 

c 

Piv(0,f) = Pi„(0,f) (11-47) 

Plz (6,t') = Plz (0,t) (11.48) 



23 This theorem can be proven for many-particle systems as well. We limit ourselves to 
two particles in order to simplify the proof. 

24 This is similar to our derivation of (|11.18[) - (|11.20p . where non-interacting transfor- 
mations were used. 
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t' « t--r lx {0,t) (11.49) 
c 

We can rewrite eq. (111.431) without changing the accuracy of the first order 
in t' and 9 

r lx (9,t') = ^4' + ^)-^^ 

c c 

« ^(0, + - ^'^ (O, t)0 - c9t> 
c at 

« r ta (0,O + -^#^r lB (0,Oe-cW' (H.50) 
c at' 

Next we use the second method (i.e., the direct application of time trans- 
lations and boosts) 

r lx (9,t') = e-s^ c^? e^ ^, e*^ c0 e-*^ ce r la; (O,O)es^ ce e-^^ c9 e-^ ^ 'e*^ c,9 

= e jrHt' cosh 6 e -f P x t' smh6 e -jrK x c6 r ^(Q Q^ e j-K x ce e fP x t' smhe e -j-Ht' cosh8 

« C ^ c -^( ria (0, 0) - c9[r lx (0, 0), i^e^'V^' 

= e^(r ta (0, 0) - c9t' - c9[r lx (0, 0), K x \ P )e^ m ' 

= r lx (0,t')~c9[r lx (0,t / ),K x (t')] P -c9t' (11.51) 

p lx (9,t') = e ^' cosh V^' sinhc V^^ 

« e i«' e -f ^' V*(0, 0) - c0[p l!E (O, 0), Jif jp)e^e-^ 

« e^'Wo, 0) - c9\p lx (0, 0), A a J P ) e -* jn ' 

= pi a (O,O-c0[pa ai (O,O,-K*(O]i' (11-52) 

If results of both methods were identical, then comparing (111. 50j) and (1 1 1 . 5 1 [) 
we would obtain 

\ dTlX dt t) riM t)d = " C ^ ri ^ ' *)' K *®b 

or using ^ = [r lx , H) P = °M- and [r lx , K X ] P = g£ 

2 dK x dH 
c - — = -r. 



dpi* #P 
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Similar arguments lead us to the general case = 1, 2, 3) 

c 2^k = _ r .^L (1L53) 

Similarly, comparing eqs. (111.521) and (111.461) we would get 

Plx ^ t) _hMl = Plx ^ t ^!^^e)-ce[p lx (o,t'),K x (t')] P 

(n A r lx {0,t)6dpi x {0,t) , 
« Pix{0,t) — c9\p lx (0, t),K x {t)\p 

« Pi*(0, t) - Tlx ^ 6 [pi x {0, t),H] P - c6[ Plx {0, t), K x {t)} P 
From which we obtain 



c 2 [p lx , K x ]p = -r lx [p lx , Hlp + hx 
and in the general case (i, j = 1, 2, 3) 

2 dK, 8H . , 

c 2 — ^ = _r aj — + $y/n 11.54 

Putting eqs. fll 1.53H - ( 11 1.541) together, we conclude that if trajectories 
of interacting particles transform by Lorentz, then the following equations 
must be valid 



2 dK k 


dH 




(11.55) 


dpi 


dpi 




c2 dK k 


dH 




(11.56) 


dp 2 


op 2 




2 dK k 


dH 


f- 


(11.57) 


dr u 


dr u 


c2 dK k 


dH 


f- S ik h 2 


(11.58) 


dr 2i 


r 2k „ 
or 2i 



Our next goal is to show that these equations lead to a contradiction. Taking 
derivatives of (111. 55ft by p 2 and ( 11 1.56ft by pi and subtracting them we obtain 
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d 2 H 

In a similar way we get 



d 2 H 
dr 2 dri 

d 2 H 
dr 2 dp 1 

d 2 H 



The only non-zero cross-derivatives are 



d 2 H 
<9pi<9ri 

d 2 H 
dp 2 dr 2 

Therefore, only pairs of arguments (pi,ri) and (p 2 ,r 2 ) are allowed to be 
together in H, and we can represent the full Hamiltonian in the form 

H = #i(pi,r 1 ) + F 2 (p 2 ,r 2 ) 
From the Poisson bracket with the total momentum we obtain 



+ 
^ 



[pi + p 2 ,H] P 
9.Hi(pi,ri) 
drx 



dH 2 (p 2 ,v 2 ) 
dr 2 



;il.59) 



Since two terms on the right hand side of (111.591) depend on different vari- 
ables, we must have 
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dffi(pi,ri) = aff 2 (p 2 ,r 2 ) = 
dri dr 2 

where C is a constant vector. Then the Hamiltonian can be written in the 
form 



H = H 1 (p 1 )+H 2 (p 2 ) + C(r 1 -r 2 ) 

To ensure the cluster separability of the interaction we must set C = 0. Then 
the Hamiltonian H = i?x(pi) +-£^(P2) does not contain terms depending on 
observables of both particles, and the force acting on the particle 1 vanishes 

f dpi 

~dt 
= [Pi, H] P 

= [pi,#i(pi)]p 
= 

The same is true for the force acting on the particle 2. ■ 

This theorem shows that if particles have Lorentz-invariant "worldlines" , 
then they are not interacting. In special relativity, Lorentz transformations 
are assumed to be exact and universally valid (see Assertion 11.11) . Then 
the theorem leads to the absurd conclusion that inter-particle interactions 
are impossible. This justifies the common name "no-interaction theorem". 
Of course, it is absurd to think that there are no interactions in nature. 
So, in current literature there are two interpretations of this result. One 
interpretation is that the Hamiltonian dynamics cannot properly describe 
interactions. Then a variety of non-Hamiltonian versions of dynamics were 
suggested. In some of them, the manifest covariance of trajectories is enforced 
pxTj E21 63J. Another view is that variables r and p do not describe real 
observables of particle positions and momenta, or even that the notion of 
particles themselves becomes irrelevant in quantum field theory. Quite often 
the Currie-Jordan-Sudarshan theorem is considered as evidence for the field- 
based approach to interactions [151j . 

However, we reject both these explanations. The non-Hamiltonian ver- 
sions of particle dynamics contradict fundamental postulates of relativistic 
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quantum theory, which were formulated and analyzed earlier in this book. 
We also would like to stick to the idea that physical world is described by 
particles with well-defined positions, momenta, spins, etc. The physical par- 
ticles interact via instantaneous potentials obtained in the dressed particle 
approach to QFT. So, for us the only way out of the paradox is to admit 
that Lorentz transformations of special relativity are not applicable to observ- 
ables of interacting particles, as we discussed earlier in this section. Then 
from our point of view, it is more accurate to call Theorem 111.31 the "no- 
Lorentz-transformation theorem" . The theorem simply confirms our earlier 
conclusion that boost transformations are not kinematical and not universal. 
In contradiction to the special-relativistic Assertion 11.11 boost transforma- 
tions of observables of individual particles should depend on the observed 
system, its state, and on interactions acting in the system. So, boost trans- 
formations are dynamical. 

11.3 Comparison with special relativity 

In this section we would like to discuss the physical significance of our con- 
clusion about the dynamical character of boosts and its contradiction with 
Lorentz transformations of Einstein's special relativity. In subsection 111.3.11 
we will analyze existing proofs of Lorentz transformations and show that 
these proofs do not apply to observables of interacting particles. In sub- 
section 111.3.21 we are going to discuss experimental verifications of special 
relativity. We will see that in most cases these experiments are not designed 
to observe the action of boosts on observables of interacting particles. So, 
these experiments cannot tell our theory from special relativity. In subsec- 
tions 111.3.31 and 111.3.41 we will suggest that such fundamental assertions of 
relativistic theories as the manifest covariance and the 4-dimensional unifi- 
cation of space and time into one Minkowski space-time continuum should 
be revisited. 

11.3.1 On "derivations" of Lorentz transformations 

Einstein based his special relativity [152] on two postulates. One of them 
was the principle of relativity. The other was the independence of the speed 
of light on the velocity of the source and/or observer. Both these state- 
ments remain true in our theory as well (see our Postulate 11.11 and State- 
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merit 15.21) . Then Einstein discussed a series of thought experiments with 
measuring rods, clocks, and light rays, which demonstrated the relativity of 
simultaneity, the length contraction of moving rods, and the reduction of 
rate of moving clocks. These observations were formalized in Lorentz formu- 
las (II. 14ft - fl!.17p . which connect the times and positions of a localized event 
in different moving reference frames. As we demonstrated in Theorem Ill.H 
our approach leads to exactly the same Lorentz transformations for events 
associated with non-interacting particles. So far our approach and special 
relativity are in complete agreement. 

Note that although the Einstein's relativity postulate has a universal ap- 
plicability to all kinds of events and processes, his "invariance of the speed 
of light" postulate is only relevant to freely propagating light pulses. So, 
strictly speaking, all conclusions made in |152] can be applied only to space 
and time coordinates of events (such as intersections of light pulses) related 
in some way to the propagation of light @ Nevertheless, in his work Einstein 
tacitly assumed that the same conclusions could be extended to all events 
independent on their physical nature and on involved interactions (Asser- 
tion [TT])- However, there are no compelling theoretical reasons to believe in 
this Assertion. This is where our approach deviates from the path of spe- 
cial relativity. We do not accept Assertion 11.11 Instead, we derive boost 
transformations of particle observables in interacting systems from standard 



relativistic dynamics and taking into account the interaction dependence of 
boost generators we concluded in section 111.21 that boost transformations 
of particle observables are not given by universal Lorentz formulas fll. 14)) - 
(II.17p . In contrast to special relativity, these transformations should depend 
on the state of the observed multiparticle system and on interactions acting 
there. 

There is a significant number of publications which claim that Lorentz 
transformation formulas (1I.14|) - (1I.17j) can be derived even without using the 
Einstein's second postulate (see |153[ 1154) 1155) 11561 1157] and references cited 
therein). There are two common features in these derivations, which we find 



25 It is true that Lorentz transformations were successfully applied by Einstein to electric 
and magnetic fields in Maxwell's electrodynamics, which is a theory involving charged 
interacting particles. However, as we discuss in section fl 2.21 tremendous empirical success 
of this theory is not a guarantee that this is an exact classical description of electromagnetic 
phenomena. 

26 see subsection 13.2.41 




Working in the instant form of 
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troublesome. First, they assume an abstract (i.e., independent on real phys- 
ical processes and interactions) nature of events occupying space-time points 
(t,x,y,z). Second, they postulate the isotropy and homogeneity of space 
around these points. It is true that these assumptions imply linear univer- 
sal character of Lorentz transformations, and, after some algebra, specific 
expressions (11.140 - (11.170 follow. The main problem with these approaches 
is that in physics we should be interested in transformations of observables 
of real interacting particles, not of abstract space-time points. One cannot 
make an assumption that transformations of these observables are completely 
independent of what occurs in the space surrounding the particle and what 
are interactions of this particle with the rest of the observed system. One 
can reasonably assume that all directions in space are exactly equivalent for 
a single isolated particle [157j . but this is not at all obvious when the particle 
participates in interactions. 

Suppose that we have two interacting particles 1 and 2 at some distance 
from each other. Suppose that we want to derive boost transformations for 
observables of the particle 1. Clearly, for this particle different directions in 
space are not equivalent: For example, the direction pointing to the particle 
2 is different from other directions. So, the assumption of the spatial isotropy 
cannot be applied in this derivation. 

Existing "derivations" of Lorentz transformations try to find a univer- 
sal general formula applicable to all events. Therefore authors of these at- 
tempts assume from the beginning that boost transformations are strictly 
kinematical or "geometrical". In this respect, they are assumed to be simi- 
lar to space translations and rotations. We already established in subsection 
lll.2.7l that this assumption is in contradiction with the (well-established) dy- 
namical character of time translations. A theory in which time translations 
are dynamical while space translations, rotations, and boost are kinematical 
cannot be invariant with respect to the Poincare group. So, ironically, the 
assumptions of kinematical boosts, universal Lorentz transformations, and 
"invariant worldlines" are in conflict with the principle of relativity. This 
contradiction is the main reason for the "no interaction" Theorem 111.31 

11.3.2 On experimental tests of special relativity 

Supporters of special relativity usually invoke an argument that predictions of 
this theory were confirmed by experiment with astonishing precision. This 
is, indeed, true. However, at a closer inspection it appears that existing 
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experiments cannot distinguish between special relativity and the approach 
presented in this book. 

From the preceding discussion it should be clear that our theory com- 
pletely agrees with special relativity when non-interacting particles are in- 
volved or when total observables of any physical system are measured, whether 
this system is interacting or not (see subsection l6.2.3l) . It appears that almost 
all experimental tests of special relativity operate in one of these two regimes: 
they either look at non-interacting (free) particles or at total observables in 
a compound system. Below we briefly discuss several major classes of such 
experiments [EHJ CESS EEd ED] . 

One class of experiments is related to measurements of the frequency 
(energy) of light and it dependence on the movement of the source and/or 
observer. These Doppler effect |162[ 11631 11641 1165] experiments can be for- 
mulated either as measurements of the photon's energy dependence on the 
velocity of the source (or observer) or as velocity dependence of the energy 
level separation in the source. These two interpretations were discussed in 
subsections 15.4.21 and 16.4.21 respectively. In the former interpretation, one 
is measuring the energy (or frequency) of a free particle - the photon. In 
the latter interpretation, measurements of the total energy (differences) in 
an interacting system are performed. In both these formulations, predictions 
of our theory exactly coincide with special relativity. 

Another class of experiments is concerned with measurements of the speed 
of light and its (in) dependence on the movement of the source and/or ob- 
server. This class includes interference experiments of Michelson-Morley and 
Kennedy- Thorndike as well as direct measurements of the speed of light [166J. 
These experiments are performed on single free photons or light rays, so, 
again, our theory and special relativity make exactly the same predictions 
for them. The same is true for tests of relativistic kinematics, which in- 
clude relationships between velocities, momenta and energies of free massive 
particles as well as changes of these parameters after particle collisions. 

An exceptional type of experiment where one can, at least in principle, 
observe the differences between our theory and special relativity is the decay 
of fast moving unstable particles. In this case we are dealing with a physi- 
cal system in which the interaction acts during a long time interval (of the 
order of particle's lifetime), and there is a clearly observable time-dependent 
process (the decay) which is controlled by the strength of this interaction. 
The relativistic time dilation in decays of moving particles will be discussed 
in chapter [T4] 
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11.3.3 Poincare invariance vs. manifest covariance 

From our above discussion it should be clear that there are two rather differ- 
ent approaches to constructing relativistic theories. One is the traditional ap- 
proach pioneered by Einstein and Minkowski and used in theoretical physics 
throughout most of the 20th century. This approach accepts without proof 
the validity of Assertion II. II (the universality of Lorentz transformations) and 
its various consequences, like Assertions 11.21 (no superluminal signaling) and 
11.31 (manifest covariance). It also assumes the existence of space-time, its 
4-dimensional geometry, and universal tensor transformations of space-time 
coordinates of events. The distinguishing feature of this approach is that 
boost transformations of observables are interaction- independent. We will 
call it the manifestly covariant approach. 

In this book we take a somewhat different viewpoint on relativity. We 
would like to call it the Poincare invariant approach. This approach is built 
on two fundamental Postulates: the principle of relativity (Postulate II. ip 
and the laws of quantum mechanics from sections 12.51 and 12.61 From these 
Postulates we found that all changes of observables of the system induced 
by inertial transformations of the observer can be obtained by applying an 
unitary representation of the Poincare group acting in the Hilbert space of 
the systemic 

Statement 11.4 (Poincare invariance) Descriptions of the system in dif- 
ferent inertial reference frames are related by transformations which furnish 
a representation of the Poincare group. More specifically, transformations of 
state vectors and observables are given by formulas presented in subsection 
~3U\ 



Most textbooks in relativistic quantum theory tacitly assume that the 
Poincare invariance and the manifest covariance do not contradict each other, 
in fact, they are often assumed to be equivalent. However, it is important to 
realize that there is no convincing proof of such an equivalence. For example, 
Foldy wrote 

To begin our discussion of relativistic covariance, we would like 
first to make clear that we are not in the least concerned with 

27 In the case of classical systems we should consider a representation of the Poincare 
group by canonical transformations in the phase space. 
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appropriate tensor or spinor equations, or with "manifest covari- 
ance " or with any other mathematical apparatus which is intended 
to exploit the space-time symmetry of relativity, useful as such 
may be. We are instead concerned with the group of inhomoge- 
neous Lorentz transformations as expressing the inter-relationship 
of physical phenomena as viewed by different equivalent observers 
in un- accelerated reference frames. That this group has its basis in 
the symmetry properties of an underlying space-time continuum 
is interesting, important, but not directly relevant to the consid- 
erations we have in mind. L. Foldy [5] 

This issue was also discussed by H. Bacry who came to a similar conclusion 

The Minkowski manifest covariance cannot be present in quantum 
theory but we want to preserve the Poincare covariance. H. Bacry 

m 

The attitude we adopt in this book is that it is not necessary to postulate 
the universality of Lorentz transformations and manifest covariance. All we 
need to know about the behavior of quantum interacting systems can be 
found from the Poincare invariant theory developed in part I of this book. 
So, the results of Einstein's manifestly covariant special relativity can (and 
should) be tested by the Poincare invariant approach. One example of such 
a test is our investigation of boost transformations of space-time coordinates 
of events in section 111.21 and their comparison with Lorentz transformations 
of special relativity. In the rest of this book we will consider a few other 
examples where such tests are possible. In particular, we will focus on three 
areas: 

• the physical meaning of the Minkowski space-time in quantum theory 
(see section 111 .3.4j) ; 

• the alleged impossibility of faster-than-light propagation of interactions 
(see subsection 111.4.31) ; 

• the slowing-down of the decay of fast moving unstable particles (see 
chapter CHI) . 
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Results of our study are rather surprising: it appears that Einstein's as- 
sumption about the universality of Lorentz transformations and the Minkowski 
space-time unification are not exact. Our conclusion will confirm the one 
reached in section 111.21 : boost transformations of observables intimately de- 
pend on the state of the physical system and on interactions acting in the 
system, i.e., boost transformations are dynamical. 

11.3.4 Is geometry 4-dimensional? 

Special relativity and the manifestly covariant approach to relativistic physics 
adopt a "geometrical" viewpoint on Lorentz transformations^ In these the- 
ories time and position are unified as components of one 4-vector, and they 
are treated on equal footing. Any such unification implies that there should 
be certain similarity between space and time coordinates. However, in quan- 
tum mechanics there is a significant physical difference between space and 
time. Space coordinates x, y, z are attributes (observables) of a material 
physical system - a collection of particles. In the formalism of quantum 
mechanics these coordinates are represented by (expectation) values of the 
position operator R. On the other hand, time is not an observable. In order 
to understand this difference recall our definitions of measurements, clocks, 
and observables from Introduction. 

We have established there that the goal of physics is to describe results 
of measurements performed by a measuring apparatus on a physical system. 
The measurements yield values of observables, such as positions, momenta, 
energies, etc. "Time" is not in the list of these observables. Time is just a 
numerical label attached to each measurement according to the reading of 
the clock at the instant of the measurement. This clock reading does not 
depend on the kind of the system being measured and on its state. We can 
record time even if we do not measure anything, even if there is no physical 
system to observe. 

The clock is the necessary component of any reference frame or observer. 
This component is separate from the measuring apparatus. In order to "mea- 
sure" time the observer needs to look at hour and minute hands or at the 
digital display of her clock. In practical applications clocks are macroscopic 
classical systems, such that there are no quantum uncertainties in the hand's 
positions. Of course, there is a certain logical controversy here. We know 



see subsection 11.41 
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that all systems (including clocks) obey the laws of quantum mechanics. 
When we look at clock's hands we basically measure their positions, while 
assuming that their velocities are zero. This situation is explicitly forbidden 
by the Heisenberg's uncertainty principle. So, there should be some uncer- 
tainty associated with the position measurement. So, there should be some 
uncertainty associated with the measurement of time. Does it mean that 
some "quantum nature" of time should be taken into account? The answer 
is no. Only those systems which produce well-defined countable periodic 
"ticks" without any (or with negligible) quantum uncertainty are suitable as 
good clocks. Similarly, in order to measure positions one needs to have heavy 
macroscopic sticks as rulers whose length is not subject to the quantum un- 
certainty. The existence of such ideal clocks and rulers is questionable from 
the formal theoretical point of view. But there is no doubt that distances 
and time intervals can be measured with very high accuracy in practice. So, 
the formally quantum nature of clocks and rulers does not play any role in 
experimental physics. 

The clock and the observed physical system are two separate objects, and 
"measuring" time does not involve any interaction between the physical sys- 
tem and the measuring apparatus. Therefore, in quantum mechanics there 
can be no "operator of time" such that t is the expectation value (or eigen- 
value) of this operator. All attempts to introduce time operator in quantum 
mechanics were not successful. 

There were numerous attempts to introduce the "time of arrival" observ- 
able (and a corresponding Hermitian operator) in quantum mechanics, see, 
e.g., |167l 11681 11691 1170| and references cited therein. For example, one can 
mark a certain space point (X, Y, Z) and ask "at what time the particle ar- 
rives at this point?"0 Observations can yield a specific value for this time T, 
and this value depends on the particle's state. Of course, these are important 
attributes of an observable. However, they are not sufficient to justify the 
introduction of the time of arrival observable. According to our definitions 
from Introduction, an observable is an attribute of the system that can be 
measured by all observers. The time of arrival is a different kind of attribute. 
For those observers whose time labels is different from T the particle is not 

29 Note that our definition of the time of an event in subsection 111.2.31 was of a very 
similar kind. We defined the event as a collision of two particles, and then asked "at what 
time the event has occurred?" More precisely: "what did the laboratory clock show when 
positions of the two particles coincided?" 

30 Recall that in our definition (see Introduction) observers are "instantaneous" : each 



11.3. COMPARISON WITH SPECIAL RELATIVITY 



433 



at the point (X, Y, Z) , so the time of arrival value is completely undefined. 
So, one cannot associate the time of arrival with any true observable. It is 
more correct to say that the "time of arrival" is a time label of a particular 
inertial observer (or observers) for whom the measured value of the particle's 
position coincides with the pre-determined point (X, Y, Z). 

An alternative proposal to introduce the time operator was presented in 
|171j . The author suggests to define the action of the time operator T on 
particle wave functions ip(v,t) as 

Tty(r,*) = *VM) 

According to our postulate I2.1[ the existence of such an observable implies 
existence of states (eigenstates of T) in which T acquires a definite fixed 
value to. The wave function of the particle in such a state is zero at all times 
except (small neighborhood of the) time to- Physically this means that the 
particle was created spontaneously out of nothing, existed for a short time 
interval around t , and then disappeared. Such states violate all kinds of 
conservation laws and are clearly unphysical. 

Our position in this book is that there is no "symmetry" between space 
and time coordinates. So, there is no need for a 4-dimensional "background" 
continuum of special relativity. All we care about (in both experiment and in 
theory) are particle observables (e.g., positions) and how they transform with 
respect to inertial transformations (e.g., time translations and boosts) of ob- 
servers. Particle observables are given by Hermitian operators in the Hilbert 
space of the system. Inertial transformations enter the theory through the 
unitary representation of the Poincare group in the same Hilbert space. Once 
these ingredients are known, one can calculate the effect of any transforma- 
tion on any observable. To do that, there is no need to make assumptions 
about the "symmetry" between space and time coordinates and to introduce 
a 4-dimensional spacetime geometry. The clear evidence for non- universal, 
non-geometrical and interaction-dependent character of boost transforma- 
tions was obtained in section [Tl.21 So, we suggest that 4D Minkowski space- 
time should not be used in physical theories at all. 

Actually, one can go event further and question also the usefulness of the 
3-dimensional space in physics. Indeed, in our operator-algebraic approach 
the 3D position space is nothing but a set of common eigenvalues of three 



observer is characterized by a definite time label. 
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components of the Newton- Wigner position operator R. The existence of 
such common eigenvalues depends on (almost accidental) fact that these 
three components commute with each otherj^j] However, it is true that the 
Newton- Wigner operator (with mutually commuting components) can be 
defined only for massive particles, so it is questionable whether position- 
space wave functions of massless photons can be consistently introduced. 
Moreover, it is conceivable that the Poincare group (which was the basis of 
the entire approach developed in this book) is just an approximation. There 
is certain cosmological evidencd^l that the Poincare group should be replaced 
by the de Sitter group in which space translations do not commute anymore. 
The commutators of space translation generators in the de Sitter Lie algebra 
are proportional to the small constant 1/7Z 2 , where 1Z is a huge "spacetime 
radius" [172] . In this case components of the position operator are likely to 
lose their commutativity, so they cannot have a common set of eigenvalues. 
Thus the background "position space" continuum should not play any role 
in physics. This idea was expressed well by Lev |173j 

While the notion of spacetime coordinates for real bodies can 
be only a good approximation at some conditions, the notion of 
empty spacetime fully contradicts the basic principles of quan- 
tum theory that only measurable quantities can have a physical 
meaning. Indeed, coordinates of points which exist only in our 
imagination cannot be related to any measurement. 

Historical and philosophical discussion of the idea that relativistic effects 
(such as length contraction and time dilation) result from dynamical behav- 
ior of individual physical systems rather than from kinematical properties of 
the universal "space-time continuum" can be found in the book [174] . In our 
work we go further and claim that the difference between "dynamical" and 
"kinematical" approaches is not just philosophical one. It has real observable 
consequences. We have shown in section Hi. 21 that boost transformations are 
interaction-dependent and that they cannot be reduced to simple universal 
Lorentz formulas. Therefore, generally, the effect of boosts cannot be ex- 
actly represented as special-relativistic "pseudo-rotations" in the Minkowski 
space-timejfl Then the ideas of the universal pseudo-Euclidean space-time 

31 see Theorem 14. II 

32 e.g., the cosmological red shift 

33 As we discussed above, such a representation can still be valid in specific cases: for total 
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continuum and of the manifest covariance of physical laws (e.g., Assertions 
11.11 and 11.31) can be accepted only as approximations. Additional physical 
arguments against the the notion of Minkowski space-time can be found in 

11.3.5 "Dynamical" relativity 

From the dynamical character of boosts one can predict some curious effects 
which, nevertheless, do not contradict any experimental observations. For 
example, our approach implies that two measuring rods made from different 
materials (e.g., wood and tungsten) may contract in slightly different ways 
when viewed from a moving frame of reference. Another consequence is that 
two moving clocks based on different physical processes (e.g., an electronic 
clock and a balance clock) may slow down by slightly different factors, in 
disagreement with universal Einstein's formula (1I.19j) . The latter statement 
implies, for example, that the decay law of fast moving particles has a more 
complicated form than the universal slowdown predicted by special relativity. 
In section we will discuss this point in some detail. There we will also 
have a chance to perform a numerical estimate of the magnitude of (generally 
very small) interaction corrections to special-relativistic prediction. 

The most significant difference between our approach and special relativ- 
ity is in the effect of boosts on interacting systems. Let us see how isolated 
system is seen by time-translated and boosted observers. In fig. 111.31 we 
placed images of the same system on the plane t — 6, where t is the time 
parameter of the observer and 9 is its rapidity. Our approach and special 
relativity agree about the effect of time translations: As the time parameter 
increases, the system may undergo some dramatic changes (e.g., an explo- 
sion) caused by internal forces acting in the system. These changes result 
from the presence of interaction V in the Hamiltonian (the generator of time 
translations H = H + V) that describes the system. 

From the point of view of special relativity, boosted observer see only 
simple (kinematical) changes in the system: the change of the system's 

obscrvables of any isolated physical system or for particle observables in a non-interacting 
system. In addition, the Minkowski space-time idea turns out to be very fruitful in the 
formalism of quantum field theory. However, in section 110.41 we have explained that one 
can accept a point of view that quantum fields are just formal mathematical objects, and 
that the 4-dimensional manifold on which the fields are defined has nothing to do with 
real physical space and time. 




Figure 11.3: Non-trivial dynamics of an isolated interacting system as a 
function of time (t) and boost parameter (6). 
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velocity and relativistic contraction. These effects also take place in our 
approach. However, in addition to them, we expect additional non-trivial 
changes, which result from the presence of interaction operator Z in the gen- 
erator of boost transformations K = Ko + Z. For example, it is quite possible 
that for sufficiently high boost parameters 9 the system may look completely 
different, e.g., exploded (the image in the upper left corner of fig. 111.31) . 
For this reason our approach can be characterized as dynamical relativity in 
contrast to kinematical relativity of Einstein's special theory. 



11.4 Action-at-a-distance and causality 

We saw in section 110.31 that RQD describes interactions between particles 
in terms of instantaneous potentials. However, all textbooks teach us that 
interactions cannot propagate faster than light] 34 ! 

In non-relativistic quantum mechanics, it is straightforward to 
construct Hamiltonians which describe particles interacting via 
long-range forces (for a simple example, consider two charged par- 
ticles interacting via a Coulomb force). However, the concept of a 
long-range interaction prima facie requires some sort of preferred 
reference frame, which seems to cast doubt upon the possibility 
of constructing such an interaction in a relativistically covariant 
way. D. Wallace |145] 

The common viewpoint is that interactions between particles ought to be 
retarded, i.e., they should propagate with the speed of light. The strongest 
argument in favor of this hypothesis is the observation that faster-than-light 
interactions violate the special relativistic ban on superluminal signalso If 
one accepts the validity of this ban, then logically there is no other choice, 
but to accept also a field-based approach, rather than the picture of directly 
interacting particles advocated in this book. Indeed, interactions are al- 
ways accompanied by redistribution of the momentum and energy between 
particles. If we assume that interactions are retarded, then the transferred 
momentum-energy must exist in some form while en route from one par- 
ticle to another. This implies existence of some interaction carriers and 



see Appendix 11.31 
see Appendix 11.31 
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corresponding degrees of freedom not directly related to particle observables. 
These degrees of freedom are usually associated with fields, e.g., the electro- 
magnetic field of Maxwell's theory. In other words 

...the interaction is a result of energy momentum exchanges be- 
tween the particles through the field, which propagates energy and 
momentum and can transfer them to the particles by contact. F. 
Strocchi [133] 

The field concept came to dominate physics starting with the work 
of Faraday in the mid-nineteenth century. Its conceptual advan- 
tage over the earlier Newtonian program of physics, to formulate 
the fundamental laws in terms of forces among atomic particles, 
emerges when we take into account the circumstance, unknown to 
Newton (or, for that matter, Faraday) but fundamental in special 
relativity, that influences travel no farther than a finite limiting 
speed. For then the force on a given particle at a given time 
cannot be deduced from the positions of other particles at that 
time, but must be deduced in a complicated way from their pre- 
vious positions. Faraday's intuition that the fundamental laws 
of electromagnetism could be expressed most simply in terms of 
fields filling space and time was of course brilliantly vindicated in 
Maxwell's mathematical theory. F. Wilczek |129j 

In this section we will argue against the above logic that denies the possibility 
of interactions propagating faster than light. Our point is that if the dynam- 
ical character of boosts is properly taken into account, then instantaneous 
action-at-a-distance does not contradict the principle of causality in all ref- 
erence frames. Moreover, we will see in chapter [T2] that association of energy 
and momentum with electromagnetic fields leads to deep contradictions and 
paradoxes in Maxwell's theory. 

11.4.1 Retarded interactions in Maxwell's theory 

Let us consider two charged classical particles 1 and 2 repelling each other 
in two scenarios. In the scenario I, the particles are propagating without 
influence of any external force, subject to only their mutual interaction. Their 
classical trajectories are shown by dashed lines CAG and DBEF in Fig. 
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Figure 11.4: Trajectories of two interacting point particles 1 and 2: (a) RQD 
approach. An external impact and the trajectory change of the particle 1 
at point A causes instantaneous change of the trajectory of the particle 2 at 
point B due to the Coulomb potential. A bremsstrahlung photon (straight 
dotted line) emitted at point A causes a retarded influence on the electron 
b at point E. Dashed lines are trajectories in the absence of the external 
impact. Dotted lines are trajectories without taking into account the photon- 
transmitted interaction. Full lines are exact trajectories; (b) Traditional 
approach with retarded interactions. Particle 2 "knows" about the impact 
at point A only after time R^/c, i.e., at point E. 



111.4( b). In the scenario II, at time t = (point A on the trajectory of 
particle 1) particle 1 experiences some external force. For example, this 
could be an impact from a third particle@ which changes the trajectory of 
the particle 1 to the one shown by a full line CAG' in Fig. 111.4( a) and (b). 
The question is when the particle 2 will start to feel this impact? 

In classical electrodynamics, interactions between particles are transmit- 
ted by electromagnetic fields. The speed of propagation of fields is equal 
to the speed of light. Therefore, any information about the change of the 
trajectory of the particle 1 can reach the particle 2 only after time t = Ru/c, 



36 This third particle is supposed to be neutral, so that its interaction with the charge 2 
can be neglected. 
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where Ru is the distance between the two particleslfj This leads to the 
following description of the scenario II in Maxwell's electrodynamics: The 
particle 2 does not recognize that the impact has happened until point E in 
which the electromagnetic wavd^l emitted at point A reaches the particle 2. 
After this point trajectory of the particle 2 changes to EE' . Between points 
B and E, the trajectory of the particle 2 is the same whether or not there 
was a collision at point A. 

Of course, there can be no doubt about the existence of strong retarded 
interaction between charges. It is responsible for radar, radio, TV, etc. sig- 
nals@ However, it has not been proven experimentally that the faster-than- 
light component of electromagnetic forces is exactly zero, e.g., that full and 
dashed trajectories coincide on the segment BE in fig. 111.4( b). In subsection 
112.2.21 we will see that assuming retarded character of the Coulomb interac- 
tion between charges one arrives to a paradox of energy non-conservation. 

Recently there appeared claims about measurements of the finite speed 
of gravity [1761 1177j . However, they were challenged in a number of publica- 
tions (see section 3.4.3 in [178] ). Therefore, the possibility of instantaneous 
propagation of gravity cannot be discarded [1791 1180] . We will discuss RQD 
approach to gravitational interactions in chapter [131 



11.4.2 Interactions of particles in RQD 

It should be possible to build a classical (non-quantum) theory of electro- 
magnetic interactions using the RQD approach presented in chapter [10] (see 
chapter [T2l . The dressed particle RQD Hamiltonian H d = Hq + V d is finite 
and well-defined. So, we can use this Hamiltonian to describe the time evo- 
lution of interacting particle systems, and we can try to answer the question 
about the speed of electromagnetic interactions. 

Let us consider again the two interacting particles shown in Fig. 111.41 
Their RQD interaction in the 2nd perturbation order is described by the 
Darwin-Breit potential (110.501) . which is explicitly instantaneous. It is im- 
portant that the instantaneous character of the 2-particle interaction remains 
valid in higher perturbation orders as well, and that the instantaneous char- 

37 see Fig. fTOT b) 

38 Here we arc talking about the difference between the electromagnetic wave character- 
istic for scenario II and the wave pre-existed in scenario I. 

39 We will see in subsection II 1 .4.21 that within RQD this (indirect) interaction is trans- 
mitted by real photons emitted, absorbed, and scattered by accelerated charges. 
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acter of the potentials is not an approximation. This feature will remain even 
in the full RQD summed to all perturbation orders. This is clear from the fol- 
lowing consideration: In each perturbation order n, interaction between two 
particles is described by direct potentials like V d [d) a) da}. This interaction is 
transmitted directly without any carriers or intermediate fields. Therefore, 
when particle 1 loses some part of its momentum, the particle 2 instanta- 
neously acquires the same amount of momentum. In RQD there are no extra 
degrees of freedom where the transferred momentum could be stored. There- 
fore, in RQD any retardation of interactions is equivalent to the violation of 
the momentum conservation law, i.e., forbidden. 

Then the dressed particle HamiltoniarJ^I in the 2-particle sector of the 
Fock space is a function of positions and momenta of the two particles H d = 
H d (r 1 , pi, r 2 , P2), and trajectories^! are obtained from eq. (jl 1.27ft 



ri(i) 


i lld-L i jjrdx 


Pi(*) 




r 2 (t) 


i Jjd-L i Tjdx 
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Then the force acting on the particle 2 



f 2 (t) = J f P2(t) 

= ~[P2(t),H d ] 

= f 2 (r 1 (t),pi(t);r 2 (t),p 2 (t)) (11.60) 

depends on positions and momenta of both particles at the same time instant 
t. Applying these formulas to the scenario II in Fig. 111.4( a). we see that 
the collision at point A will be felt by the particle 2 instantaneously, and 
this particle will change its trajectory to BEF' after point B. This means 
that electric and magnetic interactions between charged particles propagate 
instantaneously. 

40 including contributions to 2-particle potentials from high perturbation orders and 
ignoring radiation effects 

41 in the reference frame at rest; for interacting trajectories in the moving frame see 
subsection 111.4.31 
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The instantaneous potential described above is only one part of the total 
interaction between charged particles in RQD@ There is also an additional 
retarded interaction whose origin can be explained as follows. The impact 
on the particle 1 at point A creates bremsstrahlung photons. These photons, 
being real massless particles, propagate with the speed c away from the 
particle 1 (thin dotted line in Fig. 111.4( a)). There is a chance that such a 
photon will reach particle 2 at point E of its trajectory and force 2 to change 
its course again (EF") F^l In this process, the force between two particles is 
transmitted in a retarded fashion: it is carried by a real photon traveling with 
the speed of light. Finally, the exact trajectories followed by two particles in 
scenario II are represented by full lines CAG' and DBEF" in Fig. 111.4( a). 



II. 4.3 Does action-at-a-distance violate causality? 

As we already mentioned, the instantaneous propagation of interactions in 
RQD is in sharp contradiction with Assertion 11.21 of special relativity, which 
says that no signal may propagate faster than light. So, we need to explain 
this contradiction. 

The impossibility of superluminal signals is usually "proven" by applying 
Lorentz transformations to space-time coordinates of two causally related 
events@ However, we know from subsection 111.2.91 that for systems with 
interactions, Lorentz transformations for time and position are no longer 
exact. So, the ban on superluminal propagation of interactions may not be 
valid as well. 

Consider again the two-particle interacting system discussed in subsection 

III. 4.21 this time from the point of view of a moving reference frame O'. 
Trajectories of particles 1 and 2 in this frame are9 



ri (e,t') = e-H^r^-^e*^ 
Pl (0,t') = e-i™ei Hdt ' Pl e-i Hdt, ei Klf 

42 For similar ideas about electromagnetic interactions being composed of both instan- 
taneous and retarded parts see (1811 1154|, 1182] . 

43 Two major contributions to this interaction are the Compton scattering and the pho- 
ton absorption terms in the interaction Hamiltonian H d . See Table ITOTTl 

44 see Appendix [L3] 

45 See, for example, eq. (|4.58[) ; t' is time measured by the clock of observer 0'\ 9 is the 
rapidity of this observer. 
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r 2 (6,t') = e -t Ke ei Hdt, r 2 e-* Hdt 'ei Ke 
p 2 (0,f) = e-i K °ei Hdt 'p 2 e-i Hdt 'ei K ° 

The Hamiltonian in the reference frame O' is 

H d (9) = e~r™H d e L *™ 
therefore the force acting on the particle 2 in this fram^ 41 ' 



= ^MO.tf) 
= -^ P2 (e,t'),H d (e)] 
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= e-^f 2 ( ri (t'), Pi(Ol r a (0, PaCO)^ 

is a function of positions and momenta of both particles at the same time 
instant t' r 7 \ T herefore, for the moving observer O' the information about the 
event at y4l 48 l will reach particle 2 instantaneously, just as for the observer 
at rest O. So, if information has been transferred by means of action-at- 
a-distance, the effect does not precede the cause in all frames of reference. 
These events are simultaneous in all frames, so instantaneous potentials do 
not contradict causality. 

Now we see that there are two loopholes that allow us to overcome the 
special-relativistic ban [183] on superluminal effects. One loophole is related 



46 Here we use the time dependencies of observables rj(i), Pi(i), fj(i) in the reference 
frame at rest, as obtained in subsection 1 1 1 . 4 . 2l 

47 Moreover, in agreement with the principle of relativity, this function $2 has exactly 
the same form as in the reference frame at rest pi. 601) . 

48 see fig. Ulla) 
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to the non-covariant boost transformation law of particle wave functions in 
the position-time representation]^ It permits for superluminal spreading of 
wave packets to be consistent with causality. Another loophole is related 
to the interaction dependence of boost transformations. It allows for the 
cause and effect to be simultaneous if they are connected by instantaneous 
interaction. This second loophole remains available even in the classical limit 
where space-time coordinates of events and particle trajectories are sharply 
defined. 



11.4.4 Superluminal propagation of evanescent waves 

The idea of separation of electromagnetic fields into non-propagating (in- 
stantaneous Coulomb and magnetic potentials) and propagating (retarded 
transverse electromagnetic wave) components has a long history in physics. 
This idea is most apparent in the following experimental situation. Consider 
a beam of light directed from the glass side on the interface between glass 
(Gl) and air (A) (see fig. 111.5( a)). The total internal reflection occurs when 
the incidence angle 6 is greater than the Brewster angle. In this case, all light 
is reflected at the interface and no light propagates into the air. However, 
since Maxwell's equations do not permit abrupt changes of fields at the in- 
terface, there is a non-propagating wave extending into the air. The wave's 
amplitude decreases exponentially with the distance from the interface. This 
is called the evanescent light wave. The reality of the evanescent wave can 
be confirmed if another piece of glass (G2) is placed near the interface (see 
fig. 111.5( b)). Then the evanescent wave penetrates through the gap, gets 
converted to the normal propagating light and escapes into the glass G2. At 
the same time the intensity of light reflected at the interface decreases. The 
total internal reflection becomes frustrated, and the phenomenon described 
above is called the frustrated total internal reflection (FTIR). 

Similar evanescent waves can be observed in other situations, such as 
propagation of microwaves through narrow waveguides or even in open air. 
In recent experiments pM [1851 EBS1 HE3 HES ESS EHB HSU OSS [TH3l [194] 
the speed of propagation of evanescent waves and/or near- field Coulomb 
and magnetic interactions was investigated, and there are strong indications 
that this speed may be superluminalo In particular, Nimtz with co-authors 



see subsection 1 11. 1.41 

There are discrepancies in theoretical interpretations of the data by different groups 
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Figure 11.5: A beam of light impinging on the glass-air interface, (a) If 
the incidence angle 9 is greater than the Brewster angle, then all light is 
reflected at the surface. The region of evanescent light is shown by vertical 
dashed lines, (b) If a second piece of glass is placed near the interface, then 
evanescent light is converted to the propagating light leaving the second piece 
of glass. 
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|198l 1199] suggested that the evanescent wave traverses the gap in time which 
does not depend on the width of the gap. 

The conventional approach regards evanescent waves as photons "tunnel- 
ing" across the classically forbidden region. However, our variant of electro- 
magnetic theory suggests an alternative, or rather a complementary, expla- 
nation. As we said repeatedly, the propagation of light in vacuum should be 
represented as a flow of massless particles - photons moving with speed c. 
However, the propagation of light in a material medium is a more compli- 
cated process [200J. The photons of light impinge on atoms of the material, 
get absorbed and re-emitted after some delay. These processes change the 
configuration of the electron clouds in atoms and thus create electric and mag- 
netic potentials propagating instantaneously around them. These potentials 
change in time, excite charged particles in the neighboring atoms, and may 
lead to the emission of photons by these neighboring atoms. Therefore, the 
propagation of the light front through the medium is a result of a complex 
interplay between all these processes working in concert. In most materials, 
the instantaneous electric and magnetic potentials of excited atoms do not 
play a significant role in the propagation of light. The time delays between 
the photon absorption and emission by atoms are significant, and the speed 
of light d in the medium is normally less than the speed of light in vacuum 
d = c/n, where n > 1 is the refraction index. However, one can imagine sit- 
uations in which the instantaneous potentials can dominate, and the speed 
of the light front may exceed c. 

Consider again the situation depicted in fig. 111.5( b). When the initial 
light wave reaches the interface Gl - A, the charged particles (electrons and 
nuclei) at the interface start to oscillate. These oscillations give rise to dipole 
moments at the interface which instantaneously affect charged particles at the 
interface A - G2. These charges also start to oscillate and emit photons which 
propagate inside the piece of class G2 in the form of a "normal" light beam. 
In this interpretation, the evanescent wave in the gap is nothing but the 
instantaneous Coulomb and magnetic potentials acting between oscillating 
charges on the two interfaces. The coupling between two interfaces decreases 
exponentially with the size of the gap, and the time of the "evanescent light" 
transmission does not depend on the size of the gap [198J. According to this 
interpretation, there are no photons crossing the gap even in the tunneling 

(see, for example, discussion in [1951 11961 1197] ). and the question remains open whether 
or not the speed of the signal may exceed c. 



11.4. ACTION-AT-A-DISTANCE AND CAUSALITY 



447 



mode. It is possible that the most realistic description of the frustrated 
total internal reflection should take into account both mentioned effects: the 
photon tunneling and the direct Coulomb and magnetic couplings between 
charges on both sides of the gap. 
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Chapter 12 

CLASSICAL 
ELECTRODYNAMICS 

All of physics is either impossible or trivial. It is impossible until 
you understand it, and then it becomes trivial. 

Ernest Rutherford 

In the preceding chapter we discussed some general aspects of direct inter- 
action theories. We showed that these theories do not contradict important 
theoretical principles, such as relativity and causality. In the next three 
chapters our goal is to demonstrate that there are no contradictions between 
particle-based direct interaction theories and available experimental data. In 
this chapter we will suggest a direct interaction approach to classical electro- 
dynamics. 

12.1 Relativistic Hamiltonian theory 

The central idea of Maxwell's electrodynamics is that charged particles in- 
teract with each other indirectly via electric and magnetic fields, and that 
electromagnetic radiation is an electromagnetic field varying in time and 
space. In this book we are challenging this universally accepted wisdom. 
We are suggesting that all results of conventional classical electromagnetic 
theory can be equally well (or even better) explained from the viewpoint 
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of dynamics of charged particles with direct interactions, where "fields" are 
not involved at all. In our approach light is described as a flow of massless 
particles - photons. 

In section 110.31 we already derived the Darwin-Breit Hamiltonian (I10.50p 
as an approximation to the full-fledged RQD. This Hamiltonian was obtained 
in the 2nd order perturbation theory within the (f/c) 2 approximation. Our 
goal now is to demonstrate that this Hamiltonian provides an accurate de- 
scription of electromagnetic processes in which acceleration of charged parti- 
cles is low, so that one can neglect the emission of electromagnetic radiation 
(photons) Jj The Darwin-Breit approach adopted here is fundamentally dif- 
ferent from the generally accepted Maxwell's theoryU In the Darwin-Breit 
approach charged particles interact via instantaneous potentials, while in 
Maxwell's theory the interaction is assumed to be retarded and mediated 
by electric and magnetic fields propagating in free space. In spite of these 
differences, we will see that in many cases it is very difficult to distinguish 
these two approaches experimentally, as both of them lead to very similar 
predictions. 

We will be working in the classical approximation, so we will not pay 
attention to the order of dynamical variables in their products, and we will 
use Poisson brackets [...,.. -]p instead of quantum commutators [...,...]. 
We will also use the Heaviside-Lorentz system of unita^l, represent all quan- 
tities as series in powers of v/c and leave only terms of order not higher than 
(v/cf. 



1 Recall that in RQD the radiation first appears in the 3rd perturbation order due 
to "bremsstrahlung" terms (such as d'a^c'da, see table [TuTTl and subsection 110.3.4] ) which 
describe emission of photons when two charges interact (=accelerate) . The low acceleration 
approximation will allow us to skip discussion of the entire class of paradoxes in Maxwell's 
theory, which are associated with "radiation reaction" [2011 12021 1203] . Discussion of such 
radiation effects is possible within RQD too, however it would require a mathematical 
apparatus much more advanced than that developed so far in this book. The main difficulty 
is that an accelerated charge emits not just one photon, but a large number of "soft 
photons" . 

2 This classical theory of electromagnetic phenomena should be called more appropri- 
ately "Maxwell- Abraham-Lorentz theory" , because it was significantly modified by Abra- 
ham and Lorentz in the beginning of the 20th century to take into account the existence 
(not known to Maxwell) of pointlike charged elementary particles - electrons. However, 
for brevity, we will call it by the name of its original inventor. 

3 see Appendix in 204 
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12.1.1 The Poincare Lie algebra 

From subsection 110.2.81 it follows that the Darwin-Breit Hamiltonian (I10.50f> 
is a part of a relativistically invariant theory in the instant form of dynamics. 
This means that there exists an interacting boost operator K, which satis- 
fies all commutation relations of the Poincare Lie algebra together with the 
Darwin-Breit Hamiltonian H . In principle, it should be possible to find the 
explicit form of the operator K by applying the unitary dressing transfor- 
mation to the boost operator (18.141) of QED. However, here we will choose 
a different route. Together with |119[ I120[ 1121] we will simply postulate the 
form of K and verify that Poincare commutators are, indeed, satisfied. 

Let us first write the non-interacting generators of the Poincare group 
for a two-particle system as sums of one-particle generator^ in the (v/c) 2 
approximation 



Jo 

#0 



p 







Pi + P2 

[ri x pi] + si + [r 2 x pa] + s 2 
hi + h 2 



(12.1) 
(12.2) 





8mfc 2 

[P2 X S 2 ] 




(12.3) 



K 



C 2 ITLiC 2 + hi C 2 



m 2 c 2 + h 2 



Pl'-l P 2 *-2 

—miYi — m 2 r 2 r ^ 

2miC 2 2m 2 c 2 



+ 




(12.4) 



The full interacting generators are 



H 



H + V 
K + Z 



K 



4 see eqs. (TPS]) - (TP5]) 
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The potential energy V is the Darwin-Breit potential ( 110. 51f) - ( 110. 55ft where 
contact terms proportional to 8(r) are not relevant for classical mechanics 
and will be omitteql 



?i?a <?i?2 ( , v , (Pi ■ r)(p a ■ r) 



^ « ^ " o 9 (Pi ' P2 + 



Anr 8imiim2C 2 r \ r 2 
giq 2 [Y x pjj ■ si gig 2 [r x Pg] ; s 2 gi&fr x P2] • Si 

8nm 2 c 2 r 3 87rm 2 c 2 r 3 4iTmim2C 2 r 3 

gig 2 [r x p x ] ■ s 2 g 1 g 2 (si-s 2 ) 3gig 2 (si • r)(s 2 • r) 



47rmim 2 c 2 r 3 47rmim 2 c 2 r 3 47rmim 2 c 2 r 5 

The potential boost is [EEHl [1201 H2U 

r . ?i?2(ri + r 2 ) 



12.5) 



12.6) 



In Appendix [O] we verified that Poisson brackets of observables Po, Jo, H, K 
indeed satisfy Poincare Lie algebra relationships within the (v/c) 2 approxi- 
mation. 

In order to use the Hamiltonian (112.31) + (112. 5p in practical calculations, 
we introduce a few adjustments. First, we omit the rest energies of the two 
particles, because they have no effect on dynamics. Second, we notice that 
particle spins Sj are not easily measurable in classical experiments. It is more 
convenient to replace them with magnetic moments fa, which are known to 
be proportional to spins. In addition, we assume that the particles have the 
gyromagnetic ratio of g ~ 2, which is characteristic for electrons. TherS 



\ii = qiSi/{mic) (12.7) 

and the full Hamiltonian for two charged spinning particles can be written 
in terms of their charges g«, masses m^, and magnetic moments fa 



5 we denote r = ri — r2 throughout this chapter 
6 see eq. (11.100) in [201! 
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2mi 2m2 8mfc 2 Sm^c 2 Airr 
Q1Q2 ( , (r-p 2 )(r-pi) 



H — Pi • P2 2 

g 2 [r x pi] ■ | gjrx p 2 ] • /2 2 | <fe[r x Pg] ; /?i 

87rmicr 3 87rm2cr 3 47rm2cr 3 

9i[rxpi]-/x 2 . (Pi-ik) 3(/xi • r)(/Z 2 ■ r) 

— 5 1 : 5 ? U^-oJ 

47rm 1 cr d 47rr ,:i Airr 

12.1.2 Multiparticle systems 

The electromagnetic (Darwin-Breit) Hamiltonian (112.81) is valid for two ele- 
mentary particles. If we ignore small relativistic corrections, the major part 
of this Hamiltonian is 

H2~particle = k\ + k 2 + -7-^ (12.9) 

Now we would like to find the Hamiltonian for a 3-particle system. In sub- 
section 110.2.91 (see table 110.11) we mentioned that QED predicts existence of 
rz-body potentials (where n > 3). These potentials appear only in the 4th and 
higher perturbation orders, so they are very weak. Most importantly, these 
potentials are short-range, so that they do not contribute to the long-range 
1/r Coulomb interaction between charges. From this we may confidently 
write the energy of a 3-particle system as a sum of 1-particle kinetic energies 
and 2-body interactions summed over all particle pairs 

Hz-particle = All + tl 2 + h 3 + h ~. h "j (12.10) 

47rri2 47rri 3 47rr 23 

where is the distance between particles i and j. Suppose now that r 2 3 <C 
ri2 ~ ri3, i.e., that particles 2 and 3 are close to each other and well separated 
from particle 1. Then denoting R = r 12 ~ r 13 we can rewrite (112. 10p 



H^-particle ~ ^1 + 



h , h q2q3 

h 2 + h 3 + 



Anr- 



23 



+ 1^ (12.U) 



A, + ft 3 + §% (12.12) 
4irR 
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where 



H23 



h 2 + h 3 + 



92 93 

Anr 23 



Q23 



<?2 + <?3 



are the total energy and the total charge of the subsystem 2+3. More gen- 
erally, the electrostatic Hamiltonian of two charged compound systems can 
be written approximately in the form 



where Hi are total energies of the two systems (including interactions of their 
constituent particles) and Qi are their total charges (sums of charges of their 
constituents). In other words we have established the well-known property 
of the additivity of electric charges. 

Comparing energies (112.91) and (112. 13j) we can say that electromagnetic 
interactions satisfy the property of composition invariance, meaning that the 
electromagnetic interaction between two bodies does not depend on whether 
the bodies are elementary or compound. It only depends on total character- 
istics of the bodies, such as their total charges. 

One should note however that the principle of composition invariance is 
not an exact property of electromagnetic forces. Contrary to this principle, 
interactions between two compound bodies are not exactly the same as inter- 
actions between two elementary particles (even if they have the same masses, 
charges, spins, etc.). Forces between two compound bodies are modified by 
mutual polarizations, image charges, etc, which are absent for structureless 
elementary particles. Nevertheless, this is a useful concept. In section [13.21 
we will see how the composition invariance of gravitational forces is related 
to the principle of equivalence. 

In the rest of this chapter we will study either 2-particle or 2-body systems 
for which the Darwin-Breit Hamiltonian provides a reasonable approxima- 
tion. We are going to solve Hamilton's equations of motion and obtain forces 
for a few types of two-body systems: "charge + charge", "wire with cur- 
rent + charge", "charge + spin's magnetic moment", and "charge + small 
current loop". Our goal is to demonstrate that a direct-interaction theory 
based on the Hamiltonian (112.81) is a reasonable alternative to the traditional 



H 



2-body 



H 1 + H 2 + 



Q1Q2 
47ri? 12 
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Maxwell's field-based electrodynamics. In section [12.21 we will describe a few 
experiments and paradoxes whose explanation is questionable in Maxwell's 
theory and straightforward in RQD. 

12.1.3 Two charges 

Let us consider a system of two spinless charged particles. The full Hamilto- 
nian of this system (which is called the Darwin Hamiltonian ) is obtained by 
dropping spin-dependent terms from the Darwin-Breit Hamiltonian (112.81) 



H Pi V\ gj V% | ?ig2 

2mi 2rri2 8m 3 c 2 &m\c 2 Airr 

- -^-((P.-P 2 ) + (P -' r !l P2 - r> ] (12-14) 



7rmim 2 (rr \ r z 



The time derivative of the first particle's momentum can be obtained 
from the first Hamilton's equation of motion 



dpi dH 
[PuH]p 



dt ' dri 



qiq2r _ gig 2 (pi ■ P2)r gig2Pi(p2 ■ r) gig 2 (pi • r)p 2 

47rr 3 87rmi?77.2C 2 r 3 87rm 1 m 2 c 2 r 3 87rmim2C 2 r 3 
3gig 2 (pi ■ r)(p 2 ■ r)r 



^7rmim 2 c 2 r 5 



12.15) 



Since the Hamiltonian (j!2.14p is symmetric with respect to permutation of 
the two particles, we can obtain the time derivative of the second particle's 
momentum by replacing indices 1 «-> 2 in (I12.15|n 



The velocity of the particle 1 is obtained from the second Hamilton's 
equatior 



7 Note that this operation also changes the sign of r = ri — r2. 

8 This relationship between velocity and momentum is interaction-dependent because 
the interaction energy in (112.141) is momentum-dependent. 
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- dri r hi dH 

= Pi pjpi _ ?i?2P2 _ gig2(p2 • r)r 

mi 2m\c 2 87rmim 2 c 2 r 8Tcmim2C 2 r 3 

The velocity of the second particle can be obtained from (j!2.17p by exchang- 
ing indices (1 «-> 2) 

_ dr 2 _ p 2 P2P2 <?i<?2Pi giga(pi-r)r 

at m 2 zm^c^ 87rm 1 m 2 c / r 87rm 1 m 2 c" ! r' ;i 

From these results we can calculate second time derivatives (accelerations) 
of particle positional 

d 2 r 1 pi p 2 pi 2(pi-pi)pi gig 2 p 2 (r-r) 



dt 2 mi 2m\c 2 2m\c 2 87rmim 2 c 2 r 3 

gig 2 (p 2 • r)r | 3gig 2 (p 2 ■ r)r(r ■ r) gig 2 (P2 • r)r 
87rmim 2 c 2 r 3 87rm 1 m 2 c 2 r 5 87rmim 2 c 2 r 3 

_ giggr gig2(pi • P2)r | gig2Pi(P2 • r) | gig 2 (pi ; r)P2 



4-Krnir 3 87rmjm 2 c 2 r 3 87rm 2 m 2 c 2 r 3 87rmfm 2 c 2 r 
3gig2(Pi ■ r)(P2 • r)r _ p 2 gij^r _ 2gig 2 (pi ■ r)pi gi<? 2 p 2 (r ■ pi) 
87rm 2 m 2 c 2 r 5 2m\c 2 Airmir 3 87rm 3 c 2 r 3 87rm 2 m 2 c 2 r 3 

gig 2 p 2 (r-p 2 ) gig 2 (p 2 ■ Pi)r gig 2 (p 2 ■ P2)r , 3gig 2 (p 2 ■ r)r(r ■ pi) 



Qitrriim^r 3 87rm 2 m 2 c 2 r 3 87rmim 2 c 2 r 3 87rm 2 m 2 c 2 r 5 
3gig 2 (p 2 • r)r(r ■ p 2 ) _ gig 2 (p 2 • r)pi gig 2 (p 2 ■ r)p 2 
8%mim\c 2 r^ 8 r nm\m2C 2 r 3 8iTmim 2 c 2 r 3 

q x q 2 r | 9ig 2 (vi ~ V2) 2 r ffi^r | gig2(vi • r)(v a - vp 



Aimiir 3 8nrriiC 2 r 3 AirmiC 2 r 3 47rm 1 c 2 r 3 
3gig 2 (v 2 • r) 2 r 



l7rmic 2 r 5 



(12.19) 



d 2 r 2 _ gig 2 r <?ig 2 (vi - v 2 ) 2 r gig 2 wfr gig 2 (v 2 • r)(vi - v 2 ) 



(it 2 47rm 2 r 3 87rm 2 c 2 r 3 47rm 2 c 2 r 3 47rm 2 c 2 r 3 



9 In this derivation we omitted terms proportional to q\q\ due to their smallness (for- 
mally they belong to the 4th perturbation order). Also keeping the accuracy of (v/c) 2 we 
can set r = ^ — ^ = vi — v 2 w — ^ in terms that already have the factor (1/c) 2 . 
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+ 3gig 2 (vi ■ r) 2 r 

8nm2C 2 r 5 

12.1.4 The definition of force 

There are two definitions of force commonly used in classical mechanics. 
In one definition the force acting on a particle is identified with the time 
derivative of that particle's momentum 



f, ^ f (12.21) 

In another definition |119] the force is the product of the particle's rest mass 
and its acceleration 



f 4 = rrn-^ (12.22) 

These two definitions are identical only for not-so-interesting potentials that 
do not depend on momenta (or velocities) of particles. We are dealing with 
interaction potentials that do depend on particles' momenta, so we need to 
decide which definition of force we are going to use. 

The definition f)12.2ip has the advantage that the third Newton's law of 
motion (the law of action and reaction) in a two-body system has a simple 
formulation 



fx = -f 2 (12.23) 

This law is a trivial consequence of the law of conservation of the total mo- 
mentum, this follows immediately from the vanishing Poisson bracket (IQ.2[) 
in our approach 



^ = [p 2 , H) P = [P - Pl , H] P = -[ Pl , H) P = (12.24) 
and there is no need to invoke such dubious notions as "hidden momentum" 



and/or momentum of electromagnetic fields in order to enforce this law [205 
12061 127)71 1208] . 
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Contrary to the usual practice, in this book we will use definition ( 112.221) . 
which is the second Newton's law of motion. It is true that this definition 
does not imply the balance of forces (112.231) . as can be seen from comparison 
of (112.191) and (112.201) . However, it is preferable for several reasons. First, 
definition (112. 22p is consistent with the standard notion that equilibrium (or 
zero acceleration d 2 r/dt 2 = 0) is achieved when the force vanishes (the first 
Newton's law of motion). Second, it is rather difficult to measure momenta 
of particles and their time derivatives in experiments. It is much easier 
to measure velocities and accelerations of particles, e.g., by the time-of-flight 
techniques. For example, by measuring current in a closed circuit we actually 
measure the amount of charge passing through the cross-section of the wire 
in a unit of time. This quantity is directly related to the velocity of electrons, 
while it has no direct connection to electrons' moment a 

12.1.5 Wire with current 

Experimentally, it is very difficult to isolate two charged particles and mea- 
sure their trajectories with sufficient precision to verify their dynamics given 
by equations (112.191) - (112.201) . In many cases it is more convenient to study 
behavior of electrons that are free to move in wires made of conducting ma- 
terials. In this subsection we will consider forces acting between electrons in 
wires and outside charges^ 

Let us consider the force exerted by a metal wire on a charge qi located 
at point ri and moving with velocity vi. There are two kinds of charges in 
the wire: the fixed positive ions of the lattice and mobile negatively charged 
electrons. In most cases the total charge of the ions compensates exactly 
the total charge of the electrons, so that the wire is electrically neutral. 
The spins of ions and electrons in the wire are oriented randomly, therefore 
spin-orbit (3rd and 4th lines in eq. (112. 8p )) terms, being linear with respect 
to particle spins, vanish after averaging. It can be shown that if the wire 
moves as a whole, then velocity-dependent Darwin interactions (the second 
line in eq. (112.81) ) of the charge 1 with electrons and ions in the wire cancel 
each other. Therefore, we can assume that the wire remains stationary, and 

10 As we saw in Appendices 112.1.31 - 112.1.61 f° r momentum-dependent potentials con- 
sidered here, momenta and velocities of particles are related by non-trivial interaction- 
dependent formulas. 

11 Here we do not consider image forces that are always present when a charge interacts 
with a conductor. 
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Figure 12.1: Interaction of a charge 1 at (0,0, R) with wire electrons (in 
the origin) whose thermal velocities have absolute value t> 2 and uniformly 
distributed directions. 

that only electrons in the loop are moving with velocity V2. The electrons 
in the wire participate in two kinds of movements: thermal and drift. The 
velocities of the thermal movement are rather high, but their orientations are 
distributed randomly; the drift velocity is directed along the applied voltage, 
but its magnitude is rather small (^mm/sec). Let us first see the effect of 
the thermal electron^ on the external charge 1. Then in eq. (112.191) we 
can omit terms that do not depend on v 2 We can also neglect the terms 
having linear dependence on v 2 , because these terms average out to zero due 
to isotropy of the thermal movement. So, we are left with terms proportional 



Now consider a small piece of metal located in the origin and the charge 
1 at the point (0,0, R) on the z-axis (see fig. 112.11) . Our goal is to show 
that the force acting on the charge 1 (i.e., the average of forces (I12.25P for 
different values of v 2 ) is zero. To prove this fact it is sufficient to show that 
expression (112.251) yields zero when averaged over directions of v 2 , i.e., when 
the absolute value t> 2 is kept fixed. The x- and y-components of this average 
are zero by symmetry, and the ^-component is proportional to the integral 




fi 



gi<?2^ 2 r _ 3gig 2 (v 2 • r) 2 r 

g vrc 2 r 3 g yrc 2 r 5 



(12.25) 



They will be marked by the index 2. 

Such contributions are canceled by forces from positively charged lattice ions. 
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Figure 12.2: Interaction of a charge at (R, 0, 0) with an infinite straight 
vertical wire with current. 

on the surface of the sphere of radius v £j 



2- 
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By similar arguments one can show that the force (averaged over velocities 
of thermal electrons) exerted by the charge on the conductor without current 
vanishes as well. So, the thermal movement of electrons can be ignored in 
conductor-charge calculations. 

Let us now consider a charge 1 and an infinite straight wire with a non- 
zero drift velocity of electrons v 2 in the geometry shown in fig. 112.21 We 
would like to calculate the force acting on the charge. In this case, terms 
linear in V2 cannot be neglected, and the force acting on 1 from a small 
portion dr2 Z of the wire is given byr^l 



dfi = qip 2 dr 2z — 5-5- + 



(vi ■ v 2 )r vfr (vi • r)v 2 3(v 2 ■ r 



r 



4irc 2 r 3 87rc 2 r 3 47rc 2 r 3 87rc 2 r 5 



14 Here we omit irrelevant constant factors present in (|12.25p and use spherical coordi- 
nates with angles <p € [0, 2ir] and 9 £ [0, ir], so that (V2 • r) = V2Rcos9. 



15 



p2 is the linear density of conduction electrons in the wire 
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= ^( ' v '*'?, Xr 'U ^-°%^) (12.26) 
\ A.Txc l r 6 Qiic^r 6 Sirc z r° J 

and the full force is obtained by integration of ( 112. 26ft on the length of the 
wire. Let us first show that the integral of the 2nd and 3rd term vanishes. 
Only the ^-component of this integral needs to be considered, and it turns 
out to be zero 



j = <W 2 2 f ( R SrjR \ 

x "' 87rm lC 2 J Z \{R 2 + rl z f/ 2 {R 2 + rl) 5 / 2 J 

— oo 

= 

This result means, in particular, that neutral superconducting (=zero resis- 
tance) wire with current does not create independent electrostatic potential 
in the surrounding space (there is no force acting on charges at rest). The 
observation of such a potential was erroneously reported in |209j . Subsequent 
more accurate measurements [210\ 1211] did not confirm this report. 

So, the full force acting on the charge 1 is obtained by integration of the 
first term in (112. 26p on the length of the wire 



In this expression one easily recognizes the Biot-Savart force law of the tra- 
ditional Maxwell's theory. This means that all results of Maxwell's theory 
referring to magnetic properties of wires with currents remain valid in our 
approach. 



12.1.6 Charge and current loop 

Let us use the Hamiltonian (112.141) to calculate the interaction energy be- 
tween a neutral circular current-carrying wire of a small radius a and a point 
charge in the geometry shown in fig. U2.3lF^I As we saw in the preceding 

16 The charge q\ is located at a general point in space ri = (ri x , r± y , r± z ) and having 
arbitrary momentum pi = (pi x ,Piy,Piz)- 
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Figure 12.3: Interaction between current loop and charge 

subsection, the movement of the wire as a whole does not have any effect 
on its interaction with the charge. So, we will assume that the current loop 
is stationary in the origin. We need to take into account only the velocity- 
dependent interaction between the charge 1 and negative charges of conduc- 
tion electrons having linear density p 2 = —p% and drift velocity v 2 m p 2 /m 2 , 
whose tangential component is u, as shown in fig. 112.31 Then the potential 
energy of interaction between the charge 1 and the loop element dl is given 
by the Darwin's formula 



T/ qiteM APi-v 2 ) (pi-r)(v 2 -r)\ 

Vdl-ql ~ -g n 1 3 

In the coordinate system shown in fig. 112.31 the line element in the loop 
is dl = ad6 and v 2 = (— u sin 9, u cos9, 0). In the limit a — > we can 
approximate 



r _ t _ 1 | a(r lx cos 6 + r ly smO) (12 28) 

r -s w 1 | 3a(r lx cos 6 + r ly sin 6) 
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The full interaction between the charge and the loop is obtained by inte- 
grating Vdi-qi on 9 from to 2tt and neglecting small terms proportional to 

a 3 



Vloop—ql 

_aqiP2_ 
87rmic 2 



2k 



d9 



[—upi x sin 9 + upi y cos i 



1 

n 



a(ri x cos 9 + r\ v sin i 



' i 

x 



-ur lx sin 9 + ur ly cos6 l )((pi • ri) — p\ x a cos 9 — p iy a sin i 
1 3a(r la; cos# + T\ v sin 6 

a 2 uq 1 p 2 [r 1 x p^ 
4m!C 2 r 3 

Taking into account the usual definition of the loop's magnetic moment \xi = 
7ia 2 p2u/c (see eq. (5.42) in |204j ) whose direction is orthogonal to the plane 
of the loop, we find that for arbitrary position and orientation of the loop 



y _ gi[/2 2 x r] ■ px 

Vloop-ql ~ , a 

47rm 1 cr d 

which agrees with the spin-charge interaction in (TT23D when p 2 = 00 So, 
we can write the full Hamiltonian for the system of charge 1 and current loop 
2a0 



H = Jl + Jl- _4_ _^_*iiil_Pi (12 . 30 ) 

The time derivative of the first particle's momentum can be obtained 
from the Hamilton's equation of motion (I5.54p 

dpi _<9# = gifri x #2] _ 3gi([pi x fl 2 ] ■ r)r 
d£ cfr - ! 47rm 1 cr 3 4irmicr 5 

17 As we discussed in subsection 112.1.51 the interaction potential between a charge q\ 
and a neutral wire does not depend on the velocity of the wire. 
18 compare with (|12.34l) 
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The time derivative of the second particle's momentum follows from the law 
of conservation of the total momentum (112.241) 

dp 2 dp 1 



dt dt 

The velocity of the charged particle 1 is obtained from the 2nd Hamilton's 
equation of motion 



vi = dH = Pi_^.^»] 
opi mi 2m\c Anxm\cr 6 



Acceleration of the particle 1 is obtained as a time derivative of (112. 31 " 1 " 



ai 



(If 

Pi qi\^2 x r] 3gi[/2 2 x r](r ■ r) 



mi ATrrriicr 3 Anmicr 5 
?i[Pi x M 3gi([/X 2 x r] ■ pi)r 3gi[/2 2 x r](r • p x ) 



+ 



27rmfcr 3 ATrmfcr 5 Aftm\cr l 

gi[#2 x p 2 ] 3gi[/2 2 x r](r ■ p 2 ) 



47rmim 2 cr 3 


47rm 2 cr 5 






9i [Pi x #2] 


3gi[pi x [r x [/Z 2 x r]]] 


"( 


d 


27rm^cr 3 


Arcmlcr 5 




dt 


gi[pi x /x 2 ] 


3gi[pi x r](/2 2 • r) 








<Aitm\cr b 




I 



<h\jh x r] 
2 47rcr 3 

gl[ ^ 2 X / ] (12.32) 
4 7rcr 3 

The notation (^) 2 means the time derivative (of r) when only particle 2 (the 
loop) is allowed to move, i.e. 



r = -v 2 ^-^ (12.33) 
dt J 2 m 2 



19 Here we noticed that pi oc v/c, therefore the time derivative of the second term on the 
right hand side of (|12.31[) is oc (v/c) 2 and thus it does not contribute to (|12.32[) . Vector 
identities ||DTT5|) and ([TJ7T6]) are being used in this derivation. 
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12.1.7 Charge and spin's magnetic moment 

Let us now consider the system of a spinless charged particle 1 and a point 
magnetic moment 2. The relevant Hamiltonian is obtained from (112.8)) by 
dropping terms depending on jli and q 2 



2 2 4 4 

H = Pi | p 2 pI n 

2mi 2rri2 8m 3 c 2 8m 2 c 2 



+ gi[/x 2 xr]-p 2 gi[/2 2 xr]-pi (12 34) 

87rm 2 cr 3 47rm 1 cr 3 

As usual, we employ Hamilton's equations of motion to calculate time deriva- 
tives of momenta, the velocity, and acceleration^! 



ft[Pi x fh] _ 3gi([pi x gg] • r)r _ ft [p 2 x jj 2 ] 3ft ([p 2 x /2 2 ] • r)r 
47rmicr 3 47rmicr 5 87rm 2 cr 3 87rm 2 cr 5 

C?P2 rfPl 

tfri d# pi p 2 pi gi[/2 2 xr] 



(it " <9pi mi 2m 3 c 47rmicr 3 

Pi _ ft x r] 3ft [/2 2 x r](r ■ r) 

mi 47rm 1 cr 3 47rm 1 cr 5 

ft[Pi x #2] 3ft. ([pi x /2 2 ] ■ r)r 3ft [/2 2 x r](r ■ pi) 



27rm 2 cr 3 Anrnfcr 5 Awmfcr 5 

3ft [v 2 x /2 2 ] 3ft ([/z a x r] • v 2 )r 3ft [// 2 X r](r • v 2 ) 



87rcr 3 87rcr 5 Aircr 5 

ftjgi x /7 2 ] _ 3ft [pi x [r x [/2 2 x r]]] 

27rm 2 cr 3 47rm 2 cr 5 
ft [v 2 x 3ft ([/2 2 x r] ■ v 2 )r 

87rcr 3 87rcr 5 



20 Here we assume that the magnetic moment \±2 is not changing during the time evo- 
lution, so that we can set fl 2 — 0- ^ needed, this time derivative can be found, as usual, 
from the Poisson bracket with the Hamiltonian jl 2 — [/I2, H]p. 
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Qi\jk x v 2 ] 3gi[/2 2 x r](r ■ v 2 



Ancr 3 Aircr 5 
gi[piX/I 2 ] 3gi[pi x r](/2 2 • r) d gi([v 2 x /2 2 ] ■ r) 



A-Kmlcr 3 ATimlcr 5 dri 87rcr 3 

d\ qi[fc x r] 



c?t / n Aircr 3 



12.35) 



This means that acceleration of the charge 1 in the field of the spin's magnetic 
moment is basically the same as in the field of a current loop (112. 32j) . The 
only difference is the presence of an additional gradient term 21 ! in the former 
case. 



12.1.8 Two types of magnets 

Let us consider the system "moving charge 1 + magnetic moment at rest 2" . 
The Hamiltonian is obtained either from (112.301) or from (112.341) by setting 

P2 = 



H = ?! | & ^ P2 gi[rx Pl ]-/2 2 i l2 m) 

2m\ 2m 2 8m 3 c 2 8m|c 2 47rm 1 cr 3 

The force acting on the charge 1 is given by formula (I12.32p 



fi = miai 

<?i[Pi x fx 2 ] 3<?i[pi x r](/2 2 • r) 



Slimier 3 A^m\cr b 

« — [vixbj (12.37) 

c 

which is the standard definition of the magnetic part of the Lorentz force if 
another standard expression 



21 the third term on the right hand side of (|12.35jl 
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is used for the "magnetic field" of the magnetic moment@ JI2 at point ri@ 
There are, however, important differences with respect to the standard ap- 
proach. First, in the usual Lorentz force equation (see, e.g., eq. (11.124) 
in [204J) the force is identified with the time derivative of the momentum 
(112. 2ip . In our case, the force is "mass times acceleration" (112. 22j) . Second, 
in our approach, there are no fields (electric or magnetic) having indepen- 
dent existence at each space point. There are only direct inter-particle forces. 
This is why we put "magnetic field" in quotes. 

For comparison with experiment it is not sufficient to discuss point mag- 
netic dipoles. We need to apply the above results to macroscopic magnets. 
It is important to mention that there are two origins of magnetization in ma- 
terials. First is due to the orbital motion of electrons. Second is due to spin 
magnetic moments of electrons^!. In permanent magnets both components 
play roles. The relative strength of the "orbital" and "spin" magnetizations 
varies among different types of magnetic materials. However, in most cases 
the dominant contribution is due to spins of electrons [212J. This part of 
magnetization can be described by summing up spin magnetic dipoles over 
all atoms in the body, and the total "magnetic field" of the macroscopic mag- 
net is obtained by adding up contributions like (112.381) . To treat the orbital 
part of magnetization, one can represent each atom as a small current loop 
and notice that the orbital magnetic effect on moving charges is qualitatively 
the same as the spin magnetic effect @ 

The above discussion referred to permanent bulk magnets. However, 
there is an alternative way to produce "magnetic field" by means of electro- 
magnets - solenoids with current. In solenoids only the orbital component of 
magnetization is present. In order to find properties of macroscopic electro- 
magnets we can use properties of small current loops derived in subsection 
112.1.61 For example, a straight thin solenoid of finite length can be repre- 
sented as a collection of small current loops stacked on top of each other 
(see fig. 112. 4p . The "magnetic field" of such a stack can be obtained by 



22 This formula is applicable for the "magnetic field" of both spin magnetic moment and 
magnetic moment of a small circular loop with current. 
23 see eq. (5.56) in [204] 

24 the contribution from nuclear spins is much weaker 

25 This conclusion is true only for stationary magnets. By comparing Hamiltonians 
(112.34)1 and (|12.30[) it is easy to see that moving spin and orbital magnetic moments have 
different properties. This difference will be discussed in subsections 112.2.71 - 112.2.91 in 
greater detail. 
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Figure 12.4: A thin solenoid can be represented as a stack of small current 
loops. The magnetization vector /7 2 is directed along the solenoid's axis. 



integrating f!12.38j) along the length of the stack. 



12.1.9 Infinitely long solenoids/magnets 

It is not difficult to show that the "magnetic field" outside an infinitely long 
thin solenoid vanishes. Assuming that the solenoid is oriented along the z- 
axis with x = y = (i.e., r? = (0, 0, z)) and that the observation point is at 
ri = (xi, yi,0), we obtairo 



(0,0,^2) 3fi 2 z(x 1 ,y 1 ,-z) \ 

4tt(x? + y\ + z 2 fl 2 A7i(x\ + y\ + z 2 f/ 2 ) 

= (12.39) 

These results refers to the infinitesimally thin solenoid. What about 
macroscopic solenoids with non-vanishing cross-sections? It is easy to see 
that each current- carrying coil in such a solenoid can be represented as a 

26 This time [Xi should be understood as magnetization per unit length of the solenoid. 
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Figure 12.5: A wire coil with current / (black thick line) can be represented 
as a superposition of infinitesimally small loops C±, C2, C3, . . . (grey lines) 
with the same current I. All currents inside the coil cancel each other, so 
that only the peripheral current is relevant for magnetic properties of the 
coil. 
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superposition of infinitely small loops (see fig. 112. 5j) . Then a macroscopic 
thick cylindrical solenoid can be represented as a set of parallel thin solenoids 
joined together. If the macroscopic solenoid has infinite length and arbitrary 
cross-section, and the point rj is outside the solenoid's volume, then eq. 
(112. 39j) holds for each thin component. Therefore, the total "magnetic field" 
outside any such solenoid vanishes. Thus we conclude that the force acting 
on a moving charge outside infinitely long magnet (either permanent magnet 
or solenoid with current) is zero. This agrees with calculations based on 
Maxwell's equations. See, for example, Problem 5.2(a) in [204J. 

However, the vanishing force does not mean that the potential energy of 
the charge-solenoid interaction is zero as well. The potential energy 27 ! can 
be found by integrating the last term in eq. (I12.36[) along the length of the 
solenoid and noticing that the mixed product ([/2 2 X v x ] ■ r x ) is independent 
of z 



V, - I dz 9l([/22X Vl] ' ri) _ ^ xv i]- r i) (12 40) 

— oo 

The acceleration of the moving charge is found, as usual, by application of 
the Hamilton's equations of motion 

dpr OH 

_ gi[pi x fl 2 ] 9l ([// 2 x pi] • n)ri 



-i 



dn dH pi p 2 pi gi[riX/Z 2 ] 

- [r x , H\p = — - = — - —3- + 



dt '' <9pi mi 2mfc 27rmicr 2 

rf 2 ri _ pi gi[pi x fl 2 ]rj q 1 [r 1 x /2 2 ](n • p x ) 



dt 2 mi 27rm 2 cr 4 -Km\cr A 



7Tm 2 cr 4: 



([pi x jl 2 ]rl - ([pi x p, 2 ] ■ r 1 )r 1 - [n x fl 2 ](r 1 ■ p x )) 



1/1 ' -[ri x [n x [ P i x // 2 ]]] - [n x // 2 ](n • pi)) 



7im 2 cr 4 



• [ri x pi](r x • /x 2 ) + [ri x // 2 ](ri • pO - [ri x /I 2 ](ri • p x )) 



7rm 2 cr 4 



27 in the case of a thin solenoid 
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= 

where we took into account that (ri • jl?) = 0. This agrees with the vanishing 
"magnetic field" found earlier and presents a curious example of a non-zero 
potential, which does not produce any force. For experimental manifestations 
of such potentials see subsections 112.2.51 and 112.2.61 

12.2 RQD vs. Maxwell's electrodynamics 

In this section we will discuss a number of real or thought electromagnetic 
experiments, whose description in classical Maxwell's electrodynamics is in- 
adequate or paradoxical. We will review these experiments from the point 
of view of RQD approach developed in the preceding section. Our goal is 
to demonstrate that in most cases the RQD description is more logical and 
consistent. 

12.2.1 Conservation laws in Maxwell's theory 

One important class of difficulties characteristic to Maxwell's electrodynam- 
ics is related to the apparent non- conservation of total observables (energy, 
momentum, angular momentum, etc.) in systems of interacting charges. 
Indeed, in the theory based on Maxwell's equations there is no guarantee 
that total observables are conserved and that the total energy and mo- 
mentum form a 4-vector quantity. Suggested solutions of these paradoxes 

ma nm I2T51 ma mm ma ma ma rnn \rm ma mM involved such 

ad hoc constructions as "hidden momentum" , the energy and momentum of 
"electromagnetic fields", "Poincare stresses", etc. 

Let us now discuss the conservation laws in Maxwell's theory. We consider 
a system of two charges, which are free to move without influence of external 
forces, i.e., they form an isolated system. By applying the standard Biot- 
Savart force law 

f 9ig2 [vi x [v 2 x r]] 

Aire 2 r 3 

f qiQ2 t V2 X t Vl X r JJ 

Aire 2 r 3 



(12.41) 
(12.42) 
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to this system it is easy to show that the Newton's third law (fi = — ¥2) is 
not satisfied for most geometries [225J. As we discussed in subsection 112.1.4] 
this means that the total momentum of particles P p is not conserved. The 
standard explanation [205, 206J of this paradox is that the two charges alone 
do not constitute a closed physical system. In order to restore the momentum 
conservation one needs to take into account the momentum contained in the 
electromagnetic field surrounding the charges. 

According to Maxwell's theory, electric and magnetic fields E(r),B(r) 
generally have non-zero momentum and energy given by integrals over entire 
space 



So, the idea of the standard explanation is that the total momentum of 
"particles + fields" P p + P-^ is conserved in all circumstances. 

From the point of view of RQD, it is understandable when Maxwell's 
theory associates momentum and energy with transverse time-varying elec- 
tromagnetic fields in free space. As we discussed in subsection 110.4.31 these 
fields can be accepted as rough models of electromagnetic radiation. In this 
case (112. 43p and (I12.44p are supposed to be equivalent to the sums of mo- 
menta and energies of photons, respectively. However, Maxwell's theory goes 
even farther and claims that static electromagnetic fields (not associated with 
radiation) also have non-zero momentum and energy. If this were true then 
one could easily imagine stationary systems (where nothing is moving!) where 
field configurations E, B would possess a non-zero momentum]^! This idea 
does not seem attractive for a couple of reasons. 

First, the "electromagnetic energy" integral (112.441) for the electric field 
E = qr/(47rr 3 ) associated with a stationary point charge 1^1 (e.g., an electron) 
is infinite J^l To avoid this difficulty, various "classical models" of the electron 

28 See, e.g., subsection 112.2.61 The angular momentum of static electromagnetic fields 
in Maxwell's theory was discussed in |226j . 
29 the magnetic field B vanishes, of course 

30 See also 227 for discussion of other difficulties related to the idea of energy and mo- 
mentum contained in the electromagnetic field. An interesting critical review of Maxwell's 
electrodynamics and Minkowski space-time picture can be found in section 1 of [228 . 





(12.44) 
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were suggested, the simplest of which is a charged sphere of a small but 
finite radius. However, these models led to other problems. One of them 
is the famous "4/3 paradox": It can be shown that the momentum of the 
electromagnetic field associated with the finite-radius electron does not form 
a 4- vector quantity together with its electromagnetic energy [2141 I^13[ [229J . 
This violation of relativistic invariance can be "fixed" if one introduces an 
extra factor of 4/3 in the formula for the field momentum. To justify this 
extra factor the idea of Poincare stresses is sometimes introduced^] On the 
other hand, if one adopts the RQD no-fields approach, then only observable 
and finite momenta and energies of particles should be taken into account, 
and correct relativistic transformation laws of these quantities hold exactly 
without any ad hoc assumptions. 

Some examples of conservation laws being violated in Maxwell's theory 
will be discussed in the next two subsections. On the other hand, in rel- 
ativistic Hamiltonian dynamics (which is the basis of our RQD approach 
to electrodynamics) the conservation laws and transformation properties of 
observables are trivial consequences of the Poincare group structure. The 
Poisson bracket of any observable F with the Hamiltonian H determines the 
time evolution of this observable 



dm \f m 

Then the conservation of observables H, P and J follows automatically from 
their vanishing Poisson brackets with H. The 4-vector character of the 
momentum-energy components (P,H) follows from their Poisson brackets 
(or commutators) with the angular momentum J and boost K (14. 2 j) - (14.41) . 
In RQD these properties hold true independent on the strength of interaction. 



12.2.2 The Kislev-Vaidman "paradox" 

In both Maxwell's theory and in RQD the Darwin Hamiltonian (112.141) is a 
(f/c) 2 approximation to the full interaction of two charges. However, there 
is a significant difference between these two approaches. In Maxwell's theory 
it is assumed that taking into account higher orders in v/c one would arrive 



31 see sections 16.4 - 16.6 in [204] 
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Figure 12.6: Trajectories of two charged particles in the Kislev-Vaidman 
paradox plotted in the t — x plane. The time on the horizontal axis is mul- 
tiplied by c, so that photon trajectories (dashed arrows) are at 45° angles. 

to retarded (Lienard-Wiechert) potentials between charges!^! 

There is a remarkable paradox [230] associated with the assumption of 
retarded interactions in standard Maxwell's electrodynamics!^! Consider two 
particles 1 and 2 both having the unit charge. Let us assume that their 
electromagnetic interaction is transmitted by retarded potentials and that 
the movement of the particles is confined on the x axis. Particle trajectories 
are plotted in fig. 112.61 by full thick lines. Initially (at times t < 0) both 
particles are kept at rest with the distance L between them. The Coulomb 
interaction energy is l/{AirL). At time t = we apply external force which 
displaces particle 1 by the distance d < L toward the particle 2. The work 
performed by this force will be denoted W\. 



32 As we discussed in subsection 111.4.21 in RQD all higher order correction^ have the 
form of potentials depending on positions and momenta of charges taken at the same time 
instant, so there is no retardation. 

34 A similar paradox was described also in [231] . 
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Then we warqfj until time t% and move both particles simultaneously by the 
distance d/2 away from each other. If we do this rapidly during a short time 
interval (£3 — £2) < (L — d)/c, then the retarded field of the particle 2 in the 
vicinity of the particle 1 remains unperturbed as if the particle 2 has not 
been moved at all. The same is true for the field of the particle 1 in the 
vicinity of the particle 2. Therefore the work performed by such a move is 

The total work performed in these two steps is nonzero 

119 9 

iir{W 1 + W 2 ) = i- T + 



L-d L L-d/2 L-d 
11 12 1 



Ll-d/L L Ll-d/(2L) Ll-d/L 
1 , d d 2 , 1 2, d d 2 , 2, d d 2 , 
L {l+ L + ^ ) -L + -L {l + -L + U? ) -L {l+ L + ^ ) 
1 d d 2 1 2 d d 2 2 2d 2d 2 



L + L 2 + L 3 L + L + L 2 + 2L 3 L L 2 L 3 
d 2 



2V> 



12.45) 



This means that after the cycle is completed we find both charges in the same 
configuration as before (at rest and separated by the distance L), however 
we gained some amount of energy (112.451) . Of course, the balance of energy 
(I12.45P is not complete. It does not include the energy of electromagnetic 
waves emitted by accelerated charges. At each time point when charges ac- 
celerate they emit spherical waves, i.e., lose energy. However, one could, in 
principle, recapture this emitted energy by surrounding the pair of particles 
by appropriate receivers. Then, it would become possible to build a per- 
petuum mobile machine in which the two steps described above are repeated 
indefinitely and each time the energy (112. 45p is gained. 



35 The displacement of the charge 1 and its acceleration results in emission of electromag- 
netic radiation (indicated by dashed arrows in fig. 112. 6p , whose energy is proportional to 
the square of acceleration, according to the Larmor's formula. So, we would need to wait 
until the emitted photons propagated far enough to not have any effect on the 2-charge 
system anymore. 
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The explanation of this paradox suggested in [230J is briefly the following. 
Kislev and Vaidman claim that there is another energy term missed in the 
above analysis which is related to the interference of electromagnetic waves 
emitted by the two particles^) and which restores the energy balance. This 
explanation does not look plausible, because there is actually no interaction 
energy associated with interference of light waves: The interference results in 
a redistribution of the wave amplitude (formation of minima and maxima) 
and its local energy in space, while the total energy of the waves remains 
unchanged [232] . In other words, there is no interaction between photonsl^l 

The true explanation of the Kislev- Vaidman "paradox" is provided by 
the Darwin-Breit action-at-a-distance theory. In the absence of retardation 
of the Coulomb potential, it is easy to show that W\ + W2 = and the total 
work performed by moving the charges is equal to the energy of the emitted 
radiation. 

12.2.3 The Trouton-Noble "paradox" 

In RQD the total angular momentum J of any isolated system of interact- 
ing particles is conserved. This follows directly from the following Poisson 
bracket in the Poincare Lie algebra 

§ - P.UIp-0 

For interacting charges one can also verify this result by direct substitution 
of (TT2TT51) - 012.181) in the time derivative of J@ 

= [f 1 x pi] + [r x x pi] + [r 2 x p 2 ] + [r 2 x p 2 ] = 

In other words, there can be no torqud^l in any isolated system of charges. 
However, Maxwell's classical electrodynamics cannot make such a clear state- 
ment about the conservation of the total angular momentum and the absence 



36 For example, in fig. 112.61 electromagnetic waves emitted by the two charges meet at 
point a, and their interference proceeds from that time on. 

37 QED predicts a very weak photon-photon interaction in the 4th perturbation order, 
however it is negligibly small in the situation considered here. 

38 This calculation is left as an exercise for the reader. 

39 The torque is defined here as the time derivative of the total angular momentum. 
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Figure 12.7: The Trouton- Noble "paradox": two charges moving with the 
same velocity v. The forces fi and f 2 produce a non-zero torque. 

of torque. This failure is in the center of the "Trouton- Noble paradox" which 
haunted Maxwell's theory for more than a century [2331 EH EES E2H 12231 
[2131 12221 1234] . 

Ima gin e two charges moving with the same velocity vector v, which makes 
an angle 40 ! with the vector r = r x — r 2 connecting positions of the charges 
(see fig. 112. TP . A calculation using the standard Biot-Savart force formulas 
(112. 4ip - (112.421) predicts that there should be a non-zero torque, which tries 
to turn vector r until it is perpendicular to the direction of motion v [235J. 
This result is paradoxical for two reasons. First, as we said above, one should 
expect zero torque from the conservation of the total angular momentum. 
Second, there is no torque in the reference frame that moves together with the 
chargesjfj] so the presence of the torque in the reference frame at rest violates 
the principle of relativity. Numerous attempts to explain this paradox within 
Maxwell's theory [2061 EES [2211 E2H EES EZZl EU do not look convincing^! 



40 that is different from and 90° 
In this reference frame the velocities of both charges are zero. So, only the Coulomb 
force remains, which is directed along the vector r. 

42 In the original Trouton-Noble experiment [233 , two charged capacitor plates were 
used instead of point charges, but this difference has no significant effect on theoretical 
analysis. Actually, the Trouton & Noble experiment is not directly relevant to the situation 
considered here, because the authors did not compare properties of a moving capacitor and 
a capacitor at rest. Their logic was based on the pre-Einsteinian idea that the absolute 
velocity v of the capacitor with respect to the "ether" has a physical meaning. So, they 
tried to find the variation of the torque acting on the capacitor suspended in the laboratory 
(at rest) as its velocity through the "ether" (supposedly) varied at different times of the 
day due to the Earth rotation. 
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12.2.4 Longitudinal forces in conductors 

According to classical electrodynamics, the magnetic force ( 112. 37ft is always 
perpendicular to the particle's velocity. Consequently, there can be no mag- 
netic force between two electrons moving in a thin wire with steady current. 
Indeed, if we substitute Vi = v 2 = v and r || v in the standard Biot-Savart 
force law (112. 4ip - (112.421) . we obtain fx = f 2 = 0. However, this result does 
not hold in our approach. Similar substitutions in our formulas f 1 1 2 . 1 9 f) - 
(1T2T20D yielcS 

q 2 v 2 r 3g 2 (v-r) 2 r 5q 2 v 2 r 

1 47rc 2 r 3 8nc 2 r 5 8irc 2 r 3 
5q 2 v 2 r 

2 87rc 2 r 3 

which indicates the presence of longitudinal attraction. As discussed in 
|122l 1124} 1123] . this magnetic attraction of conduction electrons may con- 
tribute to superconductivity at low temperatures. 

It is interesting to note that the issue of longitudinal interactions in con- 
ductors was discussed ever since Ampere suggested his interaction law in the 
early 19th century@ However, in contrast to our result, the Ampere's for- 
mula predicts magnetic repulsion between two electrons, rather than their 
attraction. Numerous experiments attempting to detect such a repulsion did 
not yield conclusive results. The most recent study [237J declared a confir- 
mation of the Ampere's repulsion. However, this conclusion was challenged 
in [238J. So, experimentally, the presence of longitudinal forces and their 
signs remains an unsettled issue. 



12.2.5 The Aharonov-Bohm effect 

In subsection 112.1.91 we concluded that charges do not experience any force 
(acceleration) when they move in the vicinity of an infinite magnetized solenoid 
or a permanent rod magnet. However, the absence of force does not mean 
that charges do not "feel" the presence of the magnetized substance. In spite 

43 Herc we ignore the Coulomb force components, which are shielded in metal conductors. 
q denotes electron's charge. 

44 i.e., directed along the velocity of electrons 
45 for a good review see [236] 
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Figure 12.8: The Aharonov-Bohm experiment. The vertical infinite thin 
magnetized rod with linear magnetization density \ii is shown by grey arrows. 

of zero magnetic (and electric) field, infinite solenoids/rods have a non-zero 
effect on particle wave functions. This effect was first predicted by Aharonov 
and Bohm |239j and later confirmed in experiments [240[ I241[ 1242] . 

Let us consider the idealized version of the Aharonov-Bohm experiment 
shown in fig. 112.81 An infinite solenoid or ferromagnetic rod with negligible 
cross-section and magnetization fi 2 (per unit length) is erected vertically 
in the origin. The electron wave packet is split into two parts (e.g., by 
using a double-slit) at point A. These subpackets travel on both sides of 
the solenoid/rod with constant velocity v 1; and the distance of the closest 
approach is R. The subpackets rejoin at point B, where the interference 
is measured. (The two trajectories AA\B\B and AA2B2B are denoted by 
dashed lines.) The distance AB is sufficiently large, so that the two paths 
can be assumed parallel to the y-axis everywhere 



Experimentally it was found that the interference of the two wave packets at 
point B depends on the magnetization of the solenoid/rod, in spite of zero 



n(t) = (±R,v ly t,0) 



(12.46) 
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force acting on the electrons @ 



In the conventional interpretation, the Aharonov-Bohm effect is believed 
to be an indication of the fundamental importance of electromagnetic poten- 
tials and fields in nature [239]. In this subsection we would like to explain 
this effect from the point of view of the Darwin-Breit action-at-a-distance 
theory. Our explanation is based on the influence of the interaction potential 
on the wave function's phase [2T] . 

To estimate the effect of magnetization on the interference, we need to 
turn to the quasiclassical representation of particle dynamics from subsec- 
tion 15.3.51 We established that the center of the wave packet is moving in 
accordance with Heisenberg's equations of motion. In our case, no force is 
acting on the electrons, so their trajectories (112. 46p are independent on mag- 
netization. We also established in 15.3.51 that the overall phase factor of the 
wave packet changes in time as exp(|0(t)), where the action integral (fi(t) is 



and Vi(t) is the time dependence of the potential experienced by the elec- 
tron. In the Aharonov-Bohm experiment the electron's wave packet separates 
into two subpackets that travel along different paths AA\B\B and AA 2 B 2 B. 
Therefore, the phase factors accumulated by the two subpackets are gener- 
ally different, and the interference of the "left" and "right" wave packets at 
point B will depend on this phase difference 



Let us now calculate the relative phase shift in the geometry of fig. 112.81 
The kinetic energy term in (112.471) does not contribute, because velocity 

46 There exist attempts to explain the Aharonov-Bohm effect as a result of classical elec- 
tromagnetic force that creates a "time lag" between wave packets moving on different sides 
of the solenoid |243[ 1244} 12451 [246, 247J. However, this approach seems to be in contra- 
diction with recent measurements, which failed to detect such a "time lag" |248] . Several 
other non-conventional explanations of the Aharonov-Bohm effect were also suggested in 
the literature [249| . [250 1 f25T l [252]. but they will not be discussed here. 



given by 




(12.47) 



to 



A0 = rr((f>left - bright) 
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remains constant for both paths. However, the potential energy of the charge 
is different for the two paths. For all points on the "right" path the numerator 
of the expression (j!2.40p is —qi^viyR, and for the "left" path the numerator 
is q\\iiV\ y R. Then the total phase shift is 



^ = nj ^TW) = (12 ' 48) 

— oo 

This phase difference does not depend on the electron's velocity and on 
the value of R. However, it is proportional to the rod's magnetization 
fi2- So, all essential properties of the Aharonov-Bohm effect are fully re- 
produced within the Darwin-Breit direct interaction theoryF^I In our de- 
scription the Aharonov-Bohm effect is a quantum phenomenon, however, in 
contrast to traditional views, this effect does not imply the existence of scalar 
and/or vector electromagnetic potentials, and it is not essential whether the 
solenoid/rod is infinite (so that it induces a multiple-connected topology of 
space) or not. The latter point is supported by experiments with finite-length 
magnetized nanowires, which exhibit phase shifts similar to those character- 
istic for infinite solenoids/rods |253j . 



12.2.6 Toroidal magnet and moving charge 

The system consisting of a toroidal magnet and a moving charge is interest- 
ing for two reasons. First, toroidal permanent magnets were used in Tono- 
mura's experiments [241[ |242j, which are considered the best evidence for 
the Aharonov-Bohm effect. Second, classical Maxwell's electrodynamics has 
real trouble in explaining how the total momentum is conserved in this sys- 
tem. This is known as the "Cullwick's paradox" [2541 12551 I256j . Let us 
apply Maxwell's theory to a charge moving along the symmetry axis through 
the center of the magnetized torus (see fig. 112. 9p . There is no magnetic 
field outside the toroidal magnet @ so the force acting on the charge is zero. 
However, the moving charge creates its own magnetic field which does act on 

47 These results were derived for thin ferromagnetic rods and solenoids, however the same 
arguments apply to infinite cylindrical rods and solenoids of any cross-section. 

48 This fact can be proven by the same method as was used in subsection 112.1.81 to 
prove the absence of the magnetic field outside infinite linear magnet. See below in this 
subsection. 
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Figure 12.9: Toroidal magnet and moving charge, "path 1" passes through 
the center of the torus; "path 2" is outside the torus. 

the torus with a non-zero force@ So, the Newton's third law is apparently 
violated. According to McDonald [256] , the balance of force can be restored 
if one takes into account the "momentum of the electromagnetic field", as 
described in subsect ion 112.2.11 However, this is not the whole story yet. The 
field momentum turns out to be non-zero even in the case when both the 
magnet and the charge are at rest. This leads to the absurd conclusion that 
the linear momentum of the system does not vanish even if nothing moves. 
The problem is "fixed" by assuming the existence of the "hidden momen- 
tum" in the magnet. However this explanation does not seem satisfactory, 
and here we would like to suggest a different version of events. 

First we need to derive the Hamiltonian describing dynamics of the system 
"charge 1 + toroidal magnet 2". We introduce the Cartesian coordinate 
system shown in fig 112.91 Assume that the torus has radius a and linear 
magnetization density //2, and that the particle 1 moves straight through 
the center of the torus with momentum pi y . Then we can use symmetry 



The force is identified with the time derivative of momentum in the McDonald's treat- 
ment. 
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arguments to disregard x and z components of forces and writ 



r 2 = (a cos 6* , 0, asin^) 

r = i - ! — r 2 = (— acos9,r ly , — asin6*) 

yU2 = (-[i 2 sm9,0, fi 2 cos9) 

p2 X r] s = a\i 2 sin 2 9 + afx 2 cos 2 9 = a/i 2 

[// 2 x r] • pi = a^Pij, 

[/2 2 x r] ■ p 2 = afi 2 m 2 V 2y 

Then the potential energy of interaction between the charge and the magnet 
is obtained by integrating the potential energy in ( 112. 341) on the length of 
the torudEj] 



2tt 

V — Id9< qia ^ 



47rm 1 c(a 2 cos 2 9 + (r\ y — R 2y ) 2 + a? sin 2 6 1 ) 3 / 2 

2, 



+ 



qia 2 ^ 2 V 2y 



8nc(a 2 cos 2 9 + (r ly - R 2y ) 2 + a 2 sin 2 9f/ 2 . 

qia 2 ii 2 Piy qia 2 fJ, 2 P 2y 



+ AModn 2 4- (ri - R.A 2 ^ 2 '^ 



2m lC (a 2 + (r ly - R 2y ) 2 y/ 2 4M 2 c(a 2 + (r ly - R 2y f 
and the full Hamiltonian can be written as 



n 2 P 2 <n 4 p4 2 

Flj/ ^22/ Ply r 2y Ql a ^2P\y 

tl = h 



+ 



2mi 2M 2 8m?c 2 8M|c 2 2m lC (a 2 + (r ly - i? 2?/ ) 2 ) 3/2 
gia 2 /i 2 -P2?; 



4M 2 c(a 2 + (r ly - R 2y ) 2 )V 2 
Hamilton's equations of motion lead to the following results 



50 Here m-i is the linear density (mass per unit length) of the torus. We do not assume 
that the magnet is stationary. It can move along the y-axis. The y-component of its 
velocity is denoted V2 V . 

51 Here we assume that we are dealing with a permanent toroidal magnet. For a toroidal 
solenoid one should integrate the potential energy expression (|12.30p . Then the second 
term on the right hand side of (|12.49[) would be absent. M% is the full mass of the magnet, 
P2 is its momentum, and R2 is the center of mass. 
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dpiy dV 
dt dr\y 

3giQ 2 //2Ply(^ly ~ R 2y) ^j^gP^ryy ~ jjggj 

2m lC (a 2 + (n„ - i? 2j/ ) 2 ) 5 / 2 4M 2 c(o 2 + (r ly - i? 2j/ ) 2 ) 5/2 

dP 2 y dpiy 

dt ~ dt 

So, unlike in Maxwell's theory, the rate of change of the 1st particle's momen- 
tum is non-zero, and the 3rd Newton's law is satisfied without involvement 
of the "electromagnetic field momentum". Acceleration of the charge 1 is 
calculated as follows 



dr ly piy_ pj y dV 
dt m x 2m\c dp ly 



Ply _ 






2m\c 


Ply _ 


Ply 


nil 


2m\c 


Pi 1 + 


3qia 2 i 


nil 


2mi 



qia 2 fi 2 



d 2 r ly piy 3gia 2 /x 2 (T-iy ~ Rvy){viv - ^2y) 

dt 2 mi 2nnc(a 2 + (r ly - R 2y ) 2 ) 5/2 

_ 3qid 2 fl 2 V2y{riy ~ R 2y) 

4mic(a 2 + (r ly - R 2y ) 2 f' 2 

When the magnet is at rest (V 2y = 0) this expression vanishes, so there is no 
force (acceleration) on the particle 1, as expected. The force (acceleration) 
acting on the magnet is found by the following steps 



dR 2y F%_ J%_ dV_ 
dt M 2 2M$c dP 2y 



P2y P 2y Ql^ /i 2 



M 2 2M$c AM 2 c{a 2 + ir- ly - R 2y ) 2 fl 2 
d 2 R 2y p 2y _ 3gia 2 /i 2 (ri y - R 2y ){vi y - V 2y ) 
dt 2 M 2 4M 2 c(a 2 + (riy - R 2y ) 2 f' 2 



3qia 2 u, 2 viy{riy - R 



2y) 



4M 2 c(a 2 + (r ly - R 2y ) 2 fl 2 
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So, the acceleration does not vanish even if V 2y = 0. 

To complete consideration of the quasiclassical wave packet passing through 
the center of the stationary torus we need to calculate the action integral. 
It is obtained by the time integration of the potential (112.491) . where we set 

Rvy = P2y = 0, Ply & TUiViy, T Xy = V Xy t 



q x a 2 {i 2 v Xy 
2c(a 2 + v 2 y t 2 f' 2 

— oo 

= (12.50) 

c 

Now let us consider a charge whose trajectory passes outside the station- 
ary torus. The force acting on the charge vanishes, so we can assume that 
the wave packet travels with constant velocity along straight line 



r(t) « ri (t) = {R,v Xy t,0) (12.51) 

To calculate the action integral we repeat our earlier derivation of the po- 
tential energy (112.491) . this time taking into account x- and z-components of 
vectors. We will assume that the torus is small, so that at all times r ^> a, 
i'| ^ r and 



[/2 2 x r] = {—Hirxy cos 9, ii^xz sin 9 + fi 2 ri x cos 9 - fi 2 a, —r Xy sin 9) 
\J2 2 x r] ■ pi = fi 2 {-pixri y cos 9 + pi y r lz sin 9 + pi y r lx cos 9 - p Xy a - pi z r Xy sin 9) 

= ~(N 2 • Pi) + /i 2 [ri x pi] z cos6» - // 2 [ri x pi] x sin^ 
a 

where we characterized properties of the toroidal magnet by the vector N 2 = 
(0, /^ 2 a 2 , 0) which is perpendicular to the plane of the torus and whose length 
is /i 2 a 2 . Then using approximation (11 2. 29j) we obtain^! 



v = - de 



2tt 

q-ya\jk x r] • pi 



A-Kiriicr 3 







52 by integrating the potential energy in (|12.34[) on the length of the torus and setting 
P2-0 
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2- 



— j d9 (-(N 2 ■ pi) + // 2 o[r x p 1 ] z cos 6 - /i 2 a[r x sin 9) x 



o 



1 3a(r :r cos 8 + r z sini 
gi(N 2 -pi) 3gi/i 2 a 2 



+ Jd9([rx Pl } z r x cos 2 9-[rx p^r, sin 2 0) 



2micr 3 

o 

/mic? - " 3 4micr s 
_ gi(N 2 • Pi) | 3gi ^ ^ ^ 

2micr 3 4m!cr 5 
9i(N 2 ■ Pi) 3gi 2 
= -^^-4^ ((Pl - N2)r -(^N 2 )(pit)) 

gi(N 2 - Pl ) | 3gi(r-N 2 )( Pl T) 

4micr 3 4micr 5 

The time dependence of the potential energy is obtained by substitution of 
( 112.511) in ( 1 1 2 . 5 2 j) . and the action integral vanishes 



oo 




— oo 



J V 4 c(^ 2 + <* 2 ) 3/2 4c(i? 2 + u^ 2 ) 5 /2 y 

— -oo 

= 

Comparing this result with (112.501) wee see that the phase difference for the 
two paths (inside the torus and outside it) is 



A0=i(0 o -0 R ) = ^ 

h he 

i.e., the same as in the case of infinite linear solenoid (112. 48 1) . Note that 
this phase shift does not depend on the radius of the magnet a and on the 
charge's velocity v\ y . This is in full agreement with Tonomura's experiments 
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Figure 12.10: The electromagnetic induction. Current in the wire loop L can 
be induced by (a) a moving solenoid with current; (b) a moving permanent 
magnet. 

12.2.7 The electromagnetic induction 

In two preceding subsections we discussed forces acting on charges moving 
near a stationary magnet (a solenoid with current or a ferromagnet). In the 
rest of this section we are going to consider the force acting on a charge at 
rest (pi = 0) from a moving magnet. If the magnetic moment is created by 
a spin, then the force is given by ( 112.35f ll^l 



fSp in = d gi([v 2 x gg] -r) (d\ gjjgg x r] (1253) 

If the magnet is a small current loop, then we should use (112.321) 



53 Recall that (3^)2 denotes the time derivative when ri is kept fixed. 
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In the traditional Maxwell's theory there supposed to be no difference be- 
tween magnets created by spins of particles and by their orbital motion. 
Comparing (112. 53j) and (j!2.54p we see that this is not so in our theory. The 
force produced by a moving spin has two components, the first of which is 
conservative and the second is non-conservative 54 ! 



^spin ^cons _|_ ^non—cons (12 55) 

The force produced by the current loop has only the non-conservative com- 
ponent 



^orb ^non—cons (12 56) 

Let us first focus on the non-conservative force component fj lon - cons ; which 
is common for both spin and orbital magnetic moments. We will return to 
the conservative force component in subsection 112.2.91 

For macroscopic magnets the infinitesimal quantities considered thus far 
should be integrated on the magnet's volume V, e.g., the full non-conservative 
force exerted by the macroscopic magnet on the charge at rest q\ is 

Fr™ = -(4-) I qi[n2 \ A dv 2 (12.57) 
\dtJ 2 J v Aircr* 

This means that the magnet (either a permanent magnet or a solenoid with 
current) moving near a wire loop L induces a current in the loop as shown 

in fig. rmui 

Let us now show that this prediction agrees numerically with Maxwell's 
electrodynamics. We denote the force with which a microscopic magnetic 
moment acts on a unit charge by symbol eo 



_ f non—cons /„ 

e i = r i /Qi 

54 The force is defined as conservative if it can be represented as a gradient of a scalar 
function (an example is given by the first term on the right hand side of (|12.53() ) . Otherwise 
the force is called non-conservative. The integral of the conservative force vector along 
any closed loop is zero. Therefore, the conservative force on electrons cannot be detected 
by measuring current in a closed circuit. 

55 In Maxwell's electrodynamics this is the definition of the electric field. 
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If we take curl of this quantity, we obtain 




d 



1 / d 



) 





d 
dt 



2 L 



) 



1 (d 

c \dt 




(12.58) 



where bi is the "magnetic field" (112.381) of the magnetic moment. After 
integrating both sides of eq. (112.581) on the magnet's volume we obtain 
exactly Maxwell's equation 



which expresses the Faraday's law of induction. 

12.2.8 Homopolar induction: non- conservative forces 

One interesting application of the electromagnetic induction law is the ho- 
mopolar generator shown in fig. 112.111 It consists of a conducting disk C 
and a cylindrical magnet M. Both the conducting disk and the magnet are 
rigidly attached to their own shafts and both can independently rotate about 
their common axis. The magnetization fa of each small volume element of 
the magnet is directed along the axis, so this quantity is time-independent for 
both stationary and rotating magnets. The shaft AB is conducting. Points 
A and C are connected to sliding contacts (shown by arrows) and the circuit 
is closed through the galvanometer. 

There are two modes of operation of this device. In the first mode (see 
fig. 112.11( a)) the magnet is stationary while the conducting disk rotates 
about its axis. The galvanometer detects a current in the circuit. This has 
a simple explanation, because the force acting on electrons in the metal can 



be obtained by integrating formula (112.371) r 6 l on the magnet's volume V 




(12.59) 




56 As we saw in subsection II 2 .1.81 this formula is applicable to both "orbital" and "spin 
magnets at rest. 
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Figure 12.11: Homopolar generator, (a) the conducting disk C rotates; (b) 
the magnet M rotates. 



Fx = / ^[ Vl x bi]dr 2 (12.60) 
Jv c 

The full electromotive force in the circuit is obtained by integrating expres- 
sion ( 112. 601) along the closed contour A — ► B — ► C — >• galvanometer — » Ar^\ 
The velocity vi is non-zero only on the segment — > cJUl where the force 
Fi is directed radially. The integral is non-zero, and the galvanometer must 
show a non-vanishing current in agreement with experiments. 

In the second operation mode (see fig. 112.11( b)) the disk C is fixed and 
the magnet rotates. It was established by careful experiments [2571 1258] that 
there is no current in this case. If both the magnet and the disk rotate, then 
the current is that same as in the "first mode", i.e., with fixed magnet. This 
means that rotation of the magnet has no effect on the produced current. 
This experimental result looked somewhat surprising, because from the prin- 
ciple of relativity one could expect that the physical outcome (the current) 

57 the integration variable is ri 

58 velocities of electrons in the rotating conductor are shown by small arrows in fig. 
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Figure 12.12: The Barnett's experiment. 

should depend only on the relative movement of the magnet and the disk. 
However, this conclusion is incorrect, because the principle of relativity is 
applicable only to inertial movements. It cannot be applied to the rotational 
movement without contradictions. 

Let us now analyze the rotating magnet case shown in fig. 112.11( b) from 
the point of view of the Darwin-Breit electromagnetic theory. We need to 
know the integral of the force acting on electrons along the closed circuit 
A — ► B — > C — > galvanometer — > A. The conservative portion of the force 
fcons ^ oes no t contribute to this integral. Since here we have a cylindrical 
magnet rotating about its axis of magnetization, the volume integral in the 
expression (112.571) for the non-conservative force is time-independent, and 
the total non- conservative force acting on electrons is zero. This agrees with 
the observed absence of the current. 



12.2.9 Homopolar induction: conservative forces 

So far in our discussion of homopolar induction we considered only non- 
conservative forces, mainly because they can be detected rather easily in 
experiment by measuring induced currents in closed circuits. In the be- 
ginning of the 20th century Barnett and Kennard performed experiments 
[2591I260P with the specific purpose to detect the conservative part of forces. 
Barnett's experimental setup (shown schematically in fig. 112. 12f) resembled 
the homopolar generator discussed above. Its main parts were a cylindrical 
solenoid S with current and two conducting cylinders C\ and C2 placed inside 



see also [261J 
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the solenoid. All three cylinders shared the same rotation axis z. Conduc- 
tors C\ and Ci formed a cylindrical capacitor. Initially they were connected 
by a conducting wire W. Note that in contrast to the homopolar generator 
experiment, where a current in a closed circuit was measured, the system 
C\ — W — C 2 in the Barnett's setup did not form a closed circuit. So, the 
capacitor would obtain a non-zero charge even if the force acting on electrons 
in W was conservative. 

Similar to the homopolar generator discussed above, this apparatus could 
operate in two different modes. In the first mode the cylindrical capacitor 
spun about its axis. Due to the presence of the magnetic field inside S a 
current flew through the wire W and the capacitor C\ — C 2 became charged. 
Then the wire was disconnected, capacitor's rotation stopped, and the ca- 
pacitor's charge measured. As expected, the measured charge was consistent 
with the standard Lorentz force formula (112.601) . 

In the second operation mode, the capacitor was fixed while the solenoid 
rotated about its axis. No charge on the capacitor was registered in this 
case. This result is consistent with our theory, because, just as in the case 
of homopolar generator, the non-conservative force (112. 57p vanishes due to 
the cylindrical symmetry of the setup, and the conservative force is absent 
in the case of moving solenoid (112.561) . So, the null result of the Barnett's 
experiment confirms our earlier conclusion that moving solenoids with current 
do not exert conservative forces on nearby charges. 

A different result is expected in the case of rotating permanent magnet. 
In this case the conservative force component is non-zero. It can be obtained 
by integrating the first term on the right hand side of (112.531) on the volume 
V of the magnet 



So, rotating cylindrical permanent magnet should induce a non-zero charge in 
a stationary capacitor. In 1913 Wilson and Wilson performed an experiment 
with the aim to detect conservative forces on charges in the presence of a ro- 
tating permanent magnet [262J. This experiment was repeated again in 2001 
with an improved accuracy |263j . For theoretical discussion of the Wilson- 
Wilson experiment from the point of view of Maxwell's electrodynamics see 
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Figure 12.13: Schematic of the Wilson- Wilson experiment. 

Schematic representation of the Wilson- Wilson experiment is shown in fig. 
112.131 A hollow cylinder M made of magnetic dielectric (non-conducting) 
was placed in a constant magnetic field B parallel to the axis z. The inner and 
outer surfaces of the cylinder (Si and S2, respectively) were covered by metal, 
and the electrostatic potential between the two surfaces was measured. When 
the cylinder was at rest, no potential was recorded, as expected. However, 
when the cylinder was rotated a non-zero potential difference was observed. 
This potential is a result of electric dipoles d created in the bulk of the 
magnet. There are two physical mechanisms for the appearance of these 
dipoles. First, molecules of the dielectric material moving in the magnetic 
field B get polarized (the Lorentz forces act in opposite directions on positive 
and negative charges in the molecules). Second, moving induced magnetic 
dipoles \i result in "electric field" similar to the "field" of an electric dipole. 
Indeed, if we compare expression (112. 61[) with the force exerted on the charge 
qi by an electric dipole d 



we see that a magnetic moment /J moving with velocity v acquires an electric 
dipole of the magnitudd^l 

60 The presence of the dipole electric field near moving magnetic moment is predicted in 
the traditional special-relativistic theory as well |266| I267j , however this prediction 



•dipole 
1 





dri 47rr 3 



[v x jj\/c 



(12.63) 



is twice larger than our result. 
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[y x g 

2c 



(12.64) 



The Wilson- Wilson experiment clearly demonstrated that both kinds of dipole 
moments (those due to dielectric polarization and those due to moving dipole 
moments) are present in the rotating magnet. This confirms qualitatively 
our conclusion about the presence of conservative forces (112.611) near moving 
permanent magnets. A quantitative description of this experiment would re- 
quire calculation of the polarization and magnetization of bodies moving in 
an external magnetic field. This is beyond the scope of the theory developed 
here. 

There is, however, another possibility to check experimentally the dif- 
ference between two predictions f l 1 2 . 6 3 j) and (I12.64p without complications 
pertinent to the Wilson- Wilson setup. This can be done by performing the 
Barnett's experiment in which a cylindrical shell (or a hollow cylinder) made 
of magnetized^! material is used instead of the solenoid S in fig. 112.121 In 
this case there is no magnetic field inside the shell@ So, the capacitor C1C2 
will not be charged if rotated. However, if the capacitor is at rest, and the 
magnetized shell S is rotated about its axis, then one would expect a non- 
zero charge on the capacitor. The charge value in our theory is twice smaller 
than the prediction of Maxwell's electrodynamics. 



61 the magnetization vector should be directed along the cylinder's axis 
62 if the cylinder is long enough, so that the field generated by its ends can be ignored 
in its center 



Chapter 13 

QUANTUM THEORY OF 
GRAVITY 

This is impossible, because this cannot be possible ever. 

Stepan Vladimirovich (from "Letter to a scholarly neighbor" by A. P. 
Chekhov) 

As we discussed in subsection 1 1 1 . 3 .4] the special-relativistic manifestly co- 
variant approach in which both time and position are treated as coordinates 
in the 4-dimensional space-time manifold is not consistent with quantum me- 
chanics. This problem is clearly seen in Einstein's general relativity, which 
uses the concept of curved space-time for the description of gravitational in- 
teractions. General relativity enjoys remarkable agreement with experiments 
and observations. However, combination of quantum mechanics with general 
relativity still remains a major unsolved problem in theoretical physics. 

In this chapter we suggest to formulate quantum theory of gravity in 
analogy with the dressed particle approach to quantum electrodynamics in 
section [10.31 and in chapter [T21 i.e., in the Hamiltonian formalism, where po- 
sitions of particles are dynamical variables (Hermitian operators), but time 
is a numerical parameter labeling reference frames. This means that in our 
theory gravitational interactions between particles are described by instanta- 
neous position- and velocity-dependent potentials. The goal of this chapter is 
to demonstrate that simple Hamiltonian (113. ip can describe all major grav- 
itational experiments and observations: the dynamics of bodies in the Solar 
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(a) 



(b) 



(c) 




. masses 
space-time 



Figure 13.1: Three approaches to gravity: (a) classical general relativity; 
(b) (hypothetical) quantum version of general relativity; (c) RQD approach 
to quantum gravity (fi and ¥2 are forces acting on bodies). The statistical 
quantum nature of material bodies is shown by drawing their multiple copies 
in panels (b) and (c). 

system (including precession of the Mercury's perihelion and the dynamics 
in the Sun-Earth- Moon system), the light bending and Shapiro propagation 
delay, the gravitational red shift and time dilation. Our main point is that 
these phenomena should not be considered as indisputable evidence of the va- 
lidity of general relativity. They can be explained from simple inter-particle 
gravitational potentials as well. The advantage of this approach is in its full 
consistency with principles of quantum mechanics. 

13.1 Two-body problem 

13.1.1 General relativity vs. quantum gravity 

In fig. 113.11 (which is, of course, a caricature rather than a realistic picture) 
we attempted to clarify the idea of our approach to quantum gravity and its 
difference from other approaches. 
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It is usually accepted that gravitational interactions in classical (non- 
quantum) physics are well described by Einstein's general relativity (GR). 
This theory is sometimes explained within the "rubber sheet analogy" de- 
picted in fig. 113.1( a): Massive bodies modify the properties of space-time (the 
curvature tensor) in their vicinity. So, space-time is not simply a background 
for physical processes, but an equal participant in dynamical interactions. In 
general relativity all material bodies are supposed to move along space-time 
geodesies, so the space-time curvature results in modification of their trajec- 
tories. Thus in GR gravity is not treated as interaction in the usual sense of 
this word. 

It is well-known that it is very difficult to introduce quantum mechan- 
ics within the general-relativistic framework (see fig. 113.1( b)). If material 
bodies are described by quantum-mechanical wave functions, then their posi- 
tions, momenta, and other properties are not well-defined. They are subject 
to quantum fluctuations. Then, one conclude that the space-time manifold 
should be described in statistical fashion by some kind of wave function as 
well. Any wave function in quantum mechanics is defined on the common 
spectrum of mutually commuting dynamical observables. But which observ- 
ables are pertinent to the space-time? There is nothing to be observed in 
empty space! So, inclusion of "quantum" space-time as a dynamical partici- 
pant in gravitational interactions is dubious at best. 

It is universally recognized that development of quantum theory of gravity 
would require complete rewriting of either quantum mechanics, or general 
relativity, or both. Our choice is that general relativity must go. In our 
approach (fig. 113.1( c)). we do not use the notion of the 4-dimensional space- 
time manifold. As we discussed in chapter [ITJ, particle positions (which are 
dynamical observables) and time (which is a numerical parameter labeling 
inertial reference frames) have nothing in common. The idea of space-time 
continuum is just as irrelevant to the description of gravitational effects as 
the idea of ether was irrelevant to the description of electromagnetism. By 
itself, the space-time is non-observable, even in principle. So, nothing will 
be lost if the space-time and all its attributes (metric tensor, curvature, 
etc.) are eliminated from the theory. Gravitational interactions between 
particles should be described by the same kind of relativistic Hamiltonian 
theory that we used in the preceding chapter to describe electromagnetic 
interactions. The reason why two masses attract each other is that the total 
Hamiltonian of the system (and the total boost operator) contains interaction 
terms. The explanation of relativistic gravitational effects (precession of the 
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Mercury's perihelion, light bending, etc.) should be sought in (small and 
momentum- dependent) deviations of these interaction potentials from the 
classical Newtonian formula V = — C7mim 2 /r. This Hamiltonian approach 
to quantum gravity is fully consistent with principles of quantum mechanics. 



13.1.2 The Einstein-Infeld-Hoffmann Hamiltonian 

For simplicity we will consider two particles^ with gravitational interaction. 
Let us denote one-particle observables by small letters as in (111.51) - fll 1 .6j) 
and postulate the following Hamiltonian and the total boost operator for this 
systenjl 



H h +h Ghlk2 Gfl2p21 Gkip22 I 7G ( pi " P2 ) 

1 2 c 4 r h\C 2 r h 2 c 2 r 2c 2 r 
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k2+ GW, +r2 ) + (132) 



where hi = (m 2 c 4 +p 2 c 2 ) 1//2 are particle energies, s, are their spins (angular 
momenta associated with rotation of particles around their own axes), r = 
ri — r 2 and G is the gravitational constant. The remarkable analogy with the 
Darwin-Breit Hamiltonian fl 1 2 . 5 [) and boost operator (112. 6p from classical 
electrodynamics is quite obvious [268j . The relativistic invariance of the 



qu 

theory (113.11) - (I13.2jl 3 l is proved in Appendix [0 



1 These particles are not necessarily massive. They can be massless as well. 

2 Here we tacitly assume that products of non-commuting operators (e.g., r and h\) can 
be replaced with anticommutators (e.g., hir — > l/2(/iir + rhi)), so that operators H and 
K arc Hcrmitian. Ignoring the order of operators should not have any effect on physical 
conclusions, because most gravitational effects discussed in this chapter are classical (non- 
quantum). Interactions in (|13.I|) and (|13.2|) are supposed to be accurate within (v/c) 2 
approximation. 

3 i.e., the validity of the Poincare Lie algebra commutation relations with the accuracy 
of (v/c) 2 
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For massive (rrii > 0) particles whose velocities are small in comparison 
with the speed of light (p -C mc) we can use approximation 



2 4 
2 , P V 



h ss mc + — — + . . . 

In this approximation^ if takes the form 

p 2 p 2 Gm\m<i p\ P2 



H 



2m\ 2m 2 r 8mfc 2 8m 2 c 2 

3Gm 2 pl 3Gm lP l , 7G( Pl • p 2 ) , G( Pl • r)(p 2 • r) 



+ 
+ 



2m\C 2 r 2rri2C 2 r 2c 2 r 2c 2 r 3 
G 2 m\m2[vii\ + m 2 ) 
2c 2 7 2 

3Gm 2 [r x Pl ] ■ s x 3Gmi[r x p 2 ] • s 2 2G[r x p> 2 ] ■ s x 

2miC 2 r 3 2m 2 c 2 r 3 c 2 r 3 



+ 2G[rx Pl ]-s 2 | (si-s 2 ) 3(si ■ r)(s 2 • r) 

The spin-independent part of this expression coincides with the famous Einstein- 
Infeld-Hoffmann Hamiltonian [269] , which is derived in the (f/c) 2 approxi- 
mation to general relativityjf] The spin-dependent part basically agrees with 
the general-relativistic result |271] with the exception of the two last terms, 
which have opposite sign in our formula. The reason for this difference is that 
our Hamiltonian refers to two elementary particles]^ while the Hamiltonian 
in |271j is for two macroscopic bodies. Gravitational interactions of multi- 
particle macroscopic spinning bodies is discussed in more detail in section 

MM 

As we mentioned above, the Hamiltonian (113. 3p is usually obtained as 
an (f/c) 2 approximation to general relativity. However, our interpretation 
is different. We do not assume that the fundamental exact theory of grav- 
ity must be formulated in terms of space-time whose metric (curvature) is 
dynamically coupled to the mass-energy distribution. Our idea is that the 
relativistic Hamiltonian form (113.11) - (113.21) is fully appropriate for the (yet 



4 and omitting inconsequential rest energies m^c 2 
5 see [269] and §106 in [270] 



'e.g., electron, neutron, etc 
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unknown) exact theory of quantum gravity. This final theory^ should be 
formulated as an interacting unitary representation of the Poincare group in 
a Hilbert (or Fock) space. 

In what follows we will consider the classical limit of the theory (113. ip 
- ( 113.21) . where all observables commute and quantum commutators are re- 
placed by Poisson bracketsjf] We will return to quantum gravitational effects 
in subsection 113.2.31 

13.1.3 Precession of the Mercury's perihelion 

The explanation of the Mercury's perihelion shift |270[ 1272] was the first 
success of Einstein's general theory of relativity. The easiest way to per- 
form calculations is to approximate equations of general relativity by the 
Einstein-Infeld-Hoffmann Hamiltonian (I13.3P and to apply usual procedures 
of classical Hamiltonian mechanics. As we discussed in the preceding sub- 
section, in our approach we use the Hamiltonian theory from the beginning, 
so it should come as no surprise that our result for the orbit precession is 
identical to the general-relativistic result. Detailed calculations are presented 
in this subsection. 

As we mentioned earlier, the Hamiltonian (113. 3p applies to structureless 
elementary particles, so, strictly speaking, it is not valid for the system of 
macroscopic bodies Sun- Mercury. However, within desired accuracy we can 
safely neglect such things as 3-body forcesp tidal effects, and spinning mo- 
tions0 In this case, it becomes reasonable to represent Mercury and Sun 
as material points with masses mi and rri2. We will use index 1 to denote 
variables referring to the light body - Mercury, and index 2 will refer to the 
heavy body - Sun. Since Sun is much heavier than Mercury (m 2 3> mi), we 
can simplify the Hamiltonian (113. 3p . In the center-of-mass reference frame 
Pi = — P2, therefore V2 ~ "C vi, so the speed of the heavy Sun can 

be neglected, when compared with the speed of the light Mercury, and, in a 
reasonable approximation, the Sun can be assumed to rest in the origin of 
the coordinate system r 2 = 0. Thus we obtain the following Hamiltonian 

7 which will provide interaction terms of higher orders in (v /c) indicated by ellipsis in 
(fmjl and (TrO!) 
8 see section IQ1 
9 see subsection 113.2.21 
10 see section ITO! 
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p\ Gm 1 m 2 p\ 

ti ~ ^— - 

2mi r 8mf<r 

< iGm 2 p\ + 7G(pi • p 2 ) + g(pi ■ r)(p 2 • r) + G 2 mim 2 
2mic 2 r 2c 2 r 2c 2 r 3 2c 2 r 2 

The first Hamilton's equation of motion yields 

dpi dH 
dt dr 1 

Gm 1 m 2 r 3Gm 2 plr 7G(pi ■ p 2 )r G(p 2 ■ r)pi 



r 3 2mic 2 r 3 2c 2 r 3 2c 2 r 3 

G(pi-r)p 2 3G(pi • r)(p 2 ■ r)r G 2 m l m 2 v 

2c 2 r 3 + 2c 2 r 5 c 2 r 4 1 j 

From the third Newton's laW^ it follows 

dt dr 2 dt ^ ' ' 

Velocities of the two bodies are obtained from the second Hamilton's equation 
of motion 

dr x dH 
dt <9pi 

_ Pi P?Pi 3Gm 2 p! t 7Gp 2 + G(p 2 ■ r)r ^ ^ 



mi 2m 3 c 2 mic 2 r 2c 2 r 2c 2 r 3 




rfr 2 

To obtain Mercury's acceleration we differentiate eq. (113.7)1 on time 



d Pi PiPi (Pi • Pi)Pi 



dt 2 rrii 2m 3 c 2 mfc 2 

3Gm 2 p 1 3Gm 2 (r • r)pi ; 7Gp 2 7G(r ■ r)p 2 



+ 



mic 2 r m\c 2 r 2c 2 r 2c 2 r 

G(p 2 -r)r | G(p 2 -r)r | G(p 2 ■ r)r 3G(p 2 ■ r)(r ■ r)r 

2c 2 r 3 2c 2 r 3 2c 2 r 3 2c 2 r 5 



11 or from the law of conservation of the total momentum 
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Here we substitute results (113.51) - ( 113. 6ft and r « pi/mi to obtai: 



,12 



c? 2 ri _ Gm 2 r Gm 2 pjr ^ 4Gm 2 (pi • r)pi | 4G' 2 m 2 ,r g ^ 
(it 2 r 3 m 2 c 2 r 3 m 2 c 2 r 3 c 2 r 4 

This result is fairly general. However, we can make farther simplifications by 
noticing that the total angular momentum vector 



J = [n x Pl ] + [r 2 x p 2 ] (13.10) 

has zero Poisson bracket with the total Hamiltonian (113.41) and therefore does 
not change with time. Hence the vector 



h= Jo ^ [rxpil (13n) 

777.1 TTli 

is constant, both pi and r m r x are orthogonal to the fixed direction of h, and 
the orbit is confined within the plane perpendicular to h. Furthermore, we 
will assume that the planet's orbit is nearly circular, so that approximation 



( Pi t)w0 (13.12) 

is valid. Then 



h « — (13.13) 

mi 

and the third term on the right hand side of (113.91) can be omitted. The final 
equation of motion that needs to be solved takes the form 



12 Without losing the (v/c) 2 accuracy we can rewrite this formula as 

d 2 Y\ Grri2Y Gm,2V 2 r 4Gto2(vi • r)vi 4G 2 r7i2 r 

dt 2 r 3 c 2 r 3 c 2 r 3 c 2 r 4 



(13. 



which demonstrates the remarkable fact that acceleration of the light particle 1 does not 
depend on its mass m\. In other words, in the gravitational field of the heavy mass mi all 
massive bodies move with the same acceleration independent on their mass. This property 
is called the universality of free fall. More discussion can be found in section 113.21 
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d 2 r Gm 2 r Gm 2 plr ^ AG 2 m 2 x ^ 

dt 2 r 3 m 2 c 2 r 3 c 2 r 4 

In the plane of the orbit we can introduce polar coordinates (r, 9) and 
two mutually orthogonal unit vectors f , 9, so that 



r = rr 

r = rr + r99 



f = (r - r0 2 )r + (2f6» + r£ 
[f X 9] = h/h 

[r x r] = r 2 flh//i (13.15) 
The acceleration (113.141) is directed along the vector r, so we can write 



f _^ = _^_^| + !^l ( 13 .16) 



In order to evaluate the rate of change of the angle 9, we use (I13.7P and 
(I13.13|) to write 



Pi plpi 3Gm 2 pi 
Irxrl « rx| 1 — 

mi zmfcr mic z r 

= h(l- 
« h(l - 

A comparison with eq. (113.151) yields 



v\ 


3Gm 2 


2m\c 2 


c 2 r 


h 2 


3Gm 2 


2c 2 r 2 


9 ) 

err 



■ h ( ' h 2 3Gm, 
9 « — 1 



Substituting this result to (113. 16f) we obtain 
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— [I 



h 2 



3Gm,\2 Gm, Gm 9 h 2 AG 2 ml 



2cV 



c 2 r 



+ 



r 1 - 



ty* 2 



y^t 3 



Grrio IGmoti 1 
+ 



AG 2 m 2 h 
2 + 



^-t2i/y 3 



^>2 iy 5 



> I ) ; > -, (13.17) 

For our purposes it is convenient to find the dependence of r on the angle 
9 rather than the time dependence r(t). To do that, we introduce notation 
u = l/r and obtain 



- = 9- 

dt d9 



hu 2 



h 2 u 2 



3Grri2u\ d 
J d9 



2c 2 c 2 

Then we can express the second time derivative of r in the form 



hu 2 



h 2 u 2 



-h 2 u 2 I 1 - 



2c 2 
h 2 u 2 



u2 2 

-hu 



h 2 u 



2„.2 



-hfu 



2c 2 
h 2 u 2 
' ~2£ 

3Grri2 
h 2 u 



3Grri2u\ d 
c 2 ) d9 
3Grri2u\ d 
~&~ J d9 
3Grri2u\ 



hu 2 



1 - 



h 2 u 2 



2c 2 



3Grri2u\ d 
c 2 ) d9 



2„,2 



hru 
~2& 



du 

~d~9 

3Gm 2 



2# 



+ 1- 



3Gm 2 u\ du 
c 2 J d9 



3Grri2u\ d 2 u 
J Iff 2 



du 
d9 



+ 1 



c 

h 2 u 2 



1 

u 



6Gm 2 u\ d 2 u 
c 2 ) Iff 2 



and eq. (113.171) can be rewritten as 



d 2 u . 
Iff 2 



h 2 u 2 1 - 



h 2 u 2 6Gm 2 u\ 



du \ o •■>. 
d9 ] " " 



- h 2 u 3 + Gm 2 u 2 + 



7Gm 2 h 2 u 4 
c 2 

QG1JI2U 



— u 



d 2 u 
dff 2 
Grri2 



2„,2 



h 2 u 



AG 2 m 2 u 3 h A u b 
^— + 



h 2 u 3Gm<, 



c- 



du 



h 2 u 3Grri2 



7Gm 2 w 2 



2„,3 



AG 2 miu h 2 u 
2 + 



c 



'h 2 
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13.1. TWO-BODY PROBLEM 



505 



To solve this equation let us first approach the non-relativistic case in 
which all terms proportional to c~ 2 are omitted 



d 2 u Gmo 

It is easy to show that this equation is satisfied by orbits of elliptical shaped 



u{6) = L^ + AcosO (13.20) 
Substituting (fT3T20l) in ffT37L9l) we obtain 

IT 1 = (13.21) 

Now let us seek the approximate solution of the full relativistic equation 
( 113. 18j) in the form 



u (0) = L _1 + Acos0 (13.22) 
= Q-kQ 

In this ansatz we assume that the orbit basically keeps its elliptical shape 
(113.201) and that relativistiJ^l perturbation terms in eq. ( 113.181) lead to con- 
stant precession of the orbit with the rate k. This rate is the quantity we are 
interested in. To find it we substitute (I13.22[) and 



— = -i 1-k sinB 
dO 



^ = -A(l-K) 2 CO S e 



de 2 

in pXTHpl 

13 Parameters L (semilatus rectum) and A of the orbit can be expressed through the 
semimajor axis / and eccentricity e of the ellipse: L = f(l — e 2 ) and A = eL^ 1 . 
1 proportional to c -2 

15 We also take into account that for our nearly circular orbit A <C L~ x , A 2 <C A, and 
(du/d9) 2 can be ignored because it is proportional to the small quantity A 2 . 
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~ A(l-^cose(l--^-^)-L--Acose 

Gm 2 + 7Gm 2 (L~ 2 + 2L~ l A cos 6) AG 2 m 2 {L~ x + A cos 6) 



+ 



h 2 c 2 c 2 h 2 

h 2 {L~ 3 + 3L- 2 AcosQ) 



c 2 



The right hand side of this equation contains terms of two types: those 
independent on and those proportional to cos 0. These two types of terms 
should vanish independently, thus leading to two equations 



r i Gm 2 7Gm 2 A.G 2 ml h 



h 2 c 2 L 2 c 2 h 2 L c 2 L 3 
, i h 2 QGm 2 \ UGm 2 AG 2 m 2 3h 2 



L 2 c 2 Lc 2 J c 2 L c 2 h 2 c 2 L 2 

From the first equation we obtain relativistic corrections to the relationship 
(113. 2ip . which are not important for our purposes. From the second equation 
and ( 113. 211) we find the desired precession rate 



2 1 - \3h 2 /(L 2 c 2 ) Qh 2 



l-7h 2 /(L 2 c 2 ) V L 2 c 2 
3Gm 2 
Lc 2 

This means that the perihelion advances by the angle of 



QixGml 

2ttk « 

Lc 1 

(radian) after each full revolution. This agrees with astronomical observa- 
tions and with predictions of general relativity^ 



16 



see, for example, eq. (8.6.11) in |273j 
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13.1.4 Photons and gravity 

As we mentioned earlier, the Hamiltonian (113.11) can describe interactions 
between both massive bodies and massless particles. Let us consider the 
case when the massive body 2 is very heavy (e.g., Sun), so that photon's mo- 
mentum satisfies inequality p\ <C 772,2c. Then we can take the limit mi — > 0, 
replace h\ —>■ p±c, ti2 — > 7722c 2 , and ignore the inconsequential rest energy 
777.2c 2 of the massive body. Then from (113. ip we obtain a Hamiltonian accu- 
rate to the order (1/c) 

2Gm 2 pi . . 

H = pic (13.23) 

cr 

which can be used to evaluate the motion of photons in the Sun's gravitational 
field. The time derivative of the photon's momentum can be found from the 
first Hamilton's equation (15.541) 

dpi OH 2Gm 2 pir (13 24) 



dt dri cr 

In the zeroth approximation we can assume that the photon moves with the 
speed c along the straight line (r ix . = ct,ri y = 0,ri 2 = R) with the impact 
parameter R equal to the radius of the Sun (which is located in the origin 
f2x = = r<iz = 0). Then the accumulated momentum in the ^-direction is 
obtained by integrating the z-component of (113.241) 



The deflection angle 



2Grri2PiRdt AGrri2Pi 



:(R 2 + c 2 t 2 ) 3 / 2 c 2 R 



\Ap lz \ 4Gmi 

7 w tan7 = = — — - 

Pi c z R 

coincides with the observed bending of starlight by the Sun's gravity [178j . 
The second Hamilton's equation (I5.55P 

dr-i dH pi . 2Gm 2 ^ 

— - = — --c -) 13.25 

at op 1 pi cr 
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can be interpreted as gravitational reduction of the speed of light. This 
means that in the presence of gravity it takes photons an extra time to travel 
the same path. Let us find the time delay for a photon traveling from the 
Sun's surface to the observer on Earth. Denoting d the distance Sun - Earth 
and taking into account that i?<dwe obtain 



1 f d/c 2Gm 2 dt 2Gm 2 2d 

cj c{R? + c 2 t 2 )V2 - l0g ^W 

which agrees with the leading general-relativistic contribution to the Shapiro 
time delay of radar signals near the Sun [178J. 

Taking the time derivative of (I13.25j) we obtain photon's acceleration 



d 2 r 1 pic c(pi-pi)pi 2Gm 2 p 1 | 2(?m 2 (pi • Pi)pi 

dt 2 pi p\ cp\r cp\r 

2Gm 2 {j ■ r)pi 



+ 



+ 



cpir 3 



2Gm 2 r 2Gm 2 (pi • r)p x 4G 2 m 2 r 4G 2 m 2 (p 1 • r)px 



+ o o + 



2Gm 2 (v • p)pi _ 4G 2 m 2 (pi • r)pi 
p 2 r 3 c 2 p\r^ 
2Gm 2 v 4Gm 2 (pi • r)pi 4G 2 m 2 ,r 8G 2 m 2 (pi • r)pi 



+ o 5 + 



^"3 /p^/^t^ £j2y«4 ^-i2i fp^i ijri^L 



13.26) 



In realistic situations the ratio Gm 2 /(c 2 r) is very small, so the last term 
on the right hand side of (113. 26p is much smaller than the 2nd term there. 
Then, taking into account that (with the accuracy required here) for photons 
V\ ps c and pi/pi ~ Vi/ui, we can see that photon's acceleration (113. 26p is 
the same as the limit ni\ — > of the formula (1 1 3 . 8 [) for massive particles. So, 
we conclude that within the (1/c) 2 approximation all particles (massive and 
massless) have the same accelerations in the gravitational field of a massive 
body m 2 . This confirms the free fall universality principle. 



13.2. THE PRINCIPLE OF EQUIVALENCE 



509 



13.2 The principle of equivalence 

13.2.1 Composition invariance of gravity 

Having discussed two elementary particles, now we would like to address 
gravitational interactions in multi-particle systems. Let us see if the concept 
of composition invarianc is applicable to gravitational interactions. In 
subsections 113.1. jpl and 113.1.41 we found that the acceleration of the particle 
1 (moving in the gravitational field of a heavier mass m 2 ) is independent on 
the value of its mass mi. We called this property the free fall universality. It is 
easy to see that this cancelation was possible only because the (gravitational) 
mass mi present in the gravitational potential energy —Ghih 2 jr was exactly 
the same as the (inertial) mass mi present in the expression for the particle's 
kinetic energy h\. This cancelation occurred in a system of two elementary 
particles whose approximate gravitational Hamiltonian was 



H gr = h 1 + h 2 -^^ (13.27) 

However, it is well-established experimentally that the free fall universality 
also holds for macroscopic material bodies composed of many elementary 
particles |178[ 12741 I275[ 1276] . Therefore, the equality of the inertial and 
gravitational masses should hold for such compound bodies as well. We then 
conclude that the gravitational Hamiltonian of a 2-body system should follow 
the same pattern as the Hamiltonian of the 2-particle system (113. 27p 



H gr = H 1 + H 2 -^^ (13.28) 

In other words we arrive to the same principle of "composition invariance" as 
in the case of electromagnetic interaction (112.131)1^1 However, in contrast to 
the electromagnetic case, we cannot justify this form of the Hamiltonian by 
the (charge) additivity argument. The energies of compound bodies (which 

17 This property was established for electromagnetic interactions in subsection 1 12.1.21 
18 see footnote on page 15021 

19 Just as in the case of electromagnetic interactions (see subsection 1 1 2 . 1 . 21) . the com- 
position invariance is not an exact property of gravity: tidal gravitational effects are 
characteristic for multiparticle bodies, but absent for structureless elementary particles. 
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serve the role of "charges" in the gravitational interaction (113.281) ) are clearly 
non-additive. The energy of a compound body Hi is not equal to the sum of 
energies of constituent particles. Interaction potentials between all particles 
in the body should be added to this sum in order to obtain Hi. This means 
that gravitational interaction energj@ cannot be represented as a sum of 
pairwise terms. There must be significant contributions of 3-body, 4-body, 
etc. potentials. 

Let us demonstrate this point on an example of a 3-particle system. We 
will assume that the Hamiltonian for each 2-particle subsystem is 



Hi, 



hi + hj 



Ghihj 
c 4 |r, ; - 1% 



+ V{r 



«' 3 / 



(13.29) 



where V(ri,Tj) is a non-gravitational (e.g., electromagnetic) interaction po- 
tential between the two particles. Then let us attempt to write the Hamil- 
tonian for the 3-particle system in the additive form analogous to (112.101) 



H 



hi + h 2 + h 3 



Gh x h 2 



Ghih ? 



Gh 2 h a 



c 4 |ri 



r 3| 



c 4 |r 2 - r 3 



e*|ri - r 2 | 

+ F(r 1 ,r 2 )+y(r 1 ,r 3 )+y(r 2 ,r 3 ) (13.30) 

Let us further assume that particles 2 and 3 form a neutral (q 2 + ^3 = 0) 
bound system, and that the distance between these two particles |r 2 — r 3 | is 
much smaller than their separation from particle 1, which we denote by R 



R 



ri - r 2 



ri - r 3 > r 2 - r 3 



Then the Hamiltonian (113.301) can be simplified 



(13.3L 



H 



h + 



h 2 + h 3 - 



Gh 2 h 3 



h + H 



23 



C*|r 2 - r 3 | 
Ghi(h 2 + h 3 ) 
c A R 



+ V{r 2 ,r 3 



Gh x (h 2 + h 3 



c 4 R 



(13.32) 



This result is different from our expectation (113.281) . because the non-interactinj 
energy (h 2 + h 3 ) of the system 2+3 is present in the numerator of the gravi- 
tational potential instead of the total energy H 23 . Therefore, our assumption 
of simple pairwise gravitational forces violates the universality of free fall. 



20 unlike the electromagnetic interaction energy (|12.10p 
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13.2.2 n-body gravitational potentials 

We just established that our guessed Hamiltonian (113. 30p with pairwise grav- 
itational potentials between elementary constituents is not accurate. In order 
to comply with the free fall universality we need to assume that gravity "cou- 
ples" not only kinetic energies (hi) of particles0 but also their interaction 
energies (both electromagnetic and gravitational). This implies the presence 
of (at least) 3-body gravitational potentials. For example, we can write the 
gravitational potential between kinetic energy (hi) of particle 1 and the elec- 
tromagnetic interaction energy V(r 2 , r 3 ) in the form of a smooth 3-particle 
potential 

Ch 

~ M \ < V(r 2 ,T a ) (13.33) 



c*\ri - r 23 | 

Here r 23 is the center-of-mass position for the system 2+3. Similarly, the 
coupling of hi with the gravitational potential between particles 2 and 3 can 
be written as 



Ghi Ghoh? 

' (13.34) 



c 4 |ri - r 23 | c 4 |r 2 - r 3 



Adding these 3-particle interactions to the Hamiltonian (113.301) we obtaH 2 '' 

Ghih 2 Ghih 3 Gh 2 h 3 



H = hi + h 2 + h 3 - 



c 4 |ri-r 2 | c 4 |ri-r 3 | c 4 |r 2 -r 3 | 



+ V(vi,v 2 ) +V(vi,v 3 ) + V(r 2 ,r 



3 J 



Gh 3 Ghh 2 Gh 2 Gh x h 3 Ghi Gh 2 h 3 



+ ^ + 



c 4 |r 3 - 1-12 1 c 4 |ri - r 2 | c 4 |r 2 - r 13 | c 4 |ri - r 3 | c 4 |ri - r 23 | c 4 |r 2 - r 3 | 

A] Gk3 M n, r 2 ) - . Gh * V(r u r 3 ) - Gh * V(r 2 , r^3.35) 
c 4 |r 3 -r 12 | c 4 |r 2 -r 13 | c 4 |rx — r 23 | 



21 as in the 4th, 5th, and 6th terms in (|13.30|) 

22 for definition of smooth n-particle potentials see subsection 16.3.51 
23 Here we do not attempt to cast this Hamiltonian in a relativistically invariant form, 
i.e., to write an interacting boost operator consistent with the Hamiltonian (I13.35|) and 
with Poincare Lie brackets. However, based on works [120U121] we presume that this is a 
technical rather than a fundamental issue, and that such a relativistic formulation of the 
theory can be found. 
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Then using condition ( 113. 31[) we can simplify 



H « /l! + /i 2 + h 3 - 



Gh 2 h 3 



c 4 |r 2 



r 3 



V(r 2 ,r 3 ) 



Gh\h 2 Gh\h 3 
c*R ~^R 



+ 



Ghx Gh 2 h 3 
c 4 R c 4 |r 2 -r 3 | 



h + 



h 2 + fa 



Ghi 
Gh 2 h 3 



c 4 |r 2 



V(r 2 ,r 3 ) 

+ V(r 2 ,r 3 ) 



r 3 



h 2 + h s 



Ghoh 



2'*3 



c 4 |r 2 - r 3 



GhiH 



23 



23 



C 4 i? 



i.e., obtain the result (113.281) expected from the principles of the free fall 
universality and composition invariance. 

The addition of 3-particle gravitational potentials (113.331) - (113.341) was 
sufficient to satisfy these principles for the 3-particle system. It is easy to see 
that in order to comply with (113. 28j) in the case of more than 3 elementary 
constituents one needs to add also 4-particle, 5-particle, etc. gravitational 
interactions in (113. 30p . Since n-particle potentials are proportional to prod- 
ucts of n — 1 small coupling constants^ they become less and less significant 
as the parameter n increases. So, we may expect that 3-particle gravita- 
tional potentials (I13.33j) - (113.341) should be sufficient to adequately describe 
existing experiments and observations. 



13.2.3 Red shift and time dilation 

So far in this section we discussed manifestations of gravity in classical 
physics. It is widely believed that gravitational forces are too weak to have 
any observable effect on quantum phenomena in microscopic systems. How- 
ever, this belief is not correct. In this subsection we will discuss important 
experiments whose adequate description requires consideration of gravita- 
tional phenomena in the quantum domain. 

Let us first consider an isolated multi-particle quantum physical system 
(e.g., an atom, molecule, stable nucleus, etc), which can be regarded as a 
source of electromagnetic radiation. In the absence of gravity, this system is 
described by its Hamiltonian H . Here it will be convenient to represent this 
Hamiltonian by its spectral decomposition (12.281) 



either gravitational constant G or electromagnetic coupling q\q2 
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H = J2E k \fa)(fa\ (13.36) 
k 

where index k labels energy eigenvalues E k and \4>k){4>k\ are projections on 
energy eigensubspaces. As we discussed in subsection 110. 3. 4[ the coupling 
with photon sectors in the Fock space is responsible for the instability of all 
energy levels E/., except the ground one. The system in the unstable level 
Ei eventually emits a photon and finds itself in a lower energy level Ef. The 
photon's energy is 



AE = Ei-Ej (13.37) 

Now let us place this "source" in the gravitational field of the Earth. 
In a reasonable approximation, the full Hamiltonian of the source+Earth is 

frmg|) 

H' = Mc 2 + H- ( ^- (13.38) 
c l R 

where M and R are the Earth's mass and radius, respectively. Ignoring 
the constant term Mc 2 , we see that the Hamiltonian of the source in the 
gravitational field is 



This means that energy eigenvalues of H' can be obtained from eigenvalues 
of H simply by scaling by the factor 1 — GMj (c 2 R), which is less than 1 



K = EAl- ) (13.40) 



c 2 R 

Therefore, the energies of emitted photons also scale by the same factor 



GM\ 

AE 1 w AE 1 - — — (13.41) 



c 2 R 
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Gravitational red shift experiments [2771 EZSl E79J [2801 EHD EH21 EE] con- 
firmed this formula to a high precision. For example, in the famous Pound- 
Rebka experiment [278J two identical samples of 57 Fe nuclei were used in a 
Mossbauer setup. One sample was used as a source of gamma radiation, 
and the other as a detector. If the source and the detector were at different 
elevations (different gravitational potentials), then the mismatch in their en- 
ergy level separations (j!3.4ip made the resonant absorption impossible. The 
radiation emitted by a source at a lower altitude appeared as red-shifted to 
the detector at a higher altitude. 

Note that during its travel from the source to the detector, the photon's 
kinetic energy (cp) varies according to (I13.23[) . Should we take this variation 
into account when determining the condition of resonant absorption? The 
answer is no. When the photon gets absorbed by the detector it disappears 
completely, so its total energy (kinetic plus potential) gets transferred to the 
detector rather than the kinetic energy alone. The photon's total energj@ 
(and its frequency) remains constant during its travel, so the attraction of 
photons to massive bodies (113. 23p does not play any role in the gravitational 
red shift |283] . The true origin of the red shift is the variation of energy levels 
in the source/detector placed in the gravitational field (113.401) . 

Gravitational time dilation experiments [283 ES3 EMI EHTj EES l289| 
290, 1178] are fundamentally similar to red shift experiments discussed above, 
because any clock (or any time- dependent process for that matter) is a quan- 
tum system that can be described by the Hamiltonian (I13.36j) in the absence 
of gravity. The time dependence arises from the fact that the initial state 
1^(0)) of the system is prepared as a superposition of two or more energy 
eigenstates \4>h) 

\^(o)} = J2c k \<p k ) 

k 

Then the time evolution in the absence of the gravitational field is generated 
by the Hamiltonian (P33n8 

[*(*)) = e i m \V(0)) 

25 it would be more correct to speak about the total energy of the system "pho- 
ton+Earth" 

26 see subsection 16.4.31 
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A.- 



In the presence of gravity the 



Hamiltonian (113.391) should be usec|^] 



*'(*)> 



e* H '*|tf'(0)) 



k 



Y J ^ Ek[i - GMKc2R)]t c k \<j) k ) 



k 



([1 - GM/{c 2 R)]t)) 



Clearly this means that all physical processes slow down by the universal 
factor 1 — GM/(c 2 R) in the gravitational field@ 

Our above discussions of the gravitational red shift and time dilation 
relied on the form (113.381) of the gravitational Hamiltonian. This is the 
form implied by the principle of composition invariance, which we used in 
subsection 113.2.21 to predict the presence of 3-body gravitational potentials. 
Thus, the red shift and time dilation provide an indirect evidence for such 
potentials. 

13.2.4 The principle of equivalence 

The free fall universality was the major step toward geometrical model of 
gravity in Einstein's general theory of relativity. Einstein recognized cer- 
tain similarity between a stationary observer on the Earth surface and a 
uniformly accelerated observer in free space. For both these observers free- 
falling bodies appear moving with a constant acceleration. The magnitude 
of the acceleration does not depend on the masses and compositions of the 
bodies. This observation led Einstein to the formulation of his principle of 
equivalence between gravity and accelerated frames. In special relativity ob- 
servations in different inertial reference frames are connected by universal 

27 Here we assume that the initial state |\I/'(0)) in the gravitational field has the same 
expansion coefficients Ck over the energy eigenstates as the initial state |\&(0)) without 
gravity. 

28 This result should not be interpreted as change of the "time flow", whatever that 
means. 
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Lorentz rules. These rules were beautifully formalized in the Minkowski's 
hypothesis of the 4- dimensional space-time manifold. The major mathemat- 
ical idea of general relativity was to further generalize these rules to include 
also non-inertial reference frames. In this generalization the space-time man- 
ifold acquired a curvature, which was coupled dynamically to the mass and 
energy distributions. Thus gravity was described in a geometrical language 
as a local perturbation of metric properties of the 4-dimensional space-time 
continuum. 

As we discussed in subsection 111.3.41 the special-relativistic unification of 
space and time in one 4-dimensional continuum is an approximation. Such 
an unification ignores the dynamical properties of boosts, which are charac- 
teristic for all interacting systems. Therefore, the general-relativistic picture 
of the warped 4-dimensional space-time manifold cannot be a rigorous de- 
scription of gravity. It is also important that Einstein's geometric approach 
to gravity seems to be incompatible with quantum mechanics, and there is 
no visible progress in multiple attempts to reconcile general relativity with 
quantum mechanics. 

In our approach discussed in this section, the gravitational interaction 
between massive bodies is described by the same Hamiltonian formalism as 
electromagnetic forces between charges. The reason of gravitational attrac- 
tion is the presence of inter-particle potentials in the Hamiltonian, rather 
that "space-time curvature". Gravitational potentials depend on particle 
masses, velocities, and their relative separations. In this picture, the free 
fall universality and the composition invariance of gravity appears as a con- 
sequence of certain many-body couplings between different forms of energy. 
This approach is fully consistent with the laws of quantum mechanics. 

13.3 Gravitational dynamics of spinning bod- 
ies 

In this section we will ignore the weak 3-body, 4-body, etc. interaction po- 
tentials discussed in section 113.21 and stick to 2-body forces only. As we 
established in section 113. 1[ the Hamiltonian (113. ip provides a good descrip- 
tion of the gravitational potential between two point masses. However, to 
obtain interaction between two massive macroscopic bodies, we need to take 
a sum of potentials in (113. ip over all pairs of particles belonging to different 
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bodies. For some terms in (113.11) this sum is evaluated rather easily. For 
example, it is well knowrj^l that the total Newtonian gravitational potential 
between two spherical macroscopic massive bodies is the same as if the masses 
Mi were concentrated in centers of the two spheres: VNewton = —GM\Mijr. 
However the full interaction of two macroscopic bodies with masses Mi, M2 
and spins Si, sjfj] cannot be obtained from the Hamiltonian (113.11) by simple 
replacements m, — ► Mi and s* — ► Sj. In subsections 113.3.11 and 113.3.21 we 
will derive additional interaction potentials that are related to the spinning 
motion of the bodies around their axes. In subsection 113.3.31 we will see how 
these results are relevant to gravitational dynamics of spinning bodies, in 
particular to the de Sitter and Lense-Thirring spin precession effects. 



13.3.1 Point mass and spinning massive body 

Let us consider a point mass m\ interacting with a massive body 2 spinning 
around its axis. This body can be regarded as consisting of particles which 
move in circles around the body's axis. The p2-dependent potentials (the 7th, 
8th, and 9th terms in d 1 3 . 3 [) ) are responsible for interaction that depends on 
the speed of rotation of the body 2. To calculate this interaction we divide 
the body 2 into rotating rings and consider just one such ring with radius a 
and linear rotation speed u (see fig. 113.21) . Then, calculations are similar to 
those performed in subsection 1 1 2 . 1 . bl for a current loop and a moving charge. 

We assume that the spinning ring is stationary in the origin. Then the 
potential energy of interaction between the mass 1 and the ring element all 
is given by formula 

Gp 2 dl ( ZGmivl 7(pi-v 2 ) (pi-r)(v 2 -r) 

Vdl-ml ~ ~ 1 h 



2c 2 V r r r 3 

where p2 is the linear density (mass per unit length) of the ring. In the 
coordinate system shown in fig. 113.21 the line element in the ring is dl = ad6, 
where 9 is the polar angle measured with respect to the axis Ox 



r = {r x — a cos 9,r y — a sin 9,r z ) (13.42) 
v 2 = (-usin9,ucos9,0) (13.43) 



29 see also eq. (TiX2gl) 

30 We use capital letters to denote the observables of mass and spin Mi, Si in order to 
stress that they refer to macroscopic bodies composed of many elementary particles. 
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Figure 13.2: Interaction between spinning massive ring and point mass 1. 



and we can use approximations ( 112. 28ft - ( 112.291) . Then the full interaction 
between the mass 1 and the spinning ring is obtained by integrating Vdi- m \ 
on 9 from to 2-k 



V, 



ring— ml 



Gap 2 
~2& 



2~ 



de 



3miU 2 



_. . . ( 1 a(ri x cos6 + r lv smt 

+ 7{—upi x smU + upi v cos(J)[ 1 5 - 

\T\ rf 

+ (— urx x sin^ + uriy cos#)((pi ■ ri) — pi x acos6 — p ly asm9) x 

1 3a(ri x cos 9 + r± y sin 6 



6irGap2miu 2 8TrGa 2 up2[ri x p 



la 



2c 2 ri 2c 2 rf 
3Gmim 2 ii 2 2G[ri x pi] 2 S2 2 



2c 2 n 



+ 



c 2 rf 



13.44) 



where we denoted m 2 = 2nap2 the total mass of the ring and S2 = 2i\a 2 p 2 u 
is the ring's spin, whose direction is orthogonal to the plane of the ring. The 
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first term in (113.441) does not depend on the spin s 2 , so it does not contribute 
to the spin's precession, and can be omitted in our analysis. The second term 
should be summed over all rings that constitute the spinning body 2. Then 
the total spin of the body S2 is the sum of contributions S2 from all rings, 
and the spin-orbit interaction potential for arbitrary orientations of vectors 
S 2 , Pi, and r is 

Vs2 _ ml „ ^[S^-p, ( 13 .45) 

The spin-orbit potential between spinning massive body 1 and point mass 
m 2 can be obtained from (113.451) by changing indices 1^2 

V S ^ - -^P^ (13.46) 
13.3.2 Two spinning massive bodies 

Let us now find the spin-spin interaction between two spinning bodies. Just 
as in the preceding subsection, it is convenient to divide the bodies into 
spinning rings. Let us place a stationary ring 2 (of radius a, which is 
assumed to be much smaller than the distance between the two rings) in the 
origin and another small ring 1 at an arbitrary point ri = (ri x , ri y , r\ z ) as 
shown in fig. 113.31 The total potential between the entire ring 1 and moving 
mass within the line element dl of the ring 2 is the sum of eq. (113. 46p and 
the corresponding spin-orbit term from (113. 



AGp 2 dl[r x ygj ■ Si 

* dl — rinql 00 

The full potential between two spinning rings is obtained by integrating this 
expression along the length of the ring 2. In the coordinate system shown in 
fig. EH we can use (TT2T291 . (fl3^2ll - (jlTOHl) and obtain 

31 The interaction we are interested in does not depend on the relative movement of the 
rings. 

32 This doubling of the "mass - spinning body" interaction as compared to the "mass - 
spinning particle" interaction is understandable, because each particle (even if the particle 
is spinless) inside the spinning massive body participates in two rotational motions. One 
is the orbital motion around the rotation axis. Another is the spinning motion around 
particle's own axis. Both rotations have the same period. 
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Figure 13.3: Two spinning rings. 



x v 2 ] = (— r z ucos9, — r z usm9, (r x — acos9)ucos9 + (r y — asm9)usm9) 



V, 



ringl—ring2 
2tt 



-AGap 2 f de ([r x v 2 ] ■ sQ 



2tt 



AGap 2 u f ( 1 3a(r x cos6 + r y sin9) 

do I — H = I x 



o 



^— s lx r z cos — sin 9 + cos — s lz a cos 2 + s lz r y sin — s lz a sin 2 
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c 2 r 3 



12Ga 2 p 2 u 



2w 



c 2 r J 
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8Gna 2 p2Si z u 12G7ia 2 p 2 s lz ur 2 12Gna 2 p 2 u(s 1 ■ r)r z 



^-t2i<y'^> ^->2i^*5 ^->2^*5 

2G( Sl -s 2 ) | 6G( Si t)(s 2 t) 

where s 2 = (0, 0, 27ra 2 wp 2 ) is the spin of the ring 2. 

For a massive spinning body its total spin S is obtained by summing 
spins s of all constituting rings. Then, the spin-spin interaction of two such 
bodied is obtained simply by replacing Sj — > Sj in (113.471) 

2(S 1 -S 2 ) 6(S 1 -r)(S 2 -r) 

V spin-spin T ^5 ^J.O.'iO; 

13.3.3 Spin precession in gravitational field 

Let us now consider the effect of spin on the gravitational dynamics of bodies. 
As we discussed earlier, the full gravitational interaction of two massive bod- 
ies with spin can be obtained by using total observables Mj and Sj in (113. ip 
and adding contributions (I13.45p . (113.461) . and (113. 47j) . The spin-dependent 
part of the total interaction energy can be divided into spin-orbit and spin- 
spin contribution^] 

3GM 2 [r x Pl ] ■ Si 3GAfi[rxp 2 ]-S 2 4G[r x p 2 ] • Si 

^spin-orb 2M lC ¥ 2M 2 c 2 r 3 c 2 r 3 

4G[r x pil • S 2 , 
+ 1 / ri J ( 13 - 49 ) 

G(Si-S 2 ) , 3G(Sit)(S 2 t) 



H. 



spin— spin n n i o c 

1 ^vzifytj ^ijij 



The presence of these terms in the Hamiltonian has two major consequences. 
First, orbits of interacting massive bodies should depend on their spinning 



33 this interaction is in addition to two last terms in (|13.1[) 

34 It is interesting to note that the sign of the spin-spin interaction of macroscopic bodies 
H sp i n - S pi n is opposite to the sign of spin-spin interaction of elementary particles (two last 
terms in (|13.3p ). In principle, this difference can be verified by comparing precession of 
spinning particles (electrons, neutrons, etc) and macroscopic bodies moving in gravita- 
tional fields. However, such a comparison is presently impossible. A small effect of gravity 
on the precession of multiparticle bodies can be confidently measured [291] . However, the 
gravitational precession of elementary particles is dwarfed completely by the effect of ever 
present magnetic fields. 
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motion [292] . We will not consider this small effect in our book. Second, 
the spin of bodies moving in a gravitational field must depend on time. This 
time dependence takes the form of spin precession, which is the main subject 
of this subsection. 

Suppose that we want to find the time evolution of spin of the light body 
1 moving in the gravitational field of the heavy body 2 (M 2 3> Mi)o The 
2nd and 4th terms on the right hand side of (I13.49[) are not relevant for this 
purpose. The 3rd term can be ignored in comparison with the much larger 
1st term. Then the relevant spin-dependent interaction can be simplified 



_ 3GM 2 [r x Pl ] ■ Si g(Si ■ S 2 ) 3G(Si ■ r)(S 2 ■ r) 

"SDMI ~ n 7i r O 9 OO ' 



spm 2M lC 2 r 3 c 2 r 3 c 2 r 5 

The equation of motion for Si can be found from the Poisson bracke^ 3 ' 1 



dSi 



[Si, H sp i n ]p 

3GM 2 [J x Si] G[S 2 x Si] + 3G[r x Si](S 2 ■ r) 



2Mic 2 r 3 c 2 r 3 c 2 r 5 

= fix Si] 

This equation describes precession of the spin Si about the vector [2931 1271] 

^ = &>dS + &>LT 

where the spin-orbit part 



^ 3GM 2 J 

dS 2M lC 2 r 3 



is responsible for the so-called de Sitter or geodetic precession, and the 
spin-spin part 



35 We will assume that the trajectory ri(f), pi(£) has been found already by solving 
spin- independent equations of motion, e.g., as in subsection 1 1 3 . 1 . 3l 

36 Here we denoted J = [r x pi] the orbital angular momentum and used the Poisson 
bracket (|11.10[) . It follows from this formula that [S, (a • S)]p = [a x S] for any vector a 
that has zero Poisson bracket with S. 
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GS 2 3Gr(S 2 ■ r) 



determines the Lense-Thirring effect, which is called sometimes the frame 
dragging effect. This agrees with predictions from general relativity and 
with available experimental data [29 lj. 
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Chapter 14 

DECAYS AND RADIATION 



Many things are incomprehensible to us not because our compre- 
hension is weak, but because those things are not within the frames 
of our comprehension. 

Kozma Prutkov 



The formulation of quantum theory in the Fock space with unspecified 
number of particles gives us an opportunity to describe not just inter-particle 
interactions, but also the processes of creation and absorption of particles. 
The simplest example of such processes is the decay of an unstable particle 
considered in this chapter. 

Unstable particles are interesting objects for study for several reasons. 
First, an unstable particle is a rare example of a quantum interacting system 
whose time evolution can be observed relatively easily. Moreover, the internal 
structure of an unstable particle is described by just one parameter - the non- 
decay probability uj. A rigorous description of the decay is possible in a small 
Hilbert space that contains only states of the particle and its decay products, 
so the solution can be obtained in a closed form. 

In section Il4.1l we will discuss the decay law of an unstable particle, which 
is at rest with respect to the observer. In section 114.31 we will be interested 
in the decay law observed from different moving reference frames. It will 
be shown in section [14.41 that famous Einstein's time dilation formula is not 
exactly applicable to such decays. Interaction-dependent corrections to this 
formula are calculated there. 
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14.1 Unstable system at rest 

Here we will pursue two goals. The first goal is to present a preliminary 
material for our discussion of decays of moving particles in sections 114.31 and 
114.41 The second goal is to derive a beautiful result, due to Breit and Wigner, 
which explains why the time dependence of particle decays is (almost) always 
exponential. 

14.1.1 Quantum mechanics of particle decays 

The decay of unstable particles is described mathematically by the non-decay 
probability which has the following definition. Suppose that we have a piece 
of radioactive material with N unstable nuclei prepared simultaneously at 
time t — and denote N u (t) the number of nuclei that remain undecayed at 
time t > 0. So, at each time point the piece of radioactive material can be 
characterized by the ratio N u (t)/N. 

In this paper, in the spirit of quantum mechanics, we will treat N unstable 
particles as an ensemble of identically prepared systems and consider the 
ratio N u (t)/N as a property of a single particle (nucleus) - the probability of 
finding this particle in the undecayed state. Then the non-decay probability 
u(t) (also called the decay lavJr^ in this book) is defined as a large N limit 

oj(t) = lim N u (t)/N (14.1) 

N—>oo 

Let us now turn to the description of an isolated unstable system from 
the point of view of quantum theory. We will consider a model theory with 
particles a, b, and c, so that particle a is massive and unstable, while its 
decay products b and c are stable and their masses satisfy the inequality 

m a > mb + m c (14.2) 

which makes the decay a — > b + c energetically possible. In order to simplify 
calculations and avoid being distracted by issues that are not relevant to the 
problem at hand we assume that particle a is spinless and has only one decay 



Perhaps, it would be more consistent to call this quantity the non-decay law or survival 
probability. 
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channel. For our discussion, the nature of this particle is not important. For 
example, this could be a muon or a radioactive nucleus or an atom in an 
excited state. 

Observations performed on the unstable system may result in only two 
outcomes. One can find either a non-decayed particle a or its decay products 
b + c. Thus it is appropriate to describe the states of the system in just two 
sectors of the Fock spaced 

n = n a ®n bc (14.3) 

where TL a is the subspace of states of the unstable particle a, and Tibc = 
Tib ® 7~C C is the orthogonal subspace of the decay products. 

The simplest interaction Hamiltonian of the type (17.491) that can be re- 
sponsible for the decay a — > b + c i^| 

V = J dpdq(G(p, q)a P+q 6 p c q + G*(p, q)& P c q a p+q ) (14.4) 

As expected, the interaction operator (114. 4p leaves invariant the sector 7i = 
TC a © Hbc of the total Fock space. 

We can now introduce a Hermitian operator T that corresponds to the 
observable "particle a exists". The operator T can be fully defined by its 
eigensubspaces and eigenvalues. When a measurement performed on the 
unstable system finds it in a state corresponding to the particle a, then the 
value of T is 1. When the decay products b + c are observed, the value of 
T is 0. Apparently, T is the projection operator on the subspace Ti a . For 
each normalized state vector \^>) £ 7i, the probability of finding the unstable 
particle a is given by the expectation value of this projection 

2 In principle, a full description of systems involving these three types of particles must 
be formulated in the Fock space where particle numbers N a ,Nb, and N c are allowed to 
take any values from zero to infinity. However, for most unstable particles the interaction 
between the decay products b and c in the final state can be ignored. Creation of additional 
particles due to this interaction can be ignored too. So, considering only the subspace 
(|14.3|) of the full Fock space is a reasonable approximation. 

3 Note that in order to have a Hermitian Hamiltonian we need to include in the inter- 
action both the term b^c^a responsible for the decay and the term a' be responsible for the 
inverse process b + c — > a. Due to the relation (|14.2|) , these two terms have non-empty 
energy shells, so, according to our classification in subsection 17.2.41 they belong to the 
"decay" type. 
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w = (*|T|*) (14.5) 
Alternatively, one can say that u is a square of the norm of the projection 



w = (*|rr|*> 

= ll T l^)f ( 14 -6) 
where we used property T 2 = T from Theorem IG.ll Any vector 

|*> e H fl 

describes a state in which the unstable particle a is found with 100% certainty. 

w(0) = (tf|T|tf) 

= 1 (14.7) 

We will assume that the unstable system was prepared in the state at 
time t = 0. Then the time evolution of this state is given by (15.381) 



tf(t)) = e-* m \S>) (14.8) 



and the decay law is 



uj(t) = (^\e* m Te— m \m) (14.9) 



From this equation it is clear that the Hamiltonian H describing the unstable 
system should not commute with the projection operator 



[H,T]^0 (14.10) 



4 Otherwise, the subspace TC a of states of the particle a would be invariant with respect 
to time translations and the particle a would be stable. 
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Figure 14.1: Time evolution of the state vector of an unstable system. 



Now we can construct a schematic visual representation of the decay 
process in the Hilbert space. In fig. 114.11 we showed the full Hilbert space 
7~C a © 7~ibc as a sum of two orthogonal subspaces 7i a and Hbc- We assumed 
that the initial normalized state vector \^/) at time t = lied entirely in 
the subspace H a . So that the non-decay probability u(0) is equal to one 
as in eq. (114.71) . From eq. (114.101) we know that the subspace H a is not 
invariant with respect to time translations. Therefore, at time t > the 
vector \^(t)) = e^ Ht \^) develops a component lying in the subspace of decay 
products Hbc- The decay is described as a gradual time evolution of the state 
vector from the subspace of unstable particle H a to the subspace of decay 
products Tibc- Then the non-decay probability u(t) decreases with time. 

Before calculating the decay law (I14.9P we will need to do some prepara- 
tory work first. In subsections 114.1. 21 and fT^. 1.41 we are going to construct two 
useful bases. One is the basis |p) of eigenvectors of the momentum operator 
Po in H a - Another is the basis |p, m) of common eigenvectors of Po and the 
interacting mass M in 7i. 
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14.1.2 Non-interacting representation of the Poincare 
group 

Let us first consider a simple case when the interaction responsible for the 
decay is "turned off" . This means that dynamics of the system is determined 
by the non-interacting representation of the Poincare group U® in 7i. This 
representation is constructed in accordance with the structure of the Hilbert 
space 

U° g = U a g © U b g <g> U c g (14.11) 

where U g , U g , and U g are unitary irreducible representations of the Poincare 
group corresponding to particles a, b, and c, respectively. The generators of 
the representation (114.111) are denoted by P , Jo, H , and K . According to 
(114.21) . the operator of non- interacting mass 

has a continuous spectrum in the interval [mj + m c , oo) and a discrete point 
m a embedded in this interval. 

From definition ( 114. lip it is clear that the subspaces TC a and Tibc are 
invariant with respect to U g . Moreover, the projection operator T commutes 
with non-interacting generators 

[T, P ] = [T, J ] = [T, K ] = [T, H ) = (14.12) 

Exactly as we did in subsection 15.1.21 we can use the non-interacting rep- 
resentation U g to build a basis |p) of eigenvectors of the momentum operator 
Po in the subspace H a - Then any state |$) G H a can be represented by a 
linear combination of these basis vectors 

l*> = f dp^(p)|p) (14.13) 

and the projection operator T can be written as 
5 compare with eq. (|7.1ip 
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T = J dp|p)(p| (14.14) 

14.1.3 Normalized eigenvectors of momentum 

Basis vectors |p) are convenient for writing arbitrary states |\&) G 7i a as 
linear combinations (114.131) . However vectors |p) themselves are not good 
representatives of quantum states, because they are not normalized. For 
example, the momentum space "wave function" of the basis vector |q) is a 
delta function 



V>(p) = (p|q> 

= 5(p-q) (14.15) 
and the corresponding "probability" of finding the particle is infinite 

l^ph/Hp)! 2 = |rfp|5(p-q)| 2 

= oo 

Therefore, states |q) cannot be used in formula (114.51) to calculate the non- 
decay probability. However, we would like to have a method to calculate the 
decay law for states with definite (or almost definite) momentum po- In order 
to do that we should use state vector^ that have normalized momentum- 
space wave functions sharply localized near p . In order to satisfy the nor- 
malization condition 



|dphA( P )| 2 = l 

wave functions of |po) may be formally represented as a square root of the 
Dirac's delta function.] 

6 which we denote by |po) to distinguish them from |po) 

7 Another way to achieve the same goal would be to keep the delta-function represen- 
tation (|14.15p of definite-momentum states, but use (formally vanishing) normalization 
factors, like N = (J G?p|-0(p)| 2 ) -1 / 2 . Perhaps such manipulations with infinitely large and 
infinitely small numbers can be justified within non-standard analysis 294J . 
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V>(p) = V$(P - Po) (14.16) 

According to eq. (I5.26p . the exponent of the Newton- Wigner position 
operator e^ R ^ zb acts as a translation operator in the momentum space. 
In particular, we can apply this operator to the wave function with zero 
momentum \/S(p) and obtain 



e i(R )*m a c S mh6^pj = ^(p - p ) 

where po = (0, 0, m a c sinh 8). On the other hand, applying the boost trans- 
formation f)5.22p to a/ 5(p) we obtain 



e ft 



(K. 



ohe v%>) 



'fii-ip / i 



\J 



<*(P - Po) 



y/6(p - Po) 



where 



% = ^/m 2 a c A + p 2 c 2 (14.17) 



that momentum eigenvectors have a useful representation 



and | J\ = jy lp is the Jacobian of transformation p — > L x p. This suggests 



|p) = e ^ R °- p |0) (14.18) 
|p) = e ^ R °- p |0) (14.19) 

14.1 .4 Interacting representation of the Poincare group 

In order to study dynamics of the unstable system we need to define an 
interacting unitary representation of the Poincare group in the Hilbert space 
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TC. This representation will allow us to relate results of measurements in 
different reference frames. In this section we will take the point of view of 
the observer at rest. We will discuss particle decay from the point of view of 
a moving observer in sections 114.31 and 114.41 

Let us now "turn on" the interaction responsible for the decay and discuss 
the interacting representation U g of the Poincare group in 7i with generators 
P, J, K, and H. As usual, we prefer to work in the Dirac's instant form 
of dynamics. Then the generators of space translations and rotations are 
interact ion-free , 



P = P 
J = Jo 



while generators of time translations (the Hamiltonian H) and boosts contain 
interaction-dependent termg^] 



H = H + V 
K = K + Z 

We will further assume that the interacting representation U g belongs to the 
Bakamjian-Thomas form of dynamics in which the interacting operator of 



mass M commutes with the Newton- Wigner position operator (16.58 



M = c- 2 ^H 2 -P 2 c 2 (14.20) 
[R ,M] = (14.21) 

Our next goal is to define the basis of common eigenvectors of commuting 
operators Po and M in These eigenvectors must satisfy conditions 

8 Operator V has been defined in eq. I|14.4[) . 

9 The possibilities for the interaction to be not in the Bakamjian-Thomas instant form 
are discussed in subsection 114.4.31 

10 In addition to these two operators, whose eigenvalues are used for labeling eigenvectors 
|p, to), there are other independent operators in the mutually commuting set containing Po 
and M. These are, for example, the operators of the square of the total angular momentum 
Jg and the projection of the total angular momentum on the z-axis (Jq) z - Therefore 
a unique characterization of any basis vector requires specification of all corresponding 
quantum numbers as |p, m,j 2 , j z , . . .). However these quantum numbers are not relevant 
for our discussion and we omit them. 
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P |p,m) = p|p,m) (14.22) 
M|p, m) = m\p, m) (14.23) 

They are also eigenvectors of the interacting Hamiltonian H = a/ M 2 c 4 + PqC 2 



H\p,m) = Up\p,m) 

where cu p = yj m 2 c 4 + c 2 p 2 f^\ In the zero-momentum eigensubspace of the 
momentum operator Po we can introduce a basis \0,m) of eigenvectors of 
the interacting mass M 

P |0,m) = 
M\0,m) = m\0,m) 

Then the basis |p, m) in the entire Hilbert space 7i can be built by formulate 

|p,m) = e i" |0,m) 

where p = mcOO^ 1 sinh#. These eigenvectors are normalized to delta func- 
tions 



(q, m\p,m') = 5(q — p)5(m — m!) (14.24) 

The actions of inertial transformations on these states are found by the same 
method as in section 15.11 In particular, for boosts along the x-axis and time 
translations we obtain 13 ! 

11 Note the difference between ui p that depends on the eigenvalue m of the interacting 
mass operator and Q p in cq. (|14.17|) that depends on the fixed value of mass m a of the 
particle a. 

12 compare with ([5l| and (|5. 19[) 

13 compare with eq. (|5.20p 
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e-^ K * e \p,m) = p*P|Ap, m ) (14.25) 
V u p 

e* m \p,m) = e^ p *|p,m) (14.26) 



where 



Ap = (p x cosh9 + -^-smhO, p y ,p z ) (14.27) 

Next we notice that due to eqs. (14.241) and (j!4.2ip vectors es Ro ' p |0,m) also 
satisfy eigenvector equations (114.221) - (114.231) . so they must be proportional 
to the basis vectors |p, m) 



|p, m) = 7(p, m)e^ Ro ' p |0, m) (14.28) 

where 7(p, m) is an unimodular factor. Unlike in (114.191) . we cannot conclude 
that j(p,m) = 1. However, if the interaction is not pathological we can 
assume that the factor 7(p, m) is smooth, i.e., without rapid oscillations!^*! 

Obviously, vector |0) from the basis (114. 19[) can be expressed as a linear 
combination of zero- momentum basis vectors |0,m), so we can writd^l 



oo 

|0) = / imMm) (14.29) 



m b +m c 

where 



H(m) = (0,m|0) (14.30) 

is yet unknown function which depends on the choice of the interaction 
Hamiltonian V. The physical meaning of /i(m) is the amplitude of finding 

14 This property will be used in derivation of eq. (j!4.87|) . 

15 We will assume that interaction responsible for the decay does not change the spectrum 
of mass. In particular, we will neglect the possibility of existence of bound states of 
particles b and c, i.e., discrete eigenvalues of M below rrib + m c . Then the spectrum of M 
(similar to the spectrum of Mq) is continuous in the interval [TOf, + m c ,oo), and integration 
in (|14.29| should be performed from m,b + m c to infinity. 
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the interacting mass m in the unstable state |0). We now use eqs. ( 114. 191) 
and (114. 29|) to expand vectors |p) in the basis |p, m) 



|p) = e* Rop |0) 

oo 

■ Rop J dmfx(m)\0,m) 



m b +m c 



oo 

J <im/i(m)7(p, m)\p, m) (14.31) 



m b +m c 

Then any state vector from the subspace Ti a can be written as 

|tf> = / dp^(p)|p) (14.32) 



dp J dmfi(m) / y(p,m)ip(p)\p,m) (14.33) 

m b +m c 



From (114.24}) we also obtain a useful formula 



oo 

(q|p, m) = / dm' [J,* (m')j* (q, m')(q, m'\p, m) 

m b +in c 

= 7*(p,m)/i*(m)%-p) (14.34) 



14.1.5 The decay law 

Let us find the time evolution of the state vector (114.321) prepared within 
subspace 7i a at time t — 0. The time dependence is obtained by applying 
eqs {US]), (1T4261) . and (IT4311 



¥(*)> = / dp^(p)e-*«|p> 
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dptp(p) I dmfi(m)'-f(p,m)e hHt \p,m) 



m b +m c 
oo 



J dpip{p) J dmfi(m) r y(p,m)e '^ p *|p,m) 



m b +m c 



The inner product of this vector with |q) is found by using (114.341) 

(q|*(*)> 

oo 

dpip(p) J dm/j,(m)j(p,m)e~h UJpt (q\p,m) 

m b +m c 
oo 

*«p) / rf ™ Wm )|Vp, roh -(p, m) e-i^( q -p) 

m b +m c 

oo 

= V'(q) J dm|/i(m)| 2 e^ q * 

m b +m c 

The decay law is then found by substituting (114. 14[) in eq. (114.91) and using 
(Tm5|) 



u(t) 



dq<*(t)|q)<q|*(t)> 



dq|(q|*(*)> | 2 
dq\^(q)\ 2 



dm\n(m)\ 2 e 



(14.35) 



•n b +m c 

This formula is valid for the decay law of any state 1 1 J r ) G 7Y a . In the particular 
case of the normalized state |0) whose wave function ip(q) is well-localized 
in the momentum space near zero momentum, we can set approximately 



V>(q) ~ v^(q) 



q 
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2 

(14.36) 

This result demonstrates that the decay law is fully determined by the func- 
tion \fi(m)\ 2 which is referred to as the mass distribution of the unstable 
particle. In the next two subsections we will consider an exactly solvable de- 
cay model for which the mass distribution and the decay law can be explicitly 
calculated. 

14.1.6 Solution of the eigenvalue problem 

In this section we are discussing decay of a particle at rest. Therefore, it 
is sufficient to consider the subspace TCq C 7i of states having zero total 
momentum. The subspace 7i can be further decomposed into the direct 
sum 

Hq = H a © H(bc)0 

where 

7~Lao = H nH a 
T~L(bc)o = Wod (Tib <8> H c ) 

TCao is, of course, the one- dimensional subspace spanning the vector |0) of 
the particle a. In the subspace TC(bc)o of decay products the total momentum 
is zero P = pf, + p c = 0. Therefore, 2-particle states \p) can be labeled by 
eigenvectors of the relative momentum of the relative momentum operator 

P = Pb = -p c 

Therefore, each state in Tio can be written as a decomposition in the above 
basis 

16 compare, for example, with eq. (3.8) in [295] 



U\0)(t) 



dm\fj,(m)\ e h 



i-mc 2 t 



m b +m c 
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|*) = //|0) + J dp((p)\p) 



The coefficients of this decomposition can be represented as an infinite col- 
umn vector 



I*) 



C(pi) 
C(p 2 ) 
C(ps) 



;i4.37) 



whose first component is a complex number p (the projection of the vector 
on the basis state |0)), and all other components are values of the complex 
function ((p) at different momenta p (projections on the relative momentum 
eigenvectors) For brevity, we will use the following notation 



C(p) 



'14.38) 



The vector |^) should be normalized, hence its wave function should satisfy 
the normalization condition 



h 2 + / dp\ap)\ 2 = i 



;i4.39) 



The probability of finding the unstable particle in the state is 



and in the initial state 



17 Of course, the spectrum of p is continuous, and, strictly speaking, cannot be repre- 
sented by a set of discrete values pi. However, we can avoid this difficulty by the usual 
trick of placing the system in a finite box (then the momentum spectrum becomes discrete) 
and then taking the limit in which the size of the box goes to infinity. This approach will 
play an important role in the next subsection. 
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the unstable particle is found with 100% probability. 

We can now find representations of various operators in the basis |0), \p). 
In the subspace of zero total momentum, the Hamiltonian H = \jM 2 c^ + P 2 c 2 
coincides with the mass operator M, which is a sum of the non-interacting 
mass Mq and interaction V 



M = M + V 



The non-interacting mass is diagonal 



Mn 



m a 



























VPs 





Vp 



where 




(14.40) 



is the mass of the two-particle (b + c) system expressed as a function of the 
relative momentum!^! In the subspace H,q, the interaction operator f)14.4p 
takes the form 



= J dp(g{p)a ] bpc_ lS + g*(p)b^_~a 



18 In the 2-particle sector of our Hilbert space Mo = Hq/c 2 = (hb + h c )/c 2 
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Its matrix representation i 



V 





g\pi) 



9(Pi) 







g(p2 
o 







g(ps) 
o 
o 






fdqg(q) 

9*(P) o 



where g(p) is the matrix element of the interaction operator between the 
initial state |0) and the final state \p) with relative momentum p of the 
decay products 



g(p) = (0\V\p) (14.41) 
Then the action of the full Hamiltonian H = Hq + V on vectors (114.381) is 



H 



P 

C(P) 



m a c 2 


gi.pi) 


g{p2) 


g{ps) 




p 


g*(pi) 


VpiC 2 










C(A) 


g*(P2) 












CCA) 


g*(Pz) 








Vp 3 c 2 ■ ■ ■ 




C(Ps) 


















m a c 2 p + J dqg(q)((q) 
g*(pi)p + VpiC(pi)c 2 
g*(P2)p + Vp2C(p2)c 2 

g*(P3)P + VpsC(p3)c 2 



m a c 2 fi + fdqg(q)((q) 

g (p)p + VpC(p)c 2 



The next step is to find eigenvalues (which we denote mc 2 ) and eigenvec- 



tors 



|0, m) = 



Cm{p) 



;i4.42) 



1 Here the symbol J dqg(q) . . . denotes a linear operator, which produces a number 
j e?q<?(q)C(ci) when acting on the function £(<!)• The function g(p) coincides with G(p, q) 
on the zero-momentum subspace g(p) = G(p, —p). 
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of the Hamiltonian Hr°\ This task is equivalent to the solution of the follow- 
ing system of linear equations: 

m a c 2 /i(m) + J c?q5f(q)C m (q) = mc 2 fi(m) (14.43) 

S*(p)Mm)+7^c 2 C m (p) = ™c 2 ( m (p) (14.44) 
From Eq. (I14.44j) we obtain 

g*(p)fj,(m) 

UP = — 2 2 14.45 

mr — ?7p<r 

Substituting this result to eq. (114.431) we obtain equation which determines 
the spectrum of eigenvalues m 



m-m a = - A [ rfq ^ (q)|2 (14.46) 
c 4 J m - r? q 

To comply with the law of conservation of the angular momentum, the func- 
tion g(q) should depend only on the absolute value q = |q| of its argument. 
Therefore, we can rewrite eq. (114.461) in the form 



m — m a = F(m) (14.47) 



where 



CO 



F(m) = I dq (14.48) 
m — r] q 



o 



and 



2 



G(q) = ^\ 9 (q)\ 2 (14.49) 



20 Note that the function /i(m) in (| 14.42[) is the same as in (|14.30p . So, in order to 
calculate the decay law (|14.36j) . all we need to know is \n(m)\ 2 . 
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From the normalization condition f ll4.39jl 21 l 



\fi(m)\ + / rfq|Cm(q) 
and eq. (114.451) we obtain 



and 



where F'(m) is the derivative of F(m). So, in order to calculate the decay 
law (114. 35p we just need to know the derivative of F(m) at points m of the 
spectrum of the interacting mass operator. The following subsection will 
detail such a calculation. 

14.1.7 The Breit-Wigner formula 

The function r\ p in (114.401) expresses the dependence of the total mass of the 
two decay products on their relative momentum. This function has minimum 
value ?7o = m;, + m c at p = and grows to infinity with increasing p. Then 
the solution of eq. (114. 47p for the values of m G [—00,771^ + m c ] is rather 
straightforward. In this region the denominator in the integrand of (j 14.48ft 
does not vanish, and F(m) is a well-defined continuous function which tends 
to zero at m = — 00 and declines monotonically as m grows. A graphical 
solution of eq. (114.47ft can be obtained in the interval [— 00, m& + m c ] as an 
intersection of the line m — m a and the function F(m) (point M in Fig. 
114.2ft . The corresponding value of m is an eigenvalue of the interacting mass 
operator, and the corresponding eigenstate is a superposition of the unstable 
particle a and its decay products b + c. 

21 Of course, this condition, as well as formula (|14.50p . is valid only if the spectrum of 
eigenvalues m of the total mass is discrete. We will make this assumption in the next 
subsection, and make a transition to the continuous spectrum of mass only in the end of 
calculations. 
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Figure 14.2: The graphical solution of eq. (114.471) . The dashed line indicates 
the continuous part of the spectrum of the non-interacting mass operator 
Mq. The thick full line shows function F(m) at m < rrib + m c . 



Finding the spectrum of the interacting mass in the region [mb + m c , oo] is 
more tricky due to a singularity in the integrand of (114.481) . Let us first dis- 
cuss our approach qualitatively, using graphical representation in Fig. 114.31 
We will do this by first assuming that the momentum spectrum of the prob- 
lem is discrete^] and then making a gradual transition to the continuous 
spectrum (e.g., increasing the size of the box to infinity). In the discrete 
approximation, eq. (114.471) takes the form 



1 >^ \g(pi)\ 2 \ 

m — m a = — > = t (m) 

cr ' m — rrii 
i=i 

where m ; = 77^ are eigenvalues of the non-interacting mass of the 2-particle 
system b + c, and the lowest eigenvalue is m% = mb + m c . The function on the 
right hand side of eq. (114.511) is a superposition of functions \g(pi) | 2 (m— mj" 1 
for all values of % = 1,2,3,.. .. These functions have singularities at points 

22 This can be achieved, e.g., by placing the system in a box or applying periodic bound- 
ary conditions. 



(14.51) 
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Figure 14.3: Spectra of the free (opened circles, H ) and interacting (full 
circles, H = Hq + V) Hamiltonians. 

rrii, which are eigenvalues of the non- interacting Hamiltonian. Positions of 
these singularities are shown as open circles and dashed vertical lines in Fig. 
114.31 The overall shape of the function F(m) in this approximation is shown 
by the thick full line in Fig. 114.31 According to eq. ( 114.5ip . the spectrum of 
the interacting mass operator can be found at points where the line m — m a 
intersects with the function F(m). These points Mi are shown by full circles 
in Fig. 114.31 So, the derivatives required in eq. (114.501) are graphically 
represented as slopes of the function F(m) at points M±, M2, M%, . . .. The 
difficulty is that in the limit of continuous spectrum the distances between 
points rrii tend to zero, function F{m) wildly oscillates, and its derivative 
tends to infinity everywhere. 

To overcome this difficulty we will use a clever idea first suggested in ref. 
[296] ■ Let us change the integration variable in the integral (I14.48j) 



z = V P 

so that the inverse function 
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P = V 



expresses the relative momentum p as a function of the total mass of the 
decay products. 



Then denoting 



K{z) = ^6(^(2)) (14.52) 
dz 



we obtain 



/•'(//>) = / dz^^ 



m — z 

mi,+m c 

m— A m+A oo 

, K(z) f , K{z) f , K{z) M A . 
dz — — + / dz — — + / dz — — (14.53) 
m — z J m — z J m — z 

mb+rric m— A m+A 

where A is a small number such that function K(z) may be considered con- 
stant (K(z) = K(m)) in the interval [m — A, m + A]. When A — > 0, the first 
and third terms on the right hand side of (114.531) give the principal value 
integral (denoted by P J) 



m— A oo oo 

f iz B± + / _ p f dz m_ (14 54) 

y m — z J m — z J m — z 

mb+rric m+A m+m c 

Let us now look more closely at the second integral on the right hand side 
of ( 114.531) . The interval [m — A, m + A] can be divided into 2N small equal 

segments 



A 

mi = m + i— 

where mo = m, integer i runs from —N to N, and the integral can be 
approximated ClS db partial sum 
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m+A m+A 

dz — ^— ~ K(mo) f dz 

m — z J m — z 

m— A m— A 

N 



K(m ) -a ( 14 - 55 ) 



Next we assume that N — > oo and index z runs from — oo to oo. Then the 
right hand side of eq. (114.551) defines an analytical function with poles at 
points 

A 

mj — m o + (14.56) 

and with residues K (mo) A/N. As any analytical function is uniquely deter- 
mined by the positions of its poles and the values of its residues, we conclude 
that integral (114.551) has the following representation 



m+A 

K(z) nN 
dz — — = K(m )7Tcot( — (m - m Q )) (14.57) 
m — z A 

m— A 

Indeed, the cot function on the right hand side of eq. ( 114.571) also has poles 
at points (114. 56p . The residues of this function are exactly as required too. 
For example, near the point m (where % = 0) the right hand side of (114. 57|) 
can be approximated as 



K(m )7Tcot{— (m-mo)) « — r 

A ^{m — mo) 

iT(m )A/iV 

(m — m ) 

Now we can put eqs. ( 114. 54ft and ( 114. 57ft together and write 



7T NlTl 

F(m) = V(m) + 7cK(m) cot( — — — ] 
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where we denoted for brevity 

oo 

G(q) 



V{m) = P J dq 
o 

Then, using 



m — rj q 



cot (ax)' = — a(l + cot 2 (ax)) 

and neglecting derivatives of smooth functions (the principal value integral 
and K(m)), we obtain 



F'(m) = -7T 2 K ^ N (1 + cot^TrJVA-^)) (14.58) 
We need values of F'(m) at the discrete set of solutions of the equation 



F(m) =m — m a 
At these points we can write 



m — m a = V(m) — irK(m) cot(7riVA 1 m) 

»r » -i \ m-m a -V(m) 

cot(7riVA m) = — 

irK(m) 



cot 2 (7riVA~ 1 m) 



(m — m a — V(m)) 



2 



ix 2 K 2 (m) 

Substituting this to (I14.58[) and (j!4.50p we obtain the desired result 

2 K(m)N n (m-m a -V(m))\ 

F(m) = -it 1 + 

A i\ z K A [m) 



|/x(m)| 2 = , —. . — ^- (14.59) 

1 + 7T 2 K(m)N A-i(l + (ma +S ~"" 



-\(-\ j_ (m a +7 : '(m)-m) 2 ) ' 
2 (m) 

1 



K(m)A/N 
7T 2 K 2 (m) + (m a + V(m) — m) 2 



14.60) 
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tl|i(m)l 2 




Figure 14.4: Mass distribution of a typical unstable particle. 

where we neglected the unity in the denominator of (114.591) as compared 
to the large factor NA" 1 . Formula (114. 60p gives the probability for find- 
ing particle a at each point of the discrete spectrum Mi, M2, M3, .... This 
probability tends to zero as the density of points iVA -1 tends to infinity. 
However, when approaching the continuous spectrum in the limit iV — > 00 
we do not need the probability for each spectrum point. We, actually, need 
the probability density which can be obtained by multiplying the right hand 
side of eq. (I14.60P by the number of points per unit interval iVA -1 . Finally, 
the mass distribution for the unstable particle takes the famous Breit- Wigner 
form 



i/-wr = „ „„ , r i m)/(2 :L .„ d«i: 



r(m) 2 /4 + (m a + V(m) — m) 2 



where we denoted 



r(m) = 2vrK(m) (14.62) 

This resonance mass distribution describes an unstable particle with the 
expectation value of massif] = m a +V{mA) and the width of Am m Tim^) 
(see Fig. [TOD . 



the center of the resonance 
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For unstable systems whose decays are slow enough to be observed in 
experiment, the resonance shown in Fig. 114.41 is very narrow, so that instead 
of functions T(m) and Vim) we can use their values (constants) at m = tua' 
r = r(m^) and V = Vim a)- Moreover, we will assume that the instability 
of the particle a does not have a large effect on its mass, i.e., that V <C m a 
and rriA ~ m a . We also neglect the contribution from the isolated point M Q 
of the mass spectrum discussed in the beginning of this subsection. In most 
cases this contribution is very small. Then, substituting result (114.611) in 
equation ()14.36p . we obtain the decay law for a particle at rest 



4tT 2 



dm 



Te ft 



lmc 2 t 



m b +m c 



r 2 /4 + (m a — m) 2 



14.63) 



For most unstable systems 



r < m a - (m b + m c ) (14.64) 

so we can introduce further approximation by setting the lower integration 
limit in (I14.63[) to — oo. Then the decay law obtains the familiar exponential 
form 



r ~t 

u(t) w e _£ ^ = exp( ) (14.65) 

To 



where 



r = ^ (14.66) 

is the lifetime of the unstable particle. For a particle prepared initially in 
the undecayed state a>(0) = 1, the nondecay probability decreases from 1 to 
e -1 during its lifetime. 

Then using formulas (114.621) . (114.521) and (114.491) we obtain that the decay 
rate ^ 



24 Actually, the parameter T has the dimensionality of mass, so the true decay rate is 
1/to = Tc 2 /h (Hz). The momentum p in (|14.67|) should be calculated as p = r7 _1 (m a ). 
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2nG{r] [m a ))- 



dz 

^V l/nlT/l \|2^ _1 (^ 



, mV\p)V^-r^ (14-67) 

C (32: z=m a 

is proportional to the square of the matrix element of the perturbation V 
between the initial and final states of the system. It is also proportional to 
the "kinematical" factor dr]~ 1 (z)/dz\ z=ma , which is fully determined by the 
three involved masses m a , nib, and m c . In section 114.21 we will consider an 
example of radiative decay, in which one of the two products is a massless 
photon (m c = 0), the kinematical factor has a simple analytical form, and 
the decay rate can be easily evaluated. 

The importance of formulas (j!4.6ip . (j!4.65p . and (I14.67P is that they were 
derived from very general assumptions. We have not used the perturbation 
theoryl^l Actually, the only significant approximation is the weakness of the 
interaction responsible for the decay, i.e., the narrow width V of the resonance 
f)14.64p . This condition is satisfied for all known decays@ Therefore, the 
exponential decay law is expected to be universally valid. This prediction is 
confirmed by experiment: so far no deviations from the exponential decay 
law (I14.65P were observed. 



14.2 Spontaneous radiative transitions 

In the preceding section we discussed rather general properties of the decay 
process. In particular, we have not specified the exact type of the unstable 
system, the form of the decay interaction operator V, and we left the formula 
for the decay constant in an unprocessed form (I14.67p . In this section we 
would like to fill this gap and perform a complete calculation of the decay 
rate for a realistic system - the excited state of a hydrogen atom. 

25 Thus our result is more general than the perturbative Fermi's golden rule. 

26 Approximation (|14.64p may be not accurate for particles (or resonances) decaying due 
to strong nuclear forces. However, their lifetime is very short tq 10~ 23 s, so the time 
dependence of their decays cannot be observed experimentally. 
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14.2.1 The instability of excited atomic states 

We have mentioned already in subsection 114.1.11 that developed decay theory 
applies not only to unstable elementary particles, but also to stationary 27 ! 
states of any compound physical system. Such states are described by irre- 
ducible representations of the Poincare group, so their decay can be described 
in full analogy with particle decays considered in section 114. 11 

Consider the hydrogen atom discussed in subsection 110.3.41 We found 
there that if the full electron-proton interaction is approximated by the 
Coulomb part (I7.94p of the 2nd order Darwin-Breit Hamiltonian in the non- 
relativistic approximation^! 



H 2 =PL + Ji — (14.68) 

2m 2M 4vrr V ; 

This Hamiltonian has a well-defined spectrum of bound stationary states 
with energies less than the dissociation threshold (m + M)c 2 . Consider two 
stationary eigenstates and of this Hamiltonian with different ener- 
gies Ei and Et, respectively^! 



# 2 |^> = Ei\%) 
H 2 \^f) = Ef\^ff) 
Ei > E f 

The interacting representation of the Poincare group associated with the 
Hamiltonian H 2 splits into direct sum of irreducible representations. The 
states and \^f) belong to two different irreducible representations char- 
acterized by eigenvalues Ei / c 2 and Ef/c 2 , respectively, of the total interacting 
mass operatoS M = a/ H 2 — P 2 c 2 . Both states are stationary, so if at time 
t = the system is prepared in the state \^i), then it will stay in this state 
indefinitely. 

27 in the absence of interaction leading to the decay 

28 p e and p p are the electron's and proton's momentum operators, respectively; r = 

29 In addition, the two states are assumed to be eigenstates of the total momentum 
operator P with zero eigenvalues, and \^ f) is the ground state IS 1 / 2 of the atom, i.e., Ej 
is the lowest point of the energy spectrum. 

30 This situation is illustrated in fig. 16.11 
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It is clear that the above description is a crude approximation. The 
Coulomb potential in (I14.68P does not exhaust all relevant interactions in 
the electron-proton system. As we discussed in subsection 110.3.41 there is 
an infinite number of additional smaller interaction terms. In this section 
we will be interested in 3rd order interaction potentials of the type V% = 
eft a' c* da + Sa^dac. If interaction V3 is added to the Hamiltonian H^, the 
states \^fi) and are no longer stationary. The system prepared in the 
high-energy state at time t = decays into two decay products (atom in 
the state plus a photon) at later times0 Thus all excited atomic states 
become unstable and their energy (mass) distributions^] becomes shifted and 
broadened according to the Breit-Wigner resonance formula (114.611) . The 
lowest-energy ground state of the atom cannot decay spontaneously 
with the emission of a photon, simply because there are no any lower energy 
states where to decay. So, the ground state remains stationary with a sharp 
energy (mass). Only the value of its energy (mass) may be shifted due the 
interaction V3. This shift can be calculated via solution of equation (114.471) . 
as shown graphically in fig. 114.21 

Our first goal in this section is to find the 3rd order contribution to 
the S-operator having the desired structure d^a^c^da + d^a^dac. Then we 
will use the correspondence ( 110.331) between the S'-operator and the dressed 
particle Hamiltonian on the energy shell in order to obtain V3 . Next we will 
use approach developed in the preceding section to calculate the radiative 
transition rate between two states of the hydrogen atom. 

14.2.2 The bremsstrahlung scattering amplitude 

To find the d^a^c^da part of the scattering operator in the 3rd order, we use 
the Feynman-Dyson perturbation theory 



31 This is exactly the situation discussed in the preceding section on the example of 
unstable particle a. The particles a,b,c from section fl4.ll are analogs of our states 
1^/), and the emitted photon, respectively. 

32 which are delta-function-like in the absence of interaction V^ 112 





554 



CHAPTER 14. DECAYS AND RADIATION 



d X\d x 2 d x 3 



3\h 3 

tkj^iKO^) + ^(xiKfxO) 

(J v (x 2 )a v (x 2 ) +Jv(x 2 )a v (x 2 )) 
(Jx(x 3 )a x (x 3 ) + Jx(x 3 )a x (x 3 ))} 

Expanding the three parentheses we get 8 terms. The term of the type 
J J J cannot contribute to the electron-proton bremsstrahlung, because it 
lacks proton creation and annihilation operators. Similarly the term with 
three factors J J J does not contribute and should be omitted. Let us first 
consider the three terms J. J J + J J J + J J J. As the order of factors under 
the time-ordering sign is irrelevant, these three terms are equal. So, the 
corresponding contribution to the coefficient function of the S'-operator is 



S 3 JJ (p, q, p', q', s'; a, r, a', r' , k') 

i 

2h 3 c 3 



d xid 4 x 2 d 4 x 3 



ie 3 



J d A Xid i x 2 d 4L x 3 

(0|a q , T rf Pi(j r[(V'(xi)7 M ^(ii)a / "(ii))(^(52)7^(^2)a i/ (52)) 
(^(i3h^(£3)a%x 3 ))]dl, y a{ iy cl,j0) 

Now we should take electron creation operator from one of the factors ip a to 
cancel with the annihilation operator a qiT . This would result in the numerical 
factoiH 



V(2^ eXp( ^'^ K(q ' r) (1469) 

Similarly, we should cancel the electron creation operator aL T , with one 
of the factors ip, the proton annihilation operator d Pt(T with one of the factors 

33 In what follows we will be using Latin indices a, b, c, . . . to indicate spinor components 
and Greek indices fi, v, A, . . . to indicate components of 4-vectors. 
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and the proton creation operator eft , a , with one of the factors \& . This 
can be done in two different ways 



#3 JJ (P, q, P, q', s'; a, t, a', t', k) 

ie 3 f a , 4 , 4 mMc 4 
—7 / a x\d x 2 a x 3 - 



2ft 3 J (27lft) 6 ^/cJqCJq/fipfip/ 

exp(^g • x\) exp(^p ■ x 3 ) exp(-^q' ■ x 2 ) exp(-^p' • x 3 ) 
a n n n 

(0|r[« o (q, r)7;V6(^l)^(^ 1 )? c (^ 2 )7^(q , , r'K(x 2 ) 
+ ^— [ d 4 x\d 4 x 2 d 4 x 3 



2ft 3 J (27T^) 6 v /cJ q CJ q /fipfi p / 

exp(^g • x 2 ) exp(^p ■ x 3 ) exp(--q' • x{) exp(-|p' • x 3 ) 

hah h 

(Om a ( Xl )^ b u b ^, r , )a"(£ 1 )tZ c (q, r) 7 ^(£ 2 K(x 2 ) 

w e (P, ^)7l / w / (p', cr / )a A (^ 3 )]4, ^|0> 

These two terms can be brought into exactly the same form by changing the 
order of factors under the time-ordering sign and by changing the integration 
variables. Next we need to couple the photon creation operator c# , with 
photon quantum fields a^(xi) or a M (x 2 jfj This can be done in two different 
ways and results in two terms 

Si JJ (p, q, p\ q , s'; cr, r, a', r', k) 

ie'xfc f , 4 4 l4 mMc 4 1 

a x\d x 2 a x 3 - 



ft 2 J (2vrn) 6 v /^q' fi P fi P' {2Tihf/ 2 V2^ 

exp(-^s' ■ xx) exp(^g • x x ) exp(^-p • x 3 ) exp(--q' ■ x 2 ) exp(--p' ■ x 3 ) 

h h h h h 

w e (p,a)Y x f Wf(p\a')(0\T[^ b (xi)^ c (x2)a u (x 2 )a x (x 3 )}\0) 
ie 3 \/c f ,a , A ,„ mMc 4 1 



+ — p5 — / d X\d x 2 d x 3 



ft 2 J (27rn)V^q' fi P fi P' {27rft) 3 / 2 V2^ 



34 We use formula (|K. 1|) for the photon fields. The coupling with the field 0^(13) is not 
relevant, because it leads to a disconnected diagram. 
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exp(--^s' • x 2 ) exp(-^g • x x ) exp(^p • x 3 ) exp(-^g • x 2 ) exp(-|p' • x 3 ) 

h h h h h 

«a(q,r) 7 ?7^(q , ,r')e^(s',/ t ') 

«J e (p,a) 7 ^ / (p , ,a , )(0|T[^(5 1 )^(x 1 )V; c (x 2 )a A (x3)]|0) 
Using formulas ( 1 J. T6[) and ( 1K.16j) for propagators we obtain 

S( JJ {p, q, p\ q, s'; a, r, a', r, «') 
d 4 X\d 4 x 2 d 4 x 3 d 4 td 4 r- 



4vr 2 J (2?r/i) V^W^p' (2tt7i) 3 / 2 v / 27 



exp(-^s' • Xi) exp(^g • x\) exp(-^o • x 3 ) expi—^q' ■ x 2 ) exp(-^p ■ x 3 ) 
nan h h 

exp(--f- (xi -x 2 ))exp(-f- (x 2 - x 3 ))u a (q, r^e^s', K')i?u d {q[, r' 

».(p, a) 7A «,,(p , a ) (27rn)6fi _ m2c4 + , ef2 + ze 
ie 3 c 3/2 ^ mMc 4 1 



d Xi<i x 2 rf x 3 d td r 



4tt 2 y (2vr^) 6 v /^q' fi P^p' (27r^) 3 / 2 V / 2i 7 

exp(— -^s' • x 2 ) exp(^g • x x ) expf^p • x 3 ) exp(— ^q' ■ x 2 ) exp(— ^p' ■ x 3 ) 

h h h h h 

exp(--f ■ (xi -x 2 ))exp(-f ■ (x x - x 3 ))u a (q, t)t£ 7„u j 8(q', r')e i/ (s / , k') 
_ / x / / /\ 1 Ac + mc 2 c# mA 

W 7 (p,Cr)7 A W (5 (p ,0" ) 



(2vr/i) 6 t 2 - m 2 c 4 + ie r 2 + ie 



We have succeeded in putting dependence on Xi into exponential factors, 
which can be now integrated using ( 1M.1I) 



Si JJ (p, q, p', q', s'; a, r, a', r', k') 



3 r 3/2 



47T 2 
r4/ ~/ 



d 4 td 4 r 



mMc 4 



V^ATV (2 7 rn) 3 / 2 v / 2s 7 



-s' + q — t)5 4 (—q + t + r)<5 4 (j» — p — r) 
«a(q,r)7?e^(s', K ')7^(q , ,r / ) 



We(p,<x)7A /w /(pVk 



Ac + ™C 2 



t 2 — m 2 c 4 + ier 2 + ie 
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S',K' V 



p ,o 




y 

S',K' 



p ,a 



Figure 14.5: 3rd order Feynman diagrams for the photon emission in 
electron-proton collisions. 



le c 



3„3/2 



d 4 td 4 r 



mMc 4 



47T 2 J ^qCJq/fipfip/ (27V?l) 3 / 2 y/2p 

5 4 (q - t + f)5 4 (-s' -q' + t)5 4 (p -p'-r) 
«a(q ) r)7?7^(q , ,r / )e^(s', K ') 



We(p,(?hl f w f (p,a') 7t 



, , Uc + mc 2 cg^x 



t 2 — m 2 c 4 + ier 2 + ie 



le 



3 c 3/2 mMc 4 



4tt 2 y^qTHpTV (2vr^) 3 / 2 v / 2s 7 



(p — p') 2 + 



/ /\ A' + mc 2 ) bc , cd .. 



jk c \s\K'))uM,r') 



(s' + q') 2 — m 2 c A + ie 
Of course, the same result could be obtained simply by drawing two Feynman 
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diagrams shown in fig. 114.51 and processing them according to Feynman rules 
from subsection 18.2.31 

Now let us assume that the electron and the proton are non-relativistic, 
and simplify the above expression. According to approximations derived in 
Appendix IJ.81 and using p 2 = (p') 2 = m 2 c A , (s') 2 = 







{p-p'f 


« -c 2 (p- 


:§'+ 




2 2 4 

— m c 


= 2s' -q' 




STj 


2 2 4 

— m c 


= -25' -q 


w° 


(p 


, a, p , cr J 








W 


« 



A/cij q u; q /fipfip' ~ Mmc 4 



we obtain 



Si JJ (p, q, P, q, s'; a, r, a', r', k') 
3 s 5/2 1 1 ^(-s' + g + p-p'-gQfr, 



ze c 



^2 



ze 



47T 2 (271^)3/2^ C 2 ( P - P 

Next we use the assumption that the energy and momentum of the emit- 
ted photon is much less than energies and momenta of charged particles. We 
also use Dirac equations (1 J. T3[) . (IJ.740 and non-relativistic approximation 
(1X63]) to writt@ 



w(q,r) Jk' + mc 2 )7 M(q', r) 

w «(q, ^^{qrf + mc 2 )7 u(q', r') 
= w(q, t-)((-^7 1 ' + mc 2 )e M 7 M + 2g tiu q u e^ u((i, r) 

35 Here we used the tilde to write e, although this quantity does not transform as a 
4- vector. 
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= TZ(q, r)((- jq + mc 2 )e^ + 2g ■ e)7 u(q', r') 

= 2M(q,r)(g-e)7 M(q , ,r / ) 

= 2f/ (q,r;q',r / )(g-g) 

w 25 T)T '(g-e) 

«(q,^)7o(/+ /f + mc 2 ) fiu{a[,T') 
= 2f/°(q,T;q',r')(g / -e) 
2<5 T)T / (g' • e) 



Further approximations yield 

s' • g' = cs'u; q / — c 2 (s' • q') ps mc 3 s' 

s' ■ q ~ mc 3 s' 

q ■ e = — c(q ■ e) 

g' • e = — c(q' ■ e) 

Therefor^ 



S 3 W (P, q, P', q', s'; a, r, a', r', k/) 

,3 77 



4tt 2 (27rn) 3 / 2 v / 2s 7 



- , ~ ~, ~ A 5<7<7"5r,r' / g • e g • e 
s +q + p-p -q)- - 

P - P 



I 7,1 . V 



A-n 2 m(2nhf/ 2 ^/2(cs'Y 



S (q + p — p' — q 



q ■ s q ■ s' 

(14.70) 

~, ^(W&r^q' - q) ■ e(s', «') 



(q' - q) ; 



;i4.n) 



This is our final expression for the terms J J J in the scattering operator. 
The contribution from J J J terms can be obtained simply by replacing the 
electron's mass m in (114.711) by the proton's mass M. So, this contribution 
is much smaller and will be neglected. 



The result in (|14.70| can be compared with eq. (7.58) in |297j . 
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14.2.3 The perturbation Hamiltonian 

From this we can find the 3rd order contribution to the dressed particle 
interaction Hamiltonian. The corresponding coefficient function i a^l 



^ 3 (p, q, p', q', s'; cr, r, a', t', k') 

e 3 , , , J aa/ 5 T y(q' - q) • e(s', «') 

5(q + p-p -qj- 



27rm(8vr 3 ^) 3 / 2 v /2(^ 7 )3 (q' - q) 2 

and the operator itself is 

V 3 = ^2 J rfprfqrfp / rfq / rfsV3 W (p,q,p^q^sV,^^^^^^0 a ! 1 ^r' rf ^,^ CT '4^ K ' a q,rrfp, ( T 

utcj't'k! 

(14.72) 

The action of this operator on a two particle (electron+proton) initial state 



is 



%)=Y, f dp"d q "^(p", q ";X,u)a{ f , tU dl„jO} 



V 3 \^i)= / W / dpdqdp'dq'ds%(p,q,p',q',s';a,T,a',r',K') 

(p", q"; A, ^a^yd^^^a^rdp^a^^^O) 

J dp"dq" J dpdqdp'dq'ds'V 3 (p, q, p', q', s'; a, r, a', r', k!) 

^(p'\ q"; \ v) a 4y d \>i,a> c \i,K> 5( & - q")<W(p - p")^a|o) 

J dpdqdp dqds'V 3 {p, q, p', q', s'; er, r, a', r', «/) 



37 The easiest way to check that is to multiply this expression by the energy function 
exponent exp(j-Et) (thus forming the coefficient function for the t-dependent interaction 
operator Vs(t)) and insert this product in the second term on the right hand side of the 
perturbation expansion for the ^-operator (|6.96[) . As expected, these manipulations result 
in (fl4jT|l . 
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^2 / dp'dqds'(^2 / dpdqV 3 (p, q,p',c{,s'; a, t, a', t',k') 
*(p,q; ^r))a^ T ,4 v ,c^,|0) 



where expression in big parentheses is the transformed wave function of the 3- 
particle system (electron+proton+photon). Using (114.721) . this wave function 
can be written as 



*'(p',q',s>VV) 

e 3 



87r 3 m(27r^) 3 / 2 v /2(^ 7 )3 



<Kq + p - p - q ) (q , _ q)2 ^(p> q; °> T ) 

dk— ] - k ' e( l S y h (p> + k, q' - k; a', r') 

mc27r(2vrn) 3 / 2 v /2(^ 7 ) 3 k 2 

By taking a Fourier transform we can switch to the position representation 
for fermions 



*'(x,y,s';aVV) 



(2nh) 3 J * J m87r 3 (27r^ 3 / 2 v /2P 7 ) 3 k 2 

^p' + k.q'-kjoV) 

e 3 1 k • e(s', 



[ dp'dc{eW- k * + ^' +k * I dk- 

■nhy j j ? 



(27rh) 3 J * J m8vr 3 (27r^) 3 / 2 v /2(^ 7 )3 k 2 

*(p',q>\r') 

/ 'dke^- x ) k ' e(S '' K ' i 



m87T 3 (27r^) 3 / 2 v /2(^ 7 ) 3 J k 2 



(2tt7i) 
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e 3 H 2 i(y — x) • e(s', k') 



m{2Tihfl 2 ^2{cs i f 47r|y - x 



This means that the position-space interaction potential between two charged 
particles that leads to the creation of a photon with momentum s' and helicity 
k' is 



Thus we found a 3rd order correction to the interaction between a dressed 
electron and a dressed proton (114.731) . This correction should be added to 
the 2nd order Darwin-Breit Hamiltonian (110.501) . In contrast to 2nd order 
interaction terms, this potential does not conserve the number of particles. 
It is responsible for the emission of photons by an electron moving in the 
field of a heavy protonQ This correction is proportional to the electron's 
acceleration^! 



We can expect that the radiation emission rate should be proportional to the 
square of the matrix element of this operator between appropriate initial and 
final states. Thus we conclude that the total radiated power should depend 
on the square of electron's acceleration a 2 . This is in agreement with the 
well-know Larmor's formula of classical electrodynamics. 

14.2.4 Transition rate 

The perturbation V% 12 is also responsible for radiative transitions between 
energy levels in atoms and other bound systems. In this subsection we are 
going to calculate the rate of such transitions, i.e., the brightness of spectral 
lines. 

38 To maintain the Hermiticity of the full Hamiltonian it must contain also a term, which 
is Hermitian conjugate to V/ J ^ . Apparently, this term is responsible for the absorption of 
photons by the interacting system electron+proton. It can be derived from the 3rd order 
QED scattering operator by steps similar to those used in our derivation of V 3 112 . 

39 See the leading first term on the right hand side of (|12.19jl . 
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The decay constant for the radiative transition between two stationary 
atomic states is obtained from formula (I14.67I)F " 



0W(r,s',K')|*j 



,drj \z) 



dz 



(14.73) 



Using the equality 



[Pe, H 2 



Airr 



itve' 



Airr 3 



and denoting E = Ei — E f = cs' the energy of the emitted photon we obtain 
for the matrix element of the interaction operator 



(%\V 3 (r,s',K')\^ f ) 



Next we use 



ih l ' 2 e 3 



r • efs', k') 



l*7> 



m^/2(27iE) 3 



m 



(%\(p e -e)H 2 -H 2 (p e -e)\^ f ) 
E{%\(p e .e)\* f ) 



im \ u l 
- T [r,H 2 ] 



im \ u l 
- T [re,^] 

m 

Pe - ^P P 
Pe 



to obtain 



40 The derivation in the rest of this section is not complete yet. First, eq. (114. 73j) uses 
the connection between the matrix element of interaction and the decay constant obtained 
in section 114.11 in the case of isotropic interaction, while in our case interaction V3 is not 
isotropic. Second, formula (|14.T3[) should be summed over two possible values (+1 and 
-1) of the helicity k'. 
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{%\V 3 (r, S ',K')\^ f ) 



ei 



E(%\(T-e)H 2 -H 2 (T-e)\* f ) 



h 3 / 2 ^/2( y 2nE) 3 

&{%\(r.e)\9 f ) 



le 



h 3 / 2 ^2(2nE) 
ieyfE 



^2^/2(2^)3 



m(r-e)\* f ) 



(14.74) 



In our case when one of the decay products is massless (m c = 0), and the 
energy of the emitted photon is much smaller than rest energies of the massive 
particles E <C m a c 2 ~ mfoC 2 the explicit form of the function T]~ l (z) can 
be easily obtained from the definition of rj in (114.401) 



m?c 4 + c 2 (s') 2 + cs' 



c(z 2 — mf) 



2z 



dr] 1 (z) 



dz 



c(2z 2 + ml) 



2z 2 



3c 
~2~ 



Putting these results in (114.731) we find that the decay transition rate (mea- 
sured in Hz) is given by the following formula 



Tc 2 12ti 2 E 2 ( ey/E ' " 



h c 3 h \h 3 / 2 ^2{2 

IE 3 

= ^rl^Kd-e)!*,) 



IT) 3 



(*i\(r.e)\* f )\ 



2 



where d = — er is the atom's dipole moment operator. 



14.3 Decay law for moving particles 

In the present section we will derive the exact formula for the time depen- 
dence of the non-decay probability u(8,t) in a moving frame O' . Particular 

41 This condition is satisfied in atomic radiative transitions considered here. 
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cases of this formula relevant to unstable particles with sharply defined mo- 
menta or velocities are considered in subsections 114.3.21 and 114.3.31 respec- 
tively. 

14.3.1 General formula for the decay law 

Suppose that observer O describes the initial state (at t = 0) by the state 
vector |\&). Then the moving observer O 1 describes the same state (at t' = 
t = 0, where t' is time measured by the observer's O' clock) by the vectoi@ 



\V(e,0)) = er K * e \y) 
The time dependence of this state is 



|*(0,O) = e-^ m 'ef K * 9 \ty} (14.75) 

Then, according to the general formula (114.61) . the decay law from the point 
of view of O' is 



uj(e,t') = (^(e,t')\T\^(9,t')) (14.76) 
= \\T\^(9,t'))f (14.77) 

Let us use the basis set decomposition (I14.33[) of the state vector \^f). 
Then, applying eqs 014.751) . 014.251) . and 014.261) we obtain 



|*(0,O> = J dp^(p)e-t Ht 'ef K * 9 \p) 

oo 



mf,+m c 
oo 



dp^(p) / dmfi(m)'y(p,m)e ft WA p* , / — - -|Ap, m) 
J V u p 

mb+rric 



12 



Here we use the Schrodinger picture. 
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The inner product of this vector with |q) is found by using ( 114.34H 



<qlW)> 



UJ p 



dpip(p) J dm/i(m)'y(p,m)e ftWAp (q|Ap, m) 

m b +m c 
oo 

dpi>(j>) J c?m|/i(m)| 2 7(p, m)7*(Ap,m)e~^ WAp ''5(q - Ap)y^— p 

m b +m c 



UJ p 



oc 



l dm I rfr^^./^^^(A" 1 r) 7 (A- 1 r)7*(r)| / u(m)| 2 e-^ ri '5(q-r) 

J J V ^A- X r 

oo 

J d m y^a^,(A- 1 q ) 7 (A- 1 q) m ) 7 * ( q? m ) |^( m ) |2 e - W' 



where we used new integration variables r = Ap. The non-decay probability 
in the reference frame O 1 is then found by substituting (114. 14[) in eq. (114. 76 [) 



u{6,t') 



dq{^(6,t')\ q )( q \^(e,t')) 
dq\(qM9j)) | 2 



<iq 



dm 



<n b +m c 



^^^(A- 1 q) 7 (A- 1 q, m) 7 * (q, m) |^(m) | V^*' 



(14.78) 



which is an exact formula valid for all values of 9 and t'. 



14.3.2 Decays of states with definite momentum 



In the reference frame at rest (8 = 0), formula (114.781) coincides exactly with 
our earlier result (114.351) 
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u(0,t)= / tZq|V(q)| 



dm\fi(m)\ 2 e 



m b +m c 



(14.79) 



In section [T4. II we applied this formula to calculate the decay law of a particle 
with zero momentum. Here we will consider the case when the unstable 
particle has a well-defined non-zero momentum, i.e., the state is described 
by the normalized vector |p) and the wave function 43 ! 



V>(q) = \Mq-p) 

From eq. (114. 79p the decay law of such a state is 



;i4.80) 



dm\jji{m)Y 



'14.811 



m b +m c 



In a number of works [TTl 12981 1299j it was noticed that this result disagrees 
with Einstein's time dilation formula ( 11.231) . Indeed, if one interprets the 
state |p) as a state of unstable particle moving with definite speed 



2 

c p 

A/m^c 4 + p 2 c 2 
= c tanh 9 

then the decay law (114.811) cannot be connected with the decay law of the 
particle at rest (114. 36p by Einstein's formula (1I.23|) 



W| p )(0,t) ^ a;|o)(0,t/coshfl) (14.82) 

This observation prompted authors of [13, 1298j 1299] to question the applica- 
bility of special relativity to particle decays. However, at a closer inspection 



Recall the definition of the normalized vector |p) from subsection 1 1 4 . 1 . 31 
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it appears that this result does not challenge the special-relativistic time dila- 
tion (II. 23 j) directly. Formula (114.821) is comparing decay laws of two different 
eigenstates of momentum |0) and |p) viewed from the same reference frame. 
This is quite different from (1I.23j) which compares observations made on the 
same particle from two frames of reference moving with respect to each other. 
If from the point of view of observer O the particle is described by the state 
vector |0) which has zero momentum and zero velocity, then from the point 
of view of O' this particle is described by the state 



ef K9 \0) (14.83) 

which is not an eigenstate of the momentum operator P . So, strictly speak- 
ing, formula f 1 1 4 . 8 1 j) is not applicable to this state. However, it is not difficult 
to see that (114. 83p is an eigenstate of the velocity operator |300] . Indeed, tak- 
ing into account V x \0) =0 and eqs. (14.31) - (14.41) . we obtain 



V x ef K *°\0) 



efKx e e - fKx 8 fKx 



'10) 



e ft 



i£.K qVx — ctanh6* 



V x tanh 9 



0) 



-ctanh#e^ e |0) 



14.84) 



A fair comparison with the time dilation formula (II.23P requires consideration 
of unstable states having definite values of velocity for both observers. 



14.3.3 Decay law in the moving reference frame 

Next we are going to calculate the decay law of states with definite velocity in 
different reference frames using eq. (114.781) . Unfortunately exact evaluation 
of eq. (114.78)) for 9 ^ is not possible, so we need to make approximations. 
To see what kinds of approximations may be appropriate, let us discuss 
properties of the initial state G 7i a in more detail. First, in all realistic 
cases this is not an exact eigenstate of the total momentum operator: the 
wave function of the unstable particle is not localized at one point in the 
momentum space (as was assumed, for example, in (114.801) ) but has a spread 
(or uncertainty) of momentum |Ap| and, correspondingly an uncertainty of 
position | Ar | h/\Ap\. Second, the state \^/) G H a is not an eigenstate 
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of the mass operator M. This state is characterized by the uncertainty of 
mass T (see Fig. |14.4[) that is related to the lifetime of the particle tq by 
formula (114.66)) . It is important to note that in all cases of practical interest 
the mentioned uncertainties are related by inequalities 



|Ap| > Tc (14.85) 
|Ar| < cr (14.86) 

In particular, the latter inequality means that the uncertainty of position 
is mush less than the distance passed by light during the lifetime of the 
particle. For example, in the case of muon tq ~ 2.2 ■ lCT 6 s and, accord- 
ing to (114.861) . the spread of the wave function in the position space must 
be much less than 600m, which is a reasonable assumption. Therefore, we 
can safely assume that the factor \/i(m)\ 2 in (114.781) has a sharppeak near 
the value m = m a . Then we can move the value of the smooth_| function 
^/^ a ^(Aq)7(Aq, 771)7* (q, m) at m — m a outside the integral on m 



cu(9,t') 
dq 



It 



lp(A X q)7(A 1 q,m a )7*(q,m a ) 



dm\/j,(m)\ 2 e &' 



1„M2 



dm\n{m)\ 2 e hL 



m b + m c 



in b +m c 
2 



dp\ip{p) 



dm\ix{m)\ 2 e hL 



m b +m c 



(14.87) 



where Ap is given by eq. (114.271) and Lp = (p x cosh 9 + ^-smh9,p y ,p z ). 
This is our final result for the decay law of a particle in a moving reference 
frame. 



44 



see discussion after eq. (|14. 
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14.3.4 Decays of states with definite velocity 



Next we consider a state which has zero velocity from the point of view of 
observer O. The wave function of this state is localized near zero momentum 
p = (and zero velocity). So, we can set in eq. ( 114.87)1 ^1 



14.88) 



and obtain 



^|o)( 



t') 



dm\fj,(m)\ e 



2 -^-y/m 2 c 4 +mlc 4 sinh 2 6 



m b +m c 



14.89) 



If we approximately identify m a c sinh 9 with the momentum p of the particle 
a from the point of view of the moving observer 0@ then 



u\ Q) (9,t') 



dm\fi( 



iii,)\ 2 e ^ p *' 



m b +m c 



14.90) 



So, in this approximation the decay law (I14.9QH in the frame of reference 
O' moving with the speed ctanh# takes the same form as the decay law 
f 1 1 4 . 8 1 [) of a particle moving with momentum m a c sinh 9 with respect to the 
stationary observer 0@ 



14.4 "Time dilation" in decays 

It is shown in Appendix 11.51 that in special relativity decays of fast mov- 
ing particles slow down according to the universal formula fll. 23 j) . As we 



45 As we mentioned in the preceding subsection, in reality this state is not exactly an 
eigenstate of momentum (velocity) |0). However, its wave function is still much better 
localized in the p-space than the slowly varying second factor under the integral in ([14.8711 , 
so, approximation ([14.88P is justified. 

46 From the point of view of this observer particle's velocity is « ctanh6>. 

47 Note the contradiction between this result and conclusions of ref . [300) . 
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demonstrated in chapter [TT], the fundamental Assertion 11.11 (the universality 
of Lorentz transformations) of special relativity is questionable. In this sec- 
tion we will show that this implies an approximate character of the "time 
dilation" formula (1I.23j) . 



14.4.1 Numerical results 

In this subsection we will calculate the difference between the accurate quan- 
tum mechanical result (114. 90p and the special-relativistic time dilation for- 
mula flL23l) 



^fo?(M = ^|o) (o, ^) (14.91) 

In this calculation we will assume that the mass distribution \fi(m)\ 2 of the 
unstable particle has the Breit-Wigner fornj^l 



aY/2-w r ^ . 

r V4 +(m-m a )* ' ifm>m b + m c 
Hm)\ 2 ={ (14.92) 

0, if m < nib + m c 

where parameter a is a factor that ensures the normalization to unity 



oo 

J Hm)\ 2 = l 

m b +m c 

The following parameters of this distribution were chosen in our calculations. 
The mass of the unstable particle was m a = 1000 MeV/c 2 , the total mass of 
the decay products was m h + m c = 900 MeV/c 2 , and the width of the mass 
distribution was T= 20 MeV/c 2 . These values do not correspond to any real 
particle, but they are typical for strongly decaying baryons. 

It is convenient to measure time in units of the lifetime To cosh 9. Denoting 
X = t/(r cosh 9), we find that special-relativistic decay laws (114.911) for any 
rapidity 9 are given by the same universal function u (x). This function 



see eq. (|14.61[) and Fig. 114.41 
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Figure 14.6: Corrections to the Einstein's "time dilation" formula (1I.23j) 
for the decay law of unstable particle moving with the speed v = ctanh^. 
Parameter x is time measured in units of r / cosh#. 

was calculated for values of \ in the interval from to 6 with the step of 0.1. 
Calculations were performed by direct numerical integration of eq. (114.79)) 
using the Mathematica program shown below 

gamma = 20 
mass = 1000 
theta =0.0 

Do [Print [(1/0. 9375349) Abs [NIntegrate [gamma/ (2 Pi) / (gamma~2/4 +(x 
- mass) "2) Exp[ I t Sqrt [x~2 + mass~2 (Sinn [theta]) "2] Cosh 
[theta] / gamma], {x, 900, 1010, 1100, 300000}, MinRecursion -> 3, 
MaxRecursion -> 16, PrecisionGoal -> 8, WorkingPrecision -> 18]]~2], 
it, 0.0, 6.0, 0.1}] 

As expected, function ui (x) (shown by the thick solid line in Fig. 114.6)) 
is very close to the exponent e~ x . Next we used eq. (114.791) and the above 
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Mathematica program to calculate the decay laws lo\q\{6,x) of moving par- 
ticles for three values of the rapidity parameter 9 (=theta), namely 0.2, 
1.4, and 10.0. These rapidities correspond to velocities of 0.197c, 0.885c, 
and 0.999999995c, respectively. Our calculations qualitatively confirmed the 
validity of the special-relativistic time dilation formula (114. 91 j) to the accu- 
racy of better than 0.3%. However, they also revealed important differences 
u\o)(0, x) — ^ (x) which are plotted as thin lines in Fig. 114.61 

The lifetime of the particle a considered in our example (tq ~ 2 x 10~ 22 
s) is too short to be observed experimentally!^! So, calculated corrections to 
the Einstein's time dilation law have only illustrative value. However, from 
these data we can estimate the magnitude of corrections for particles whose 
time-dependent decay laws can be measured in a laboratory, e.g., for muons. 
Taking into account that the magnitude of corrections is roughly proportional 
to the ratio T/m a [T7J I299j and that in our example T/m a = 0.02, we can 
expect that for muons (r « 2 x 10~ 9 eV/c 2 , m a « 105MeV/c 2 , T/m a « 
0.02 x 10~ 15 ) the maximum magnitude of the correction should be about 
2 x 10~ 18 which is much smaller than the precision of modern experiments!^*! 

In a broader sense our results indicate that clocks viewed from the moving 
reference frame do not go exactly cosh 6 slower, as special relativity predicts. 
The exact amount of time dilation depends on the physical makeup of the 
clock and on interactions responsible for the operation of the clock. However, 
experimental confirmation of this effect requires a significant improvement 
of existing experimental techniques. 



14.4.2 Decays caused by boosts 

Recall that in subsection 16.2.21 we discussed two classes of inertial transforma- 
tions of observers - kinematical and dynamical. According to the Postulate 
lll.2| space translations and rotations are kinematical, while time translations 
and boosts are dynamical. Kinematical transformations only trivially change 
the external appearance of the object and do not influence its internal state. 
The description of kinematical space translations and rotations is a purely 
geometrical exercise which does not require intricate knowledge of interac- 

49 Unstable nuclear resonances are identified experimentally by the resonance behavior 
of the scattering cross-section as a function of the collision energy, rather than by direct 
measurements of the decay law. 

50 Most accurate measurements confirm Einstein's time dilation formula with the preci- 
sion of only 10" 3 pOTl 1302], 
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tions in the physical system. This conclusion is supported by observations 
of unstable particles: For two observers in different places or with different 
orientations, the non-decay probability of the particle has exactly the same 
value. 

On the other hand, dynamical transformations depend on interaction and 
directly affect the internal structure of the observed system W\ The dynamical 
effect of time translations on the unstable particle is obvious - the particle 
decays with time. Then the group structure of inertial transformations in- 
evitably demands that boosts also have a non-trivial dynamical effect on the 
non-decay probability. However, this rather obvious property is violated in 
special relativity, where the internal state of the system (i.e., the non-decay 
probability uj in our case) is assumed to be independent on the velocity of 
the observer 1^1 This independence is often believed to be self-evident in 
discussions of relativistic effects. For example, Polishchuk writes 

Any event that is "seen" in one inertial system is "seen" in all 
others. For example if observer in one system "sees" an explosion 
on a rocket then so do all other observers. R. Polishchuk [303J 

Applying this statement to decaying particles, we would expect that different 
moving observers (independent on their velocities) at the same time measure 
the same non-decay probability. In particular, at time t = we should have 



u(0,O) = l (14.93) 

for all 9. Here we are going to prove that these expectations are incorrect. 

Suppose that special- relativistic eq. (114.931) is valid, i.e., for any e 7i a 
and any 9 > 0, boost transformations of the observer do not result in decay 



u{9,0) = 1 

Then the subspace 7i a is invariant under action of boosts e^ Kxd , which means 
that operator K x commutes with the projection T on the subspace 7i a . Then 



see subsection lll.3.51 
see Appendix 11.51 



14.4. "TIME DILATION" IN DECAYS 



575 



from the Poincare commutator ( 13.571) and [T, (-Po)z] — it follows by Jacobi 
identity that 



[T,H] = — [T,[K x ,(P ) g ]] 

= l -^[K x ,[T,(P ) x }]-^[(P ) x ,[T,K x }} 
= 

which contradicts the fundamental property of unstable states (114. 10p . This 
contradiction implies that the state e^ Kx9 \^l) does not correspond to the 
particle a with 100% probability. This state must contain contributions from 
decay products even at t — 



€ T K * e \m) £ H a (14.94) 
u(6,0) < 1, /or MO (14.95) 

This is the "decay caused by boost", which implies that special-relativistic 
equations (1I.23j) and (114.931) are not accurate, and that boosts of the observer 
have a non-trivial effect on the internal state of the unstable system. 

Assumption (114.931) is often considered to be self-evident. For example, 
it is common to make the following assertion: 

Flavor is the quantum number that distinguishes the different 
types of quarks and leptons. It is a Lorentz invariant quantity. 
For example, an electron is seen as an electron by any observer, 
never as a muon. C. Giunti and M. Lavender [77] 

Although this statement about the electron is correct (because the electron 
is a stable particle), it is not true about the muon. According to (I14.94|) 
an unstable muon can be seen as a single particle by the observer at rest 
and as a group of three decay products (an electron, a neutrino and an 
antineutrino u e ) by the moving observer. 

In spite of its fundamental importance, the effect of boosts on the non- 
decay probability is very small. For example, our rather accurate approx- 
imation (I14.87P fails to "catch" this effect. Indeed, for t = this formula 
predicts 
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u(9,0) = j dplV(p)! 1 



2 

dm\fi(m)\' 



oo 

2 



= 1 

instead of the expected u>(9, 0) < 1. 

14.4.3 Particle decays in different forms of dynamics 

Throughout this section we assumed that interaction responsible for the de- 
cay belongs to the Bakamjian-Thomas instant form of dynamics. However, as 
we saw in subsection 16.3.61 the Bakamjian-Thomas form does not allow sep- 
arable interactions, so, most likely, this is not the form preferred by nature. 
Therefore, it is important to calculate decay laws in non-Bakamjian-Thomas 
instant forms of dynamics as well. Although no such calculations have been 
done yet, one can say with certainty that there is no form of interaction in 
which special-relativistic result (114. 91[) is exactly valid. This follows from the 
fact that in any instant forms of dynamics boost operators contain interac- 
tion terms, so the "decays caused by boosts" (see subsection 114.4.21) - which 
contradict eq. (114.911) - are always present. 

What if the interaction responsible for the decay has a non-instant form? 
Is it possible that there is a form of dynamics in which Einstein's time dilation 
formula (II. 23[) is exactly true? The answer to this question is No. Let us 
consider, for example, the point form of dynamicsl^l In this case the subspace 
TC a of the unstable particle is invariant with respect to boosts, [(K ) x , T] = 
so there can be no boost-induced decays (I14.94[) . However, we obtain a rather 
surprising relationship between decay laws of the same particle viewed from 
the moving reference frame to(9,t) and from the frame at rest tu(Q,tf^ 



u (6,t) = (Q\e-^ K ^ e e^ Ht Te-^ Ht e^ K ^ ce \Q) 
= (Q\e-^ K ^ ce e^ Ht e^ Ko)xc6 e-^ K ^ 
= (O|e"^ ( ^ o):cc9 e* m e* ( ^ o):cC0 Te-^ ( ^ o):cCe e-^ m e* ( ^ o):cc9 |O) 
53 see subsection 16.3.31 

54 In this derivation we assume that the state of the particle at rest \^f) is an eigenvector 
of the interacting momentum operator PI'S) =0. 
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(0 1 e ^ ( H cosh e+cPx sinh e ) Te~ % ( H cosh 6,+cP;c sinh e ) 1 0) 

(0\e% Hcoshd Te-% Hcoshd \0) 

uj(0,tcosh9) 



where the last equality follows from comparison with eq. (114.91) . This means 
that the decay rate in the moving frame is cosh# times faster than that in 
the rest frame. This is in direct contradiction with experiment. 

The point form of dynamics is not acceptable for the description of de- 
cays for yet another reason. Due to the interaction-dependence of the total 
momentum operator (II 1 .33j) . one should expect decays induced by space 
translations^ 



e i p * a \ty) £ H a , for a^O (14.96) 

Translation- and/or rotation-induced decays are expected in all forms of dy- 
namics (except the instant form). This is in contradiction with our expe- 
rience, which suggests that the composition of an unstable particle is not 
affected by these kinematical transformations. Therefore only the instant 
form of dynamics is appropriate for the description of particle decays. 



compare with subsection 111.2.71 
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Chapter 15 
SUMMARY 



Don't worry about people stealing your ideas. If your ideas are 
any good, you'll have to ram them down people's throats. 

Howard Aiken 



In this book we suggested basic ideas of a new approach to relativity 
and quantum field theory. This approach allows us to unify quantum and 
relativistic ideas in a non-contradictory way. It provides a foundation for a 
new theory of electromagnetic interactions of charged particles and photons 
which is free of ultraviolet divergences. In addition to the correct descrip- 
tion of scattering and bound states, this theory is capable to predict the 
time evolution of particles in the region of interaction. In particular, the 
classical limit of this approach leads to a field-less electrodynamics, which 
solves a number of paradoxes characteristic to Maxwell's theory. Moreover, 
a formulation of a consistent quantum theory of gravity becomes possible as 
well. 

Our approach is based on two fundamental physical principles. These 
principles are not new; we just offered their new interpretations. First is the 
principle of relativity. In spite of widely held beliefs, this principle implies 
that the concepts of Minkowski spacetime and manifest covariance are not 
exact and should be avoided in a rigorous theory. The second principle is 
that physical systems are made of particles rather than (quantum) fields. The 
quantum relativistic dynamics of multiparticle states is described by speci- 
fying a unitary representation of the Poincare group in the Fock space. It is 
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possible to interpret particle interactions in terms of instantaneous position- 
and momentum-dependent potentials. These potentials can change the num- 
ber of particles in the system as well. 

The theory developed here is based on a few loosely defined postulates 
scattered throughout the text. In table [T5TT1 we collect all these postulates 
in one place for easy reference 



Table 15.1: Postulates of relativistic quantum dynamics (RQD) 



Reference 


Postulate 


[on 


Unlimited precision of measurements 


ii.ii 


The principle of relativity 


fT51 


The Poincare group 


12JJ 


The reproducibility of measurements in some ensembles 


12.111-12.391 


Postulates of quantum logic 




Properties of compound systems 


|63| 


Cluster separability of interactions 


111.21 


Instant form of dynamics 


|9.2| 


Charge renormalization condition 


110.11 


Stability of vacuum and one-particle states 



Four major advantages of our approach are 

• It does not require effective field theory arguments, such as strings or 
Planck-scale space-time "granularity", in order to explain ultraviolet 
divergences and renormalization. 

• It is simple. Theoretically the RQD approach is not much different 
from ordinary quantum mechanics, the major difference being the al- 
lowance for the processes of particle creation and annihilation. The 
time evolution, scattering, bound states, etc. can be calculated ac- 
cording to usual rules of quantum mechanics without regularization, 
renormalization, and other tricks. 

• It operates only with observable quantities (particle observables and di- 
rect inter-particle interactions) without the use of non-observable bare 
and virtual particles and fields. 
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• It goes beyond the S'-matrix description of physical processes and al- 
lows us to predict the time evolution and boost transformations of 
observables. 

There are two experimental predictions of the new theory which deserve 
to be mentioned. 

In the framework of RQD we demonstrated that Einstein's special rela- 
tivity is wrong about the universality of the time dilation effect. It is true 
that for a moving observer the processes in a physical system at rest appear 
to run slower. However this slowing-down is not a universal effect as postu- 
lated by special relativity, but depends on the physical nature of the process 
and on involved interactions. We explicitly calculated the effect of "time 
dilation" on the decay law of an unstable particle observed from a moving 
reference frame. We found small, but fundamentally important, corrections 
to the Einstein's time dilation formula. A similar effect (a non-Einsteinian 
speed dependence of the oscillation period) should be also visible in neutrino 
oscillation experiments |3UUj . Unfortunately, the magnitudes of these effects 
are much smaller than the resolution of modern measuring techniques. 

In RQD we also found that electromagnetic interactions between charged 
particles propagate instantaneously. These direct inter-particle interactions 
can be observed in experiments as near-field or evanescent "waves". Some 
recent experimental data can be interpreted as a confirmation of the RQD 
prediction that evanescent waves propagate superluminally. This action-at-a- 
distance does not contradict the principle of causality, when the interaction 
dependence of boosts is properly taken into account. New precise experi- 
ments are needed to confirm unambiguously that the speed of propagation 
of the Coulomb and magnetic forces (=evanescent waves) exceeds the speed 
of light. 

It is important to mention one important disadvantage of the RQD ap- 
proach to interactions. In the traditional QFT approach, there is a well- 
defined set of rules (they include, most importantly, the gauge invariance 
and renormalizability) which allows one to single out a rather narrow class 
of field-theoretical Lagrangians. Somewhat surprisingly these Lagrangians 
describe interactions (electro-weak and strong) in a good agreement with ex- 
periments. At least, the corresponding S- matrices can be computed (in prin- 
ciple) in all orders of the perturbation theory. A similar situation is found 
in general relativity: Einstein's equation for the curvature tensor provides 
a non-perturbative framework whose predictions agreed with experiments in 
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all situations studies so far. 

The RQD approach discards as non-physical the notions of quantum fields 
and curved space-time. By doing that, RQD also loses the possibility to for- 
mulate interaction Hamiltonians non-perturbatively in a closed form. Yes, we 
can write few low-order terms in RQD Hamiltonians for electromagnetic and 
gravitational interactions. However, RQD does not provide an algorithm by 
which higher order terms can be calculated. It appears that two fundamental 
principles of RQD - the relativistic invariance and cluster separability - are 
not restrictive enough. There are just too many ways to build relativistic 
cluster separable theories. Most of these possible theories have nothing to do 
with physical world. It would be of great interest to find additional physical 
principles (e.g., some analog of the gauge invariance) that would allow us 
to limit the number of possible RQD theories, so that, hopefully, only those 
interaction types are left, which are seen in nature. 



Part III 

MATHEMATICAL 
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Appendix A 

Sets, groups, and vector spaces 



A.l Sets and mappings 

A mapping f : A — > B from set A to set B is a function which associates 
with any a E A a, unique element b G B. The mapping is one-to-one if 
/(a) = /(a') =>- a = a' for all a, a' e A. The mapping is onto if for any b & B 
there is an a e A such that /(a) = 6. The mapping / is called bijective if 
it is onto and one-to-one. The mapping f^ 1 : B — > A inverse to bijection 
f : A ^ B (i.e., = x) is also a bijection. 

Direct product A x B of two sets A and 5 is a set of all ordered pairs 
(x, y), where x e A and y <E B. 

A. 2 Groups 

Group is a set where a product ab of any two elements a and 6 is defined. 
This product is also an element of the group and the following conditions are 
satisfied: 

1. associativity: 

(ab)c = a(bc) (A.l) 

2. there is a unique unit element e such that for any a 

ea = ae = a (A. 2) 
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•o° 



• -90° 



o90° 



• 180° 



(a) 



(b) 



Figure A.l: (a) Square; (b) the group of (rotational) symmetries of the 
square. 

3. for each element a there is a unique inverse element a -1 such that 



aa 



a l a 



(A.3) 



In many cases a group can be described as a set of transformations pre- 
serving certain symmetries. Consider, for example, a square shown in fig. 
IA. 11 (a) and the set of rotations around its center. There are four special 
rotations (by the angles 0°, 90°, 180°, —90°) which transform the square into 
itself. This set of four elements (see fig. lA.lf b)) is the group of symme- 
tries of the squareQ Apparently, 0° is the unit element of the group. The 
composition law of rotations leads us to the multiplication table lA.ll and the 
inversion table IA.2l for this simple group. 

The group considered above is commutative (or Abelian) . This means 
that ab = ba for any two elements a and b in the group. However, this 
property is not required in the general case. For example, it is easy to see 
that the group of rotational symmetries of a cube is not Abelian. 



Actually, this 4-element group is just a subgroup of the total group of symmetries. 
(A subgroup H of a group G is a subset of group elements which is closed with respect 
to group operations, i.e., e £ H and if a, b £ H then ab, ba, a" 1 , b^ 1 £ H ) For example, 
inversion with respect to the x-axis also transforms the square into itself. Such inversions 
cannot be reduced to combinations of rotations, so they do not belong to the subgroup 
considered here. 
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Table A.l: Multiplication table for the symmetry group of the square 





0° 


90° 


180° 


-90° 


0° 


0° 


90° 


180° 


-90° 


90° 


90° 


180° 


-90° 


0° 


180° 


180° 


-90° 


0° 


90° 


-90° 


-90° 


0° 


90° 


180° 



Table A. 2: Inversion table for the sy mmetry group of the square 



element 


inverse element 


0° 


0° 


90° 


-90° 


180° 


180° 


-90° 


90° 



Group homomorphism is a mapping h : G\ — > G 2 which preserves group 
operations. A mapping which is a bijection and a homomorphism at the 
same time is called isomorphism. 

A. 3 Vector spaces 

A vector space if is a set of objects (called vectors and further denoted by 
boldface letters x) with two operations: addition of two vectors and multi- 
plication of a vector by scalars. In this book we are interested only in vector 
spaces whose scalars are either complex or real numbers. If x and y are two 
vectors and a and b are two scalars, then 

ax + by 

is also a vector. A vector space forms an Abelian group with respect to vector 
additions. This means associativity 



(x + y) + z = x+ (y + z), 
existence of the group unity (denoted by and called zero vector) 
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x+0=0+x=x 
and existence of the opposite (additive inverse) element denoted by — x 

x+ (-x) = 0, 

In addition, the following properties are postulated in the vector space: 
The associativity of scalar multiplication 

a(foc) = (a6)x 
The distributivity of scalar sums: 

(a + 6)x = ax + 6x 
The distributivity of vector sums: 

a(x + y) = ax + ay 
The scalar multiplication identity: 

lx = x 

We leave it to the reader to prove from these axioms the following useful 
results for an arbitrary scalar a and a vector x 

Ox = aO = 

(— a)x = a(— x) = —(ax) 
ax = 0=^a = 0orx = 

An example of a vector space is the set of all columns of n numbers^] 



2 If Xi are real (complex) numbers then this vector space is denoted by W 1 (C™) 
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X\ 

x 2 

The sum of two columns is 



x 1 




Vi 




xi + yi 




+ 






X 2 +V2 


•En 




. Vn . 







The multiplication of a column by a number A is 



A 



X\ 




\Xi 


x 2 




\x 2 






Xx n 



A set of nonzero vectors {xj} is called linearly independent if from 

ajXj = o 

i 

it follows that a« = for each i. A set of linearly independent vectors Xj is 
called basis if by adding arbitrary nonzero vector y to this set it is no longer 
linearly independent. This means that equation 

i 

now has a solution in which not all ao and a« are zero. First we conclude that 
ao 7^ 0, because otherwise we must have a« = for all %. This means that we 
can express an arbitrary vector y as a linear combination of basis vectors 
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y = - ~ Xi = ViKi ( A - 4 ) 

i ^ « 

Note that any vector y has unique components y, t with respect to the basis 
Xj. Indeed, suppose we found another set of components y[, so that 



i 

Then subtracting flA.51) from flA.4j) we obtain 



(A.5) 



i 

and y[ = yi since Xj are linearly independent. 

The number of vectors in any basis is the same and is called the dimension 
of the vector space V (denoted dim^/). The dimension of the space of n- 
member columns is n. An example of a basis set in this space is given by n 
vectors 



" 1 " 




" " 




' " 







1 


•>••••> 















1 



A linear subspace is a subset of vectors in H which is closed with respect 
to addition and multiplication by scalars. For any set of vectors X!,x 2 , . . . 
there is a spanning subspace (or simply span) Span(xi,X2, . . .) which is the 
set of all linear combinations Yli a i x « with arbitrary coefficients a^. A span 
of a non-zero vector Span(x) is also called ray. 



Appendix B 

The delta function and useful 
integrals 

The delta function S(x) is denned by the property of the integral 

a 

J f(x)S(x)dx = /(0) 

— a 

where f(x) is any smooth function, and a > 0. Another useful property is 

5(ax) = —S(x) 
a 

The delta function of a vector argument is defined as 

8(v) = 8(x)5(y)5(z) 

Among different integral representations of S(r) the one used frequently in 
this book is 

^ = (B.1) 

The step function 9(t) is defined as 
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^ '' 1 0, otherwise (^-2) 



It has the following integral representation 



oo 

i r p —ist 

6(t) = — - / ds- (B.3) 



-oo 



Consider integral 



7T 27T OO ■ 1 OO 

dv f f f pjrpr cos 9 r p 

— e ^ r = I sin 0(20 d<j> r 2 dr = 2tt / dz \ drre^ prz 

-10 

en pr — e~n pr Airh f . pr 



2ixh~ I rdr = / drsini 

ipr p J n 



o o 

OO 

Arch 2 f , . , s Anh 2 , , , Anti 



p 2 



f i / \ Anh 2 . , . Anh 2 

/ dpsm(p) = — (cos(oo) — 008(0)) = — — {"-V 

J p p 2 







We will often meet integral 



e i(p-x+q-y) 

K = I dxdy- 



x 



First we change the integration variables 



x = -(z + t) 

y = ^(z-t) 
y = t 



■"■It is not at all clear why one can set cos(oo) = in this derivation. My guess is 
that when this integral appears in applications one can make an argument that the plane 
wave en pr in the integrand does not have an infinite extension. It probably has a smooth 
damping factor that makes it tend to zero at large values of r, so that cos(oo) can be 
effectively taken as zero. 
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The Jacobian of this transformation is 



J 



<9(x,y) 



9(z,t) 



Then, using integrals (IB. 1[) and (IB. 41) . we obtain 



K 



dtdz 



— / dtdz 



e'2h 



(p.(z+t)+q-(z-t)) 



e ^(z-(p+q)+t-(p-q)) 



(27T^) 3 5(p + q) I dt 
{2ixhf 6(p + q) 

27T 2 /z p 2 



e ^t-(p-q) 



Other useful integrals are 



(B.5) 
(B.6) 
(B.7) 
(B.8) 



dk 



(2tt^) 3 J k 2 
dkk 



-eft 



k 2 



kr 



kr 



(2vr/^ 



dkq - [k x p] , kr 

fc 2 



47r^, 2 r 
z/i d 



Airh dr r ' 
ir 



Anhr 3 

zq • [r x p] 



dk 



(27rh) 3 dr J k 2 
i d ,L 



kr 



(B.9) 



(B.10) 
(B.H) 



1 



(27Th) 3 
1 

(27r£) 3 



rfk(q-k)(p-k) i kr 

p h 

fc 4 

dk(p-k)(q-k) ^ 

fc 2 



1 



(2nh) 3 J fc 4 



dk » 



-eft 



kr 



1 [(q . p) _(qj^ 



8irh 2 r 
1 



47rr 3 



[(p ■ q) - 3 



vP ■ r)(q- r) 



(B.12) 



+ g(p-q)5(r) 



£- 



8rrh 4 



(B.13) 
(B.14) 
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where £ is an infinite constant (see [57]). 



Lemma B.l (Riemann-Lebesgue [304J) Fourier image of a smooth func- 
tion tends to zero at infinity. 

When talking about smooth functions in this book we will presume that 
these functions are continuous, can be differentiated as many times as needed, 
and do not contain singularities. 




(B.15) 



Appendix C 



Some theorems for 
orthocomplemented lattices. 

From axioms of orthocomplemented latticed one can prove a variety of useful 
results 

Lemma C.l 

z <x Ay z < x (C.l) 

Proof. From 12.111 x A y < x, hence z < x A y < x and by the transitivity 
property 12.81 we obtain z < x. ■ 

Lemma C.2 

x <y <^ x Ay = x (C.2) 

Proof. From x < y and x < x it follows by 12.121 that x < x A y. On the 
other hand, x Ay < x (12.111) . Lemma I27H then implies x Ay = x. The reverse 
statement follows from 12. lH written in the form 

xAy<y (C.3) 

If x A y = x, then we can substitute the left hand side of ( 1C.3I) with x and 
obtain the left hand side of eq. (1C.2I) ■ 

Hhey are summarized in Table [27T1 
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Lemma C.3 For any proposition z 



x < y =^ x A z < y A z (C.4) 

Proof. This follows from x A z < x < y and x A z < z by using Postulate 
12321 ■ 

One can also prove equations 



x Ax = x (C.5) 

0Ax = (C.6) 

lAx = x (C.7) 

X = X (C.8) 

which are left as an exercise for the reader. 

Proofs of lemmas and theorems for orthocomplemented lattices are facili- 
tated by the following observation: Given an expression with lattice elements 
we can form a dual expression by the following rules: 

• 1) change places of A and V signs; 

• 2) change the direction of the implication signs <; 

• 3) change to X, and change X to 0. 

Then it is easy to see that all axioms in Table 4.1 have the property of duality: 
Each axiom is either self-dual or its dual is also a valid axiom. Therefore, for 
each logical (in)equality, its dual is also a valid (in)equality. For example, by 
duality we have from (jCTIi (j(l2]h and flCUD - <$Q~M 



x\/ y < z 


=3- X < z 


x < y 


x V y = y 


y < x 


=>• y\/z<xVz 


x V x 


= X 


XV x 


= X 


Vi 


= X 


l 1 


= 



Appendix D 



The rotation 



group 



D.l Basics of the 



3D space 



Let us now consider the familiar 3D position space. This space consists of 
points. We can arbitrarily select one such point and call it origin. Then we 
can draw a vector a from the origin to any other point in space. We can also 
define a sum of two vectors by the parallelogram rule (see Fig. ID. If) and the 
multiplication of a vector by a real scalar. There is a natural definition of the 
length of a vector |a| (also denoted by a) and the angle a(a, b) between two 
vectors a and b. Then the dot product of two vectors is defined by formula 



Two non-zero vectors are called perpendicular or orthogonal if their dot prod- 
uct is zero. 

We can build an orthonormal basis of 3 mutually perpendicular vectors 
of unit length i, j and k along x, y, and z axes respectively!]] Then each 
vector a can be represented as a linear combination 



1 Let us agree that the triple of basis vectors (i,j,k) forms a right-handed system as 
shown in Fig. ID. II Such a system is easy to recognize by the following rule of thumb: If 
we point a corkscrew in the direction of k and rotate it in the clockwise direction (from i 
to j), then the corkscrew will move in the direction of vector k. 





a 
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Figure D.l: Some objects in the vector space M 3 : the origin 0, the basis 
vectors i, j, k, a sum of two vectors a + b via parallelogram rule. 

or as a column of its components or coordinates^ 



The transposed vector can be represented as a row 



\fl x/) CLy, CL Z ~\ 



One can easily verify that the dot product fID.ll) can be written in several 
equivalent forms 



b ■ a = 2j Mi = b x a x + b y a y + b z a z = [b x , b y , b z 



b T a 



2 So, physical space can be identified with the vector space M 3 of all triples of real 
numbers (see subsection IA.3|) . We will mark vector indices either by letters x,y,z or by 
numbers 1,2,3, as convenient. 



D.2. SCALARS AND VECTORS 



599 



where b T a denotes the usual "row by column" product of the row b T and 
column a. 

The distance between two points (or vectors) a and b is defined as d = 
| a — b|, and the length of the vector a can be written as a = ^/a • a = \faP. 

D.2 Scalars and vectors 

There are two approaches to rotations, as well as to any inertial transfor- 
mation: active and passive. An active rotation rotates all objects around 
the origin while keeping the orientation of basis vectors. A passive rotation 
simply changes the directions of the basis vectors. Unless noted otherwise, 
we will use the passive representation of rotations. 

We call a quantity A 3-scalar if it is not affected by rotations. Denoting 
A' the scalar quantity after rotation we can write 

A' = A 

Examples of scalars are distances and angles. 

Let us now find how rotations change the coordinates of vectors in R 3 . 
By definition, rotations preserve the origin and linear combinations of vec- 
tors, so the action of a rotation on a column vector can be represented as 
multiplication by a 3 x 3 matrix R 

3 

a'^^Rijaj (D.2) 

or in the matrix form 

a' = Rsl (D.3) 
b /T = (Rbf = b T R T (D.4) 

where R T denotes the transposed matrix. The notion of a vector is more 
general than just an arrow directed to a point in space. We will call any 
triple of quantities A = (A x , A y ,A z ) a 3-vector if it transforms according to 
(1D.2j) under rotation. 
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D.3 Orthogonal matrices 

Since rotations preserve distances and angles, they also preserve the dot 
product: 



b • a = b T a = {Rb) T (Ra) = b T R T Ra 



(D.5) 



The validity of equation (ID. 51) for any a and b implies that rotation matrices 
satisfy condition 



R J R = I 



(D.6) 



where I denotes the unit matrix 



1 
1 
1 



Multiplying by the inverse matrix R 1 from the right, eq. (1D.6|) can be also 
written as 



R = R 



-i 



(D.7) 



This implies a useful property 



Rba = b T R T a 
= b r i2 _1 a 
= b-R^a 

In the coordinate notation, condition (ID. 61) takes the form 



3 3 

^ R % R jk = ^2 RjiRjk = & 
3=1 3=1 



ik 



(D.8) 



where is the Kronecker delta symbol 
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Stj = 1 if i = j 
Sij = if j 



Matrices satisfying condition f 1D.7|) are called orthogonal. Thus, any rotation 



has a unique representative in the set of orthogonal matrices. 

However, not every orthogonal matrix R corresponds to a rotation. To 
see that, we can write 



1 = det(J) 
= det(R T R) 
= det(R T ) det(R) 
= (det(R)) 2 

which implies that if R is orthogonal then det(i?) = ±1. Any rotation 
can be connected by a continuous path with the trivial rotation which is 
represented, of course, by the unit matrix with unit determinant. Since 
continuous transformations cannot abruptly change the determinant from 1 
to -1, only matrices with 



det(R) = 1 



(D.9) 



have a chance to represent rotations^! We conclude that rotations are in one- 
to-one correspondence with orthogonal matrices having a unit determinant. 

Let us consider some examples. Any rotation around the z-axis does not 
change the ^-component of any vector. The most general matrix satisfying 
this property can be written as 



Rz 



a b 
c d 
1 



and condition flD.9j) is translated to ad — be = 1. The inverse matrix is 



3 Matrices with det(i?) 



-1 describe rotations coupled with inversion (see subsection 
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RZ 



d -b 
— c a 
1 



According to the property (ID. 71) we must have 



a 
b 



d 

— c 



therefore 



R 7 



a b 
-6 a 
1 



The condition det(i? 2 ) = a 2 + b 2 = 1 implies that matrix i? z depends on one 
parameter such that a = cos and b = sin 



cos sin 
— sin cos 
1 



;d.io) 



Obviously, parameter is just the rotation ang 

leH 

For rotations around the 

x- and y-axes we have 



R, 



1 

COS0 

— sin . 





sin< 

COS ( 



;d.ii) 



and 



respectively 



R„ 



cos — sin ( 

1 
sin cos 



;d.i2) 



4 Note that positive values of cj> correspond to a clockwise rotation (from i to j) of the 
basis vectors which drives the corkscrew in the positive ^-direction. 
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D.4 Invariant tensors 



Tensor of the second rancl Aij is a set of 9 quantities which depend on two 
indices and transform as a vector with respect to each index 



Aj = ^RikRjiAki (D.13) 

Similarly, one can also define tensors of higher rank, e.g., Aijk- 

There are two invariant tensors which play a special role because they 
have the same components independent on the orientation of the basis vec- 
tors. The first invariant tensor is Kronecker delta 5ij Its invariance follows 



from the orthogonality of i?-matrices flD.7j) . 



— RikRjrfkl — RikRjk — $i 



kl=l k=l 



Another invariant tensor is the Levi-Civita symbol e^k, which is defined as 
e xyz = e zxy = e yzx = -e xzy = -e yxz = -e zyx = 1, and all other components 
of €ijk are zero. We show its invariance by applying an arbitrary rotation R 
to €ijk- Then 



^ijk ^ , RilRjmRkn^lmn 
Imn=l 

= RnRj2Rk3 + Ri2,Rj\Rk2 + Ri2Rj?,Rkl 

— Ri2RjiRk3 — RizRj2Rk\ — RnRj?,Rk2 (D.14) 

The right hand side has the following properties: 

1. it is equal to zero if any two indices coincide: i = j or i = k or j = k; 

2. it does not change after cyclic permutation of indices ijk. 

3. e' 123 = det(R) = 1. 



3 Scalars and vectors are sometimes called tensors of rank and 1, respectively. 
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So, the right hand side of ( ID. 141) has the same components as e^. 



e ijk e ijk 

Using invariant tensors 5ij and e^k we can convert between scalar, vector, 
and tensor quantities, as shown in Table ID. II 



Table D.l: Converting between quantities of different rank using invariant 
tensors 



Scalar S 
Scalar S 

Vector Vi 



Tensor T 



Tensor TL 



ij 



Sdij (tensor) 
Scijk (tensor) 

3 

Yl tijkVk (tensor) 
fc=i 

3 

^2 SijTji (scalar) 

ij=l 
3 

E tijkTkj (vector) 
jk=i 



Using invariant tensors one can also build a scalar or a vector from two 
independent vectors A and B. The scalar is constructed by using the Kro- 
necker delta 



3 

A-B = ^8 ij A i B j 

ij=l 

This is the usual dot product. The vector can be constructed using the 
Levi-Civita tensor 



3 

[A x B]i = e ijkAjB k 
jk=i 

This vector is called the cross product of A and B. It has the following 
components 
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[A x B] x 
[A x B] y 
[A x B] z 

and properties 

A x B = -B x A 
Ax[BxC] = B(A-C)-C(A-B) (D.15) 

The mixed product is a scalar which can be build from three vectors with the 
help of the Levi-Civita invariant tensor 

3 

[A x B] ■ C = e iokABjC k 

ijk=l 

Its properties are 

[AxB]-C = [B x C] ■ A= [C x A] -B (D.16) 
[A x B] • B = 

D.5 Vector parameterization of rotations 

The matrix representation of rotations (ID.2[) is useful for describing trans- 
formations of vector and tensor components. However, sometimes it is more 
convenient to characterize rotation in a more physical way by the rotation 
axis and the rotation angle. In other words, a rotation can be described by 
a single vector = (p x \ + (fi y j + (p z k, such that its direction represents the 
axis of the rotation and its length = \<f>\ represents the angle of the rota- 
tion. So we can uniquely characterize any rotation by three real numbers 

6 This characterization is not unique: there are many vectors describing the same rota- 
tion (see subsection 13.2. 3[) . 



= AyB z A z By 

= A Z B X — A X B Z 

A X By AyB X 
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Figure D.2: Transformation of vector components under active rotation 
through the angle —<p. 

Let us now make a link between two representations (matrix and vector) 
of rotations. First, we find the matrix R? corresponding to the rotation 

{(/)}. Here it will be convenient to consider the equivalent active rotation 
by the angle {—0}- Each vector P in R 3 can be decomposed into the part 
Pjl = (P • 4)4 parallel to the rotation axis and the part Pj_ = P — Py 
perpendicular to the rotation axis (see Fig. ID.2[) . Rotation does not affect 
the parallel part of the vector, so after rotation 



Pjl = P,| (D.17) 

If P± = then rotation does not change the vector P at all. If P^ 7^ 0, we 
denote 



P± x 



the vector which is orthogonal to both <ft and P^ and is equal to the latter in 
length. Note that the triple (Pj_, n, <fi) forms a right-handed system, just like 
vectors (i,j,k). Then the result of the passive rotation through the angle 
in the plane spanned by vectors Pj_ and n is the same as rotation about axis 
k in the plane spanned by vectors i and j, i.e., is given by the matrix ( ID. 101) 
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P'j_ = Pj_ cos + n sin < 
Combining eqs. (ID. 171) and (1D.18|) we obtain 



(D.18) 



P' = Pn + P', 



1 -cos0) + Pcos0-P x -sin0 (D.19) 



or in the component notation 



P' x = {P X Cj> x + P y( f> y + P Z <P Z )^(l ~ COS</)) + P X COS^ - {Py<t> Z ~ P 



P' y = (P x (f> x + PyCfty + Pz<t> Z )^(l ~ COS0) + Py COS 4 
P' z = (P X (P X + Py<Py + P t <f>z)^(l - COS <P) + P Z COS - (P, 

This transformation can be represented in a matrix form. 



smi 



{P Z <Px ~ Px<P Z 



■ r':'ii Pytfix 



sini 



sin i 



P' = i^P 

where the orthogonal matrix corresponding to the rotation {0} has the 
following matrix elements 



/ n \ it sr^ i sin , , 1 - cos < 

(^Jy = cos<POij + > ,(Pk£ijk—j— + 

k=i ® 



Rx 



cos0 + n^(l — cos0) n x n y (l — cos 0) — n z sin n x n z (l — cos0) + n„sin< 



n x n y (l — cos 0) + sin < 
n x n z (l — cos 0) — rij, sin < 



cos0 + n.^(l — cos0) 
n y n z ( 1 — cos 0) + n x sin i 



n y n z ( 1 — cos 0) — Ha sin < 



cos0 + nJl — cos ( 



(D.20) 



where n 
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Inversely, let us start from an arbitrary orthogonal matrix Rr and try 

to find the corresponding rotation vector 0. Obviously, this vector is not 
changed by the transformation Rr, so 



which means that is eigenvector of the matrix R^ with eigenvalue 1. Each 
orthogonal 3x3 matrix has eigenvalues (1, e 1 ^, e~*^) 13 so that eigenvalue 1 
is not degenerate. Then the direction of the vector is uniquely specified. 
Now we need to find the length of this vector, i.e., the rotation angle 0. The 
trace of the matrix Rr is given by the sum of its eigenvalues 



Tr(R $ ) = l + e^ + e-* 
= 1 + 2 cos 

Therefore, we can define the function $>(Rt) = (which maps from the set 
of rotation matrices to corresponding rotation angles) by the following rules: 

• the direction of the rotation vector coincides with the direction of 
the eigenvector of Rr with eigenvalue 1; 

• the length of the rotation angle is given by 



, Tr(Rr) - 1 
= cos" 1 — (D.21) 

As expected, this formula is basis-independent (see Lemma lR7j) . 



D.6 Group properties of rotations 

One can see that rotations form a group. If we perform rotation {0i} followed 
by rotation {02}, then the resulting transformation preserves the origin, the 
linear combinations of vectors and their dot product, so it is another rotation. 



7 One can check this result with the explicit representation (|D.20j) 
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The identity element in the rotation group is the rotation through zero 
angle {0} which leaves all vectors intact and is represented by the unit matrix 
Rtf = I. For each rotation {</>} there exists an opposite (or inverse) rotation 
{— 0} such that 



{-$}{$} = {0} 

The inverse rotation is represented by the inverse matrix R_^ = RZ 1 = R^. 
The associativity law 



{0l}({0 2 }{0 3 }) = ({0l}{02}){0 3 } 

follows from the associativity of the matrix product. 

Rotations about different axes do not commute. However, two rotations 
{(j>n} and {ipn} about the same axis^l do commute. Moreover, our choice 
of the vector parameterization of rotations leads to the following important 
relationship 



R(/>nRipri — RipnRrf>n — R{4>+ip)fi (D.22) 

For example, considering two rotations around z-axis we can write 



R(0,0,cj>)R(0,0,ip) 



cos <p 
— sin ■ 




sin c 
cos ( 






1 



cos if} sin ip 
— sin ip cos x/j 
1 



cos(0 + ip) sin(0 + if)) 
— sin(0 + , 0) cos(0 + if)) 
1 



We will say that rotations about the same axis form an one-parameter sub- 
group of the rotation group. 



8 



n is a unit vector. 
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D.7 Generators of rotations 



Rotations in the vicinity of the unit element, can be represented as Taylor 
M 



serie: 



3 1 3 

{6} = 1 + J2 FPU, + ■■■ 



8=1 



ij=l 



At small values of 9 we have simply 



t=i 



Quantities tj are called generators or infinitesimal rotations. Generators 
can be formally represented as derivatives of elements in one-parameter sub- 
groups with respect to parameters 0j, e.g., 



For example, in the matrix notation, the generator of rotations around the 
z-axis is given by the matrix 



_ .. d d 
J z = hm -j-RzW) = hm — 



COS0 


sin 


" 







1 


" 


— sin (f) 


COS0 







-1 














1 














(D.23) 



Similarly, for generators of rotations around x- and y-axes we obtain from 
(ILTTll and flTXT2|) 




1 
0-10 



(D.24) 



3 Here we denote 1 = {0} the identity element of the group. 
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and 







1 








(D.25) 



Using the additivity property ( ID. 221) we can express general rotation {9} 
as exponential function of generators 



{0} 



lim {N-^-} 
lim {-} N 



lim (1 + V — t. 



AT 



exp 



(D.26) 



i=i 



Let us verify this formula in the case of a rotation around the z-axis 



1 


" 










" 




r <t> 2 

2 





" 







1 


+ 


-</ 


J 





+ 





4> 2 

2 





+ 





1 





















. 




1 


2 T • • • 





+ . . . 




" 










-</>+... 


1 - 


2 ~ 














COS0 

— sin ■ 




sin0 

COS0 

1 



R, 



Exponent of any linear combination of generators t% also results in an or- 
thogonal matrix with unit determinant, i.e., represents a rotation. There- 
fore, objects ti form a basis in the vector space of generators of the rotation 
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group. This vector space is referred to as the Lie algebra of the rotation 
group. General properties of Lie algebras will be discussed in Appendix IE. 21 



Appendix E 

Lie groups and Lie algebras 



E.l Lie groups 

In general, a groupS can be thought of as a set of points with a multiplication 
law such that the "product" of two points gives you the third point. In 
addition, there is an inversion law that map each point to the "inverse" 
point. For some groups the corresponding sets of points are discrete. The 
symmetry groups of molecules and crystals are good examples of discrete 
groups. Here we would like to discuss a special class of groups that are 
called Lie groupsQ The characteristic feature of a Lie group is that its set of 
points is continuous and smooth and that multiplication and inversion laws 
are described by smooth functions. This set of points can be visualized as a 
multi-dimensional "hypersurface" and it is called the group manifold. 

We saw in the Appendix ID. 51 and in subsection 13.2.31 that elements of the 
rotation group are in isomorphic correspondence with points in a certain 
topological space or smooth manifold. The multiplication and inversion laws 
define two smooth mappings between points in this space. Thus, the rotation 
group is an example of a Lie group. Similar to the rotation group, elements 
in a general Lie group can be parameterized by n continuous parameters 0i, 
where n is the dimension of the Lie group. We will join these parameters in 
one n- dimensional "vector" and denote a general group element as {0} = 
82, . . . n }, so that the group multiplication and inversion laws are smooth 

1 see subsection IA. 21 

2 Lie groups and algebras were named after Norwegian mathematician Sophus Lie who 
first developed their theory. 
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functions of these parameters. 

It appears that similar to the rotation group, in a general Lie group it 
is also possible to choose the parameterization {61,62, ■ ■ -6 n } such that the 
following properties are satisfied 

• the unit element has parameters (0,0,. ..,0); 

• {oy 1 = {-oy, 

• if elements {ip} and {0} belong to the same one-parameter subgroup, 
then 



{$}{$} = {$+$} 



We will always assume that group parameters satisfy these properties. Then, 
similar to what we did in subsection ID. 71 for the rotation group, we can 
introduce infinitesimal transformations or generators t a (a = 1, 2, . . . , n) for 
a general Lie group and express group elements in the vicinity of the unit 
element as exponential functions of generators^! 

n 

{6} = exp£>y 

a=l 

n n 

= l + Y^6 a t a + -Y,d b 6 c t bc + ... (E.l) 

a=l bc=l 

Let us introduce function g((, £) which associates with two points ( and £ in 
the group manifold a third point g((, £) according to the group multiplication 
law, i.e., 



{dm = Mc,a} (e.2) 

Function g(C,£) must satisfy conditions 

3 tb c are "second degree" generators, whose exact form is not relevant for our derivation 
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g(O,0) = g(9,0) = 9 (E.3) 
g(9,-8) = 

which follow from the property flA.2j) of the unit element and property flA.3j) 
of the inverse element. To ensure agreement with eq. (IE.3I) . the Taylor 
expansion of g up to the 2nd order in parameters must look like 

n 

g a (c,o = c+e + J2f^ b c + --- (e.4) 

bc=l 

where f£ c are real coefficients. Now we substitute expansions (IE. II) and (1E.4j) 
into (ESI) 

n -. n n n 

(i+E ^ + 2 E ^ +•••)(! + E cx + 2 E ^ + • • ■) 

a=l bc=l a=l 6c=l 

n n i n 

a=l 6c=l ab=l 

Factors multiplying 1,£,£,£ 2 ,£ 2 are exactly the same on both sides of this 
equation, but the factor of produces a non-trivial condition 

1 - 

-(he + tcb) = — /te*o 

a=l 

The left hand side is symmetric with respect to the interchange of indices b 
and c. Therefore the right hand side must by symmetric as well 

n n 

tbtc ~ E fbcta - t c t b + £ f%t a = (E.5) 
a=l a=l 

If we define the commutator of two generators by formula 

[tb, t c ] = tbt c — t c tb 
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then, according to ( IE. 51) . this commutator is a linear combination of genera- 
tors 



n 



MJ = ]TQ% (E.6) 



a=l 



where real parameters C£ c = f£ c — f® b are called structure constants of the 
Lie group. 



Theorem E.l Generators of a Lie group satisfy the Jacobi identity 

[*«, [h, tc]] + [tb, [to, t a \] + [t c , [t a , h]] = (E.7) 

Proof. Let us first write the associativity law ( 1A.1I) in the formQ 

= 9 a {(,9(lf)))-g a (g(C,£),fr) 

= C + g a € ff) + /£C Y(£ ff) - g a (C - v a - K c 9 h {C 0v c 

= t a 4 £ a 4 n a 4 f, a £ h r, c 4 f, a t h {f c 4 n c 4 f c £W 



= c a + e + v a + f b a c ev c + Kx b (c +v c + ti y cv y ) 

- c a - c - r xy ce -v a - mc b +e+ f b y ce)v c 
= f b a c ev c + A a c c 6 r + izcv + fu^vn" 

- r xy ce - ft c v c c b - r bc vx b - f b j b y v c c x e 

= Jl.i:^'V>r' - f b a Ji y CX y v c 

Since elements {(}, {£}, and {ff} are arbitrary, this implies 



fklfbc ~ fbkfd = ( E - 8 ) 
Now let us turn to the left hand side of the Jacobi identity ( 1E.7I) 

4 The burden of writing summation signs becomes unbearable at this point, so we will 
adopt here the Einstein's summation rule which allows us to drop the summation signs 
and assume that summations are performed over all pairs of repeating indices. 
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[t a , [t b ,t c ]] + [t b , [t c ,t a ]} + [t c , [t a ,t b ]] 

[t a , Cfctx] + [t b , C^ a t x ] + [t c , Cabtx} 

I fix fiy _| fix (~m , fix fiy w 
V^bc^ax + U ca U bx + °a6°cx J r y 



The expression in parentheses is 



( /be + /co) ( /ax + /xa) + ( /ca + /ac) ( /bx + /lb) + ( fab + /ba) ( /cx + /xc) 

^x jj/ rx ry rx ry , rx ry , rx ry rx ry 

J bcJ ax J bcJ xa J cbJ ax ' J cbJ xa ' J caJ bx J caJ xb 
rx ry , fx ry , rx ry _ rx ry _ rx ry , rx ry 
J acJ bx ' J acJ xb ' J abJ cx J abJ xc J baJ cx ' J baJ xc 
I ex ry _ rx fy\i(_ fx ry , rx fV\i(_ fx ry , rx ry s 
\J bcJ ax J abJ xc) ' \ JbcJxa ' JcaJbxl ' V J cbJ ax ' JacJxb) 



i / rx ry _ rx r 
\J cbJ xa J baJ t 



' xc) 

y 1 

cx. 



i ( fx ry _ rx ry \ , /_ /-x , rx ry \ 

' \J abJ cx JcaJxb) ' V JacJbx ' JbaJxcJ 



(E.9) 



According to (IE.8I) all terms in parentheses on the right hand side of flE.9j) 
are zero which proves the theorem. ■ 



E.2 Lie algebras 

Lie algebra is a vector space over real numbers R with the additional oper- 
ation of the Lie bracket. This operation is denoted [A, B] and it maps two 
vectors A and B to a third vector. The Lie bracket satisfies the following set 
of conditions 



[A,B] = —[B, A] 

[A,B + C] = [A,B) + [A,C] 

[A, XB] = [XA, B] = X[A, B], for any A G M 

= [A,[B,C]] + [B,[C,A]] + [C,[A,B]] (E.10) 



From our discussion in the preceding subsection it is clear that generators 
of a Lie group form a Lie algebra. Consider, for example, the group of rota- 
tions. In the matrix representation, the generators are linear combinations 
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of matrices ( ID. 231) - ( ID. 251) . i.e., they are arbitrary antisymmetric matrices 



satisfying A T = —A. The commutator is represented b}@ 

[A,B] = AB-BA 
which is also an antisymmetric matrix, because 



(AB — BA) T = B T A T -A T B T 
= BA-AB 
= -(AB-BA) 

We will frequently use the following property of commutators in the ma- 
trix representation 



[A,BC] = ABC-BCA 

= ABC - BAC + BAC - BCA 

= (AB — BA)C + B(AC — CA) 

= [A,B]C + B[A,C] (E.ll) 

The structure constants of the Lie algebra of the rotation group can be 
obtained by direct calculation from explicit expressions ( ID. 231) - ( ID. 251) 



\\Jxi *Jy\ \J z 



which can be written more compactly as 



3 
k=l 

5 Note that this representation of the Lie bracket as a difference of two products can 
be used only when the generators are identified with matrices. This formula (as well as 
(jE.lip ) does not apply to abstract Lie algebras, because the product of two elements AB 
is not defined there. 
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In the vicinity of the unit element, any group element can be represented 
as exponent exp(x) of a Lie algebra element x (see eq. (lE.lj) ). As product of 
two group elements is another group element, we must have for any x and y 
from the Lie algebra 



exp(x) exp(y) = exp(z) (E-12) 

where z is also an element from the Lie algebra. Then there should exist a 
mapping in the Lie algebra which associates with any two elements x and y 
a third element z, such that eq. (IE.12I) is satisfied. 



The Baker- Campbell-Hausdorff theorem }305j gives us the explicit form 
of this mapping 



z = x + y + ^[x,y] + ^[[x,y},y} + ^[[y,x},x] 

+ ^[[[y^l x ly] - T^[[[[x,y},y},y],y] + ^[[[[x,y},y],y},x] 

+ 3^[[[M,x],z],y] - ^[[[[x,y},y},x},y] - — [[[[y, x], x], y], x] . . . 

This means that commutation relations in the Lie algebra contain full infor- 
mation about the group multiplication law in the vicinity of the unit element. 
In many cases, it is much easier to deal with generators and their commuta- 
tors than directly with group elements and their multiplication law. 
In applications one often finds useful the following identity 



exp(ax)yexp(-ax) = y + a[x,y] + —[x, [x,y]} + — [x, [x, [x,y]}} . . .(E.13) 

where a G M. This formula can be proved by noticing that both sides are 
solutions of the same differential operator equation 



^ = [*,</(«)] (E.14) 

with the same initial condition y(a) = y. 

There is a unique Lie algebra Ac corresponding to each Lie group G. 
However, there are many groups with the same Lie algebra. These groups 
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have the same structure in the vicinity of the unit element, but their global 
topological properties are different. 

A Lie subalgebra B of a Lie algebra A is a subspace in A which is closed 
with respect to commutator, i.e., if x, y G B, then [x,y] G B. If H is a 
subgroup of a Lie group G, then its Lie algebra A H is a subalgebra of A G . 



Appendix F 

The Hilbert space 

F.l Inner product 

The inner product space H is a complex vector spac^j] which has a map- 
ping from ordered pairs of vectors to complex numbers called inner product 
[\y), \x)] and satisfying the following properties 



[\x),\y)\ = l\y),\x)Y (F.l) 

[\z),a\x)+f3\y)] = a[\z),\x)]+/3[\z),\v)] (F.2) 

[|a?),|ac)] G R (F.3) 

[\x),\x)} > (F.4) 

[\x),\x)} = 0^|x) = (F.5) 

where a and (3 are scalars. Given inner product we can define the distance 
between two vectors by formula d(\x), \y)) = \/[\x — y),\x — y}]. 

The inner product space H is called complete if any Cauchy sequenc^l 
of vectors in H converges to a vector in H. Analogously, a subspace in H is 
called a closed subspace if any Cauchy sequence of vectors belonging to the 
subspace converges to a vector in this subspace. The Hilbert space is simply 
a complete inner product spacejf] 



1 Vectors in H will be denoted by \x). 

2 Cauchy sequence is an infinite sequence of vectors \xi) in which the distance between 
two vectors \x n ) and \x m ) tends to zero when their indices tend to infinity n, m — > oo. 
3 The notions of completeness and closedness are rather technical. Finite dimensional 
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F.2 Orthonormal bases 

Two vectors \x) and \y) are called orthogonal if [\x), \y)] = 0. Vector \x) 
is called unimodular if [\x), \x)] — 1. In Hilbert space we can consider or- 
thonormal bases consisting of mutually orthogonal unimodular vectors |ej) 
which satisfy 

[W).w)i = {i;^;j 

or, using the Kronecker delta symbol 

[\e i )Ae i )]=6 ij (F.6) 

Suppose that vectors \x) and |y) have components Xi and yj, respectively, 
in this basis 



\x) = xi\ei) + x 2 \e 2 ) + . . . + x n \e n ) 
\y) = Vi\ e i) +2/2|e 2 ) + ■ ■ ■ + y n \e n ) 

Then using fIF.lj) . flF.2j) . and flF.61) we can express the inner product through 
vector components 



[\x), \y)] = (xi|ei) + x 2 \e 2 ) + . . . + x„|e„), 7/i|ei> + y 2 |e 2 ) + • • • + y„|e n )) 
= + + • • • + 



inner product spaces are always complete, and their subspaces are always closed. Although 
in quantum mechanics we normally deal with infinite-dimensional spaces, most properties 
having relevance to physics do not depend on the number of dimensions. So, we will 
ignore the difference between finite- and infinite-dimensional spaces and freely use finite 
n-dimensional examples in our proofs and demonstrations. In particular, we will tacitly 
assume that every subspace A is closed or forced to be closed by adding all vectors which 
are limits of Cauchy sequences in A. 
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F.3 Bra and ket vectors 

The notation [\x), \y)] for the inner product is rather cumbersome. We will 
use instead a more convenient bra-ket formalism suggested by Dirac which 
greatly simplifies manipulations with objects in the Hilbert space. Let us 
call vectors in the Hilbert space ket vectors. We define a linear functional 
(f \ : H — > C as a function (denoted by (f\x)) which maps each ket vector 
\x) in H to a complex number in such a way that linearity is preserved, i.e. 

(f\ax + (3y) = a(f\x)+(3(f\y) 

where \ax + /3y) is a shorthand notation for a\x) + (3\y). Since any linear 
combination a(f\ + /3(g\ of functionals (/| and (g\ is again a functional, then 
all functionals form a vector space (denoted H*). The vectors in H* will be 
called bra vectors. We can define an inner product in H* so that it becomes 
a Hilbert space. To do that, let us choose an orthonormal basis |e$) in H. 
Then each functional (/| defines a set of complex numbers fa which are values 
of this functional on the basis vectors 

ft = (f\ei) 

These numbers define the functional uniquely, i.e., if two functionals (/| and 
(g\ are different, then their values are different for at least one basis vector 
\ e k)'- fk 7^ ^fcH Now we can define the inner product of bra vectors (/| and 
(g\ by formula 

K/i,foi] = 

% 

and verify that it satisfies all properties of the inner product listed in (IF.ip 
- (IF. 51) . The Hilbert space H* is called a dual of the Hilbert space H. Note 
that each vector \y) in H defines a unique linear functional (y\ in H* by 
formula 

(y\x) = [\y), \x)] 

4 Otherwise, using linearity we would be able to prove that the values of functionals 
(/| and (g\ are equal on all vectors in H, i.e., (/| = (g\. 
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for each \x) G H. This bra vector (y\ will be called the dual of the ket vector 
\y). Eq. flF.7j) tells us that in order to calculate the inner product of \y) 
and \x) we should find the bra vector (functional) dual to \y) and then find 
its value on \x). So, the inner product is obtained by coupling bra and ket 
vectors (x\y) and obtaining a closed bra(c)ket expression which is a complex 
number. 

Clearly, if \x) and \y) are different kets then their dual bras (x\ and (y\ 
are different as well. We may notice that just like vectors in H* define linear 
functionals on vectors in H, any vector \x) G H also defines an antilinear 
functional on bra vectors by formula (y\x), i.e., 



(ay + (3z\x) = a*(y\x) + (3*(z\x) 



Then applying the same arguments as above, we see that if {y \ is a bra vector, 
then there is a unique ket \y) such that for any (x\ G H* we have 



(*|V> = K*I,<V|] (F.7) 

Thus we established an isomorphism of two Hilbert spaces H and H*. This 
statement is known as the Riesz theorem. 



Lemma F.l If kets |e») form an orthonormal basis in H , then dual bras (e» | 
also form an orthonormal basis in H* . 

Proof. Suppose that (ej| do not form a basis. Then there is a nonzero vector 
(z\ G H* which is orthogonal to all (e*|, and the values of the functional (z\ 
on all basis vectors |e») are zero, so (z\ = 0. The orthonormality of (e» | 
follows from eqs. ( IF. 71) and IF. 61) 



[(ei|, (ej| 



(e<|ej) 

[|ei)» l e i)] 
5,- ; 
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The components Xi of a vector \x) in the basis |e») are conveniently repre- 
sented in the bra-ket notation as 



(ei\x) = (eiK^ilex) +x 2 \e 2 ) + . . . + x n |e n }) 

So we can write 

\x^ ^ 

i 

= ^leiXeilac) (F.8) 

i 

The bra vector (y\ dual to the ket \y) has complex conjugate components in 
the dual basis 

i 

This can be verified by checking that the value of the functional on the right 
hand side of (1F.9|) on any vector \x) G H is 



[\v),\x)\ 

(y\ x ) 



F.4 The tensor product of Hilbert spaces 

Given two Hilbert spaces 7i\ and H.2 one can construct a third Hilbert space 
Tt which is called the tensor product of Hi and H2 and denoted by H = 
Tt\ <8> ?^2- For each pair of basis ket vectors \i) G Tii and |j) G there is 
exactly one basis ket in 7i which is denoted by |z) <8> \ All other vectors in 
H. are linear products of the basis kets |z) (g> |j) with complex coefficients. 

The inner product of two basis vectors |oi) <8> \ol2) G 7i and \b\) ® \b%) G TC 
is defined as (ai|&i)(a2|&2)- This inner product is extended to linear combi- 
nations of basis vectors by linearity 
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F.5 Linear operators 

Linear transformations of vectors in the Hilbert space (also called operators) 
play a very important role in quantum formalism. Such transformations 

T\x) = \x') 

have the property 

T(a\x)+P\y)) = aT\x)+[3T\y) 
Given an operator T we can find images of basis vectors 

T\e t ) = 14) 

and find the decomposition of these images in the original basis |e») 

\ e i) = tij\ej) 
j 

Coefficients t^ of this decomposition are called the matrix elements of the 
operator T in the basis |e») . In the bra-ket notation we can find a convenient 
expression for the matrix elements 

{ej\(T\ei)) = {ej\e'i) 

= ( e j \ y^Jik\ek) 

k 

= y^tik(ej\e k ) 

k 

k 

— tij 

Knowing matrix elements of the operator T and components of vector \x) in 
the basis | e^) one can always find the components of the transformed vector 
\x') = T\x) 
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x'i = (ei\x'} 
= (ei\(T\x)) 

= ( e i\^2( T \ej))xj 

j 

^ , (,&i\&k)tkj3'j 
jk 

jk 

= tijXj 
j 

In the bra-ket notation, the operator T has the form 



T = ^\e l )t ij {e 3 



(F.10) 



Indeed, by applying the right hand side of eq. (IF. 101) to arbitrary vector \x) 
we obtain 



^ \&i)tij ((ij \x) 



i 

\x') 
T\x) 



t jXj 



F.6 Matrices and operators 

Sometimes it is convenient to represent vectors and operators in the Hilbert 
space TC in a matrix notation. Let us fix an orthonormal basis | e^) E7i and 
represent each ket vector \y) by a column of its components 
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Vi 

fj2 



The bra vector (x\ will be represented by a row 



/ I r * * * ] 

\X\ [X-^, x 2 , • • • , x n \ 

of complex conjugate components in the dual basis (ej|. Then the inner 
product is obtained by the usual "row by column" matrix multiplication 
rule. 



(x\y) = [xl, x* 2 , . . . , x* n ] 



Vi 

V2 
Vn 



The matrix elements of the operator T in (IF.lOj) can be conveniently arranged 
in the matrix 



T 



tn 
txi 



tl2 

t22 



tnl t 



u2 



tin 
t2n 



Then the action of the operator T on a vector \x') = T\x) can be represented 
as a product of the matrix corresponding to T and the column vector \x) 



x[ ' 




til ti2 ■ 


■ ti n 




Xi 




Y2j tljXj 


x 2 




t21 t22 ■ 


■ t 2n 




X2 




J2j t2jXj 


X n 




tnl t n 2 ■ 


tnn 




•En 




Z^j tnjXj 
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So, each operator has a unique matrix and each n x n matrix defines a 
unique linear operator. This establishes an isomorphism between operators 
and matrices. In what follows we will often use the terms operator and matrix 
interchangeably. 

The matrix corresponding to the identity operator is 5y, i.e., the unit 
matrix 



1 
1 








... 1 

A diagonal operator has diagonal matrix 



D 



di 
d 2 








d n 



The action of operators in the dual space H* will be denoted by multiplying 
bra row by the operator matrix from the right 



[y'i,y2,---,y'n} = [yi,y2,---,y n ] 



hi 

*21 



tl2 
t22 



■ ■ tin 

■ ■ t 2n 



tnl t n 2 



or symbolically 



y'i = Y^Vihi 

(y'\ = (y\T 

Suppose that operator T with matrix in the ket space H transforms 
vector \x) to \y), i.e., 
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y i = ^2t ij x j (F.ll) 



What is the matrix of operator S in the bra space H* which connects corre- 
sponding dual vectors (x\ and (y\? As (x\ and (y\ have components complex 
conjugate to those of \x) and \y), and S acts on bra vectors from the right, 
we can write 



J/i (F.12) 

3 

On the other hand, taking complex conjugate of eq. (IF.11I) we obtain 

* \ i* * 

Vi — 2.^1 ij 3 

j 

Comparing this with (IF.12P we have 



a *3 L ji 

This means that the matrix representing the action of the operator T in the 
dual space H*, is different from the matrix T in that rows are substituted by 
columns^] and complex conjugation of the matrix elements. The combined 
operation "transposition + complex conjugation" is called Hermitian conju- 
gation. Hermitian conjugate (or adjoint) of operator T is denoted T' . In 
particular, we can write 



(z|(r|y» = «s|rt)|y) (F.13) 



5 This is equivalent to the reflection of the matrix with respect to the main diagonal. 
Such matrix operation is called transposition. 
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F.7 Functions of operators 

The sum of two operators and the multiplication of an operator by a number 
are easily expressed in the matrix notation 



(A + B)ij = dij + bij 
[XAjij = \a,ij 

We can define the product AB of two operators as the transformation ob- 
tained by a sequential application of B and then A. This is also a linear 
transformation, i.e., an operator. The matrix of the product AB is "row- by- 
column" product of their matrices and by 

(AB)ij = ^2 a ikbkj 
k 

Lemma F.2 Adjoint of a product of operators is equal to the product of 
adjoint operators in the opposite order. 

(AB)* = B^A* 

Proof. 

[AB% = ((AB) Jt y 

k 

= J2 b *ki a *jk 
k 

k 

= (B*A% 

■ 

The inverse operator A^ 1 has properties 
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A' 1 A = AA- 1 = I 

The corresponding matrix is the inverse of the matrix A. 

Using the basic operations of addition, multiplication and inversion we 
can define any function f(A) of operator A. For example, the exponential 
function is defined by Taylor series 

e F = 1 + F + ^F 2 + ... (F.14) 
For two operators A and B the expression 

[A, B] = AB - BA (F.15) 

is called commutator. We say that two operators A and B commute with each 
other if [A, B] = 0. Clearly, any two powers of A commute: [A n , A m ] = 0. 
Consequently, any two functions of A commute as well: [f(A),g(A)] = 0. 
Trace of a matrix is defined as a sum of its diagonal elements 

Tr(A) = J2^ 

i 

Lemma F.3 Trace of a product of operators is invariant with respect to any 
cyclic permutation of factors. 

Proof. Take for example a trace of the product of three operators 

Tr(ABC) = J2^B jk C ki 

ijk 

Then 

Tr(BCA) = B v C ikA kl 

ijk 
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Changing in this expression summation indices k — > i, i — > j, and j — > fe, we 
obtain 



Tr(BCA) = Y^BokCtiAi, 

ijk 

= Tr(ABC) 



We can define two classes of operators and matrices which play important 
role in quantum mechanics (see Table IFTTT) . We call operator T Hermitian 
or self- adjoint if 



T = T f (F.16) 

For a Hermitian T we can write 



t- = f* 
t- ■ = t*. 

i.e., diagonal matrix elements are real and matrix elements symmetrical with 
respect to the main diagonal are complex conjugate to each other. Moreover, 
from eq. (1F.13j) and (1F.16|) we obtain for a Hermitian operator T 



(x\(T\y)) = ((x\T%) 

= {(x\T)\v) 
= (x\T\y) 

so that T can act either to the right (on \y)) or to the left (on (x\) 
Operator U is called unitary if 



or, equivalently 
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— TT^ = I 

A unitary operator preserves the inner product of vectors, i.e., 

(Ua\Ub) = ((a\U r )(U\b)) 

= {alU^Ulb} 

= W\b) 

= (a\b) 

Lemma F.4 If F is Hermitian operator then U = e lF is unitary. 
Proof. 

U*U = {e tF )\e iF ) 

= e~ iF] e iF 



e~ lF e lF 



= I 



Lemma F.5 Determinant of a unitary matrix U is unimodular. 
Proof. 



1 = det(J) 
= det(UU r ) 
= det(U) det{U r ) 
= det(C/)(det(C/))* 
= |det(f/)| 2 

■ 

Operator A is called antilinear if A(a\x) + f3\y)) = a* A\x) + j3* A\y) for any 
complex a and (3. An antilinear operator with the property (Ay\Ax) = (y\x)* 
is called antiunitary. 
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Table F.l: Actions on operators and types of linear operators in the Hilbert 

space 



Symbolic 



Condition on matrix elements 
or eigenvalues 



Complex conjugation 

Transposition 
Hermitian conjugation 
Inversion 
Determinant 
Trace 



Action on operators 

A -> A* 
A — > A T 
A^A^ = (A*) T 
A — > A~ x 
det(A) 
Tr(A) 



A* 3 = (A*)ij 
{A T )ij = Aji 
(A% = A*, 
inverse eigenvalues 
product of eigenvalues 

J2i An 





Types of operators 




Identity 


I 


hj — Oij 


Diagonal 


D 


F^ij diSij 


Hermitian 


A = A* 


Aij = A* { 
— —A* 

unimodular eigenvalues 


AntiHermitian 


A = -A^ 


Unitary 


A- 1 = ^ 


Projection 


A = A\ A 2 = A 


eigenvalues and 1 only 



F.8 Linear operators in different orthonor- 
mal bases 

So far, we have been working with matrix elements of operators in a fixed or- 
thonormal basis | e^) . However, in a different basis the operator is represented 
by a different matrix. Then we may ask if the properties of operators de- 
fined above remain valid in other orthonormal basis sets? In other words, we 
would like to demonstrate that all above definitions are basis- independent. 



Theorem F.6 | e^) and |ej) are two orthonormal bases if and only if there 
exists a unitary operator U such that 



U\e t ) = K> (F.17) 

Proof. First we show that the basis |e^) obtained by applying a unitary 
transformation U to the orthonormal basis |e,) is also orthonormal. Indeed 
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= (e^Ulej) 
= (e^U-'Ulej) 
= (ei\I\ej) 

= S i:j 

To prove the reverse statement let us form a matrix 
[ ( ei K> ( ei |e' 2 ) ... ( ei \e' n ) 1 



(6216',) 


(e 2 |e 2 ) . 




( e nK) 


(e n |e 2 ) 





with matrix elements 

Uji = (ej|ej) 

The operator U corresponding to this matrix can be written as 

U = Yl \ e i) u M e k\ 

jk 

= $^l e i)( e il4)(e fc | 

jk 

So, acting on the vector | e^) 

jk 
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= ^\ e j)( e o\ e 'i) 
j 

= K> 

it makes vector \e\) as required. Moreover it is unitary because^ 

(UU% = ^u ik u* k 

k 
k 
k 




If F is operator with matrix elements in the basis |ejj.), then its matrix 
elements fL in basis \e' k ) = U\ek) can be obtained by formula 

fij = ( e 'i\ F Wj) 

= mu^Fiu^)) 

= (e^FUlej) 

= (e i |C/- 1 FC/|e i ) (F.19) 

Eq. ( 1F.19j) can be viewed from two equivalent perspectives. One can re- 
gard ( IF. 1911 either as matrix elements of F in the new basis set U\ei) (a 
passive view) or as matrix elements of the transformed operator U~ 1 FU in 
the original basis set je,) (an active view). 

6 Here we use the following representation of the identity operator 



i 



(F.18) 
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When changing basis, the matrix of the operator changes, but its type 
remains the same. If operator F is Hermitian, then in the new basis (adopting 
active view and omitting symbols for basis vectors) 



(F / ) t = (U- l FU) ] 

= u^F^u-y 

= U- 1 FU = F' 

it is Hermitian as well. 

If V is unitary, then for the transformed operator V we have 



(y')ty' = (ij- l VU) ] V 

= u^(u-yv 

= frVW 

= u- x v^uu- x vu 

= u- l v ] vu 

= u- x u 

= I 



so, V is also unitary. 



Lemma F.7 Trace of an operator is independent on the basis. 



Proof. From Lemma lF73l we obtain 



Tr{U~ l AU) = Tr{AUU~ l ) 
= Tr(A) 
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F.9 Diagonalization of Hermitian and unitary 
matrices 

We see that the choice of basis in the Hilbert space is a matter of conve- 
nience. So, when performing calculations it is always a good idea to choose 
a basis in which operators have the simplest form, e.g., diagonal. It appears 
that Hermitian and unitary operators can always be made diagonal by an 
appropriate choice of basis. Suppose that vector \x) satisfies equation 



F\x) = X\x) 

where A is a complex number called eigenvalue of the operator F. Then \x) 
is called eigenvector of the operator F. 



Theorem F.8 (spectral theorem) For any Hermitian or unitary operator 
F there is an orthonormal basis | e^) such that 



Fid) = f^) (F.20) 

where f\ are complex numbers. 

For the proof of this theorem see ref. [306] . 

Eq. ( IF. 201) means that the matrix of the operator F is diagonal in the 
basis |ej) 



fi 

o h 












fn 



and according to (IF. 101) each Hermitian or unitary operator can be expressed 
through its eigenvectors and eigenvalues 



F = ^2 \ e *)fi( e i 

i 



(F.21) 
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Lemma F.9 Eigenvalues of a Hermitian operator are real. 

Proof. This follows from the fact that diagonal matrix elements of an Her- 
mitian matrix are real. ■ 



Lemma F.10 Eigenvalues of an unitary operator are unimodular. 
Proof. Using representation (1F.21j) we can write 



i j 

= ^2fifj\ e *)( e i\ e i)( e j\ 

ij 

= ^2\fi\ 2 \ e i)( e i\ 

i 

Since all eigenvalues of the identity operator are 1, we have 

m 2 = i 



One benefit of diagonalization is that functions of operators are easily 
defined in the diagonal form. If operator A has diagonal form 



.4 



ai 
a 2 . 

. 








then operator f(A) (in the same basis) has the form 
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fiA) 



/(oi) 
f(a 2 ) 








... f(a n ) 
For example, the matrix of the inverse operator ia3 



A 



-i 











a^ 1 ... 







From Lemma IF. 101 there is a basis in which the matrix of unitary operator 
U is diagonal 



U 



e ifl ... 
e ih ... 







with real /j. It then follows that each unitary operator can be represented 

as 



U = e lF 

where F is Hermit ian 

'fx ... " 

/,-_ ° ^ • ° 

_ ... f n _ 

Together with Lemma IF.4I this establishes an isomorphism between the sets 
of Hermitian and unitary operators. 



7 Note that inverse operator A 1 is denned only if all eigenvalues of A are nonzero. 
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Lemma F.ll Unitary transformation of a Hermitian or unitary operator 
does not change its spectrum. 

Proof. If \ip k ) is eigenvector of M with eigenvalue m k 



M\ip k ) = m k \ip k ) 

then vector \Uip k ) is eigenvector of the unitarily transformed operator M' 
UMU' 1 with the same eigenvalue 



M'(U\il> k )) = UMU-\U\i> k ) 

= UM\i> k ) 

= Um k \ip k ) 

= m k (U\ip k )) 



Appendix G 



Subspaces and projection 
operators 



G.l Projections 



Two subspaces A and B in the Hilbert space Ti are called orthogonal (denoted 
A _L B) if any vector from A is orthogonal to any vector from B. The span 
of all vectors which are orthogonal to A is called the orthogonal complement 
to the subspace A and denoted A'. 

For a subspace A (with dim(A) = m) in the Hilbert space Tt (with 
dim(7-^) = n > m) we can select an orthonormal basis |e$) such that first 
m vectors with indices z = 1, 2, . . . , m belong to A, and vectors with indices 
i = m + l,m + 2, . . . ,n belong to A'. Then for each vector \y) we can write 



The first sum lies entirely in A and is denoted by \y\\)- The second sum lies in 
A' and is denoted \y±). This means that we can always make a decomposition 
of \y) into two components \y\\) and \y±x\- 

1 We will also say that Hilbert space H is represented as a direct sum ( H = A® A') of 
orthogonal subspaces A and A'. 



n 



\y) = ^2h)(ei\y) 



m 



n 
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\y) = \y\\) + \y±) 
\v\\) e A 
\y±) JL A 

Then we can define a linear operator P\ called projection on the subspace A 
which associates with any vector \y) its component in the subspace A. 



Pa\v) = \y\\) 

The subspace A is called the range of the projection P A . In the bra-ket 
notation we can also write 



p A = ^2\ei)(ei\ 
i=i 

so that in the above basis | e^) the operator P4 has diagonal matrix with 
first m diagonal entries equal to 1 and all others equal to 0. From this, it 
immediately follows that 



A set of projections P a on mutually orthogonal subspaces H a is called 
decomposition of unity if 



a 

or, equivalently 



H — (B a H a 

Thus Pa and Pa> provide an example of the decomposition of unity. 
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Theorem G.l Operator P is a projection if and only if P is Hermitian and 
P 2 = P. 

Proof. For Hermitian P, there is a basis |e») in which this operator is 
diagonal. 

i 

Then 

= P 2 -P 

i j i 

= Y \ e i)PiPi 5 ij( e j\ - Y \ 6 i)Pi( 6 i\ 
ij i 

= J2h)(p 2 i -Pi)(ei\ 

i 

Therefore p 2 ~Pi = and either — or — 1. From this we conclude that 
P is a projection on the subspace spanning eigenvectors with eigenvalue 1. 

Any projection operator is Hermitian because it has real eigenvalues 1 
and 0. Furthermore, for any vector \y) 

P 2 \y) = p\v\\) 

= h) 

= p\v) 

which proves that P 2 = P. ■ 



G.2 Commuting operators 



Lemma G.2 Subspaces A and B are orthogonal if and only if PaPb = 
PbPa = 0. 
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Proof. Assume that 



P A P B = P B P A = (G.l) 

and suppose that there is vector \y) G B such that \y) is not orthogonal to 
A. Then Pa\u) = \da) 7^ 0. From these properties we obtain 



P A P B \y) = Pa\v 

= \va) 



Pa\va) 



and 



PbPa\v) = Pb\va) 
From the commutativity of P A and P B we obtain 

Pa\va) = PaPb\v) 

= P B P A \y) 



Pb\va) 



Then 



PaPbIva) = PaPaIva) 
= Pa\va) 
^ 

So, we found a vector \y A ) for which PaPb\ua) 7^ in disagreement with our 
original assumption ( 1G.1I) . 



The inverse statement is proven as follows. For each vector \x), the pro- 
jection Pa\x) is in the subspace A. If A and B are orthogonal, then the 
second projection PbP A \ x ) yields zero vector. The same arguments show 
that P a Pb\x) = 0, and P A P B = P b Pa- ■ 
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Lemma G.3 // A _L B then Pa + Pb is the projection on the direct sum 
A®B. 

Proof. If we build an orthonormal basis |ej) in A @B such that first dim(A) 
vectors belong to A and next dim(B) vectors belong to B, then 



dim(yl) dim(_B) 

Pa + Pb = l e *X e *l + l e ^ e 

i=i j=i 

= Pa®b 



j i 



Lemma G.4 If A C B then 



PaPb — PbPa — Pa 

Proof. If A C B then there exists a subspace C in B such that C _L A and 
.B = A © C According to Lemmas 10.21 and IG.3I 



PaPc 
Pb 



PcPa = 
Pa + Pc 



and 



PaPb = P a {Pa + Pc) = P 2 a = Pa 
P b Pa = (Pa + Pc)Pa = Pa 



If there exist three mutually orthogonal subspaces X, Y, and Z, such 
that A = X © Y and B = X © Z, then subspaces A and B (and projections 
Pa and Pb) are called compatible. 
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Lemma G.5 Subspaces A and B are compatible if and only if 

[P a ,Pb] = 

Proof. Let us first show that if [Pa, Pb] = then PaPb = PbPa = Pahb is 
the projection on the intersection of subspaces A and B. 
First we find that 



(PaPb) 2 = PaPbPaPb 

= P\Pl 

= PaPb 

and that operator PaPb is Hermitian, because 



(PaPbV = pin 

= PbPa 
= PaPb 

Therefore, PaPb is a projection by Theorem I G.ll If A _L B, then the direct 
statement of the Lemma follows from Lemma IG.21 Suppose that A and B 
are not orthogonal and denote C = A fl B (C can be empty, of course). We 
can always represent A = C © X and B = C © Y , therefore 



Pa 
Pb 
[Pc,Px] 
[Pc,Py] 

We are left to show that X and Y 
commutator 



Pc + Px 
Pc + Py 



orthogonal. This follows from the 



= [Pa,Pb] 

= [Pc + Px, Pc + Py] 

= [P , P c ] + [Pc, Py] + [Px, Pc] + [Px, Py] 

= [Px,Py] 
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Let us now prove the inverse statement. From the compatibility of A and 
B it follows that 



Lemma G.6 If projection P is compatible with all other projections, then 
P = or P = 1. 

Proof. Suppose that and 1. Then P has a non-empty range A, 

which is different from 7i. So, the orthogonal complement A' is not empty as 
well. Choose an arbitrary vector y with non-zero components and 
with respect to A. Then it is easy to show that projection on \y) does not 
commute with P. Therefore, by Lemma [U75] this projection is not compatible 
with P. * 

Note that two or more eigenvectors of a Hermitian operator F may corre- 
spond to the same eigenvalue (such an eigenvalue is called degenerate). Then 
any linear combination of these eigenvectors is again an eigenvector with the 
same eigenvalue. The span of all eigenvectors with the same eigenvalue / is 
called the eigensubspace of the operator F, and one can associate a projec- 
tion Pf on this subspace with eigenvalue /. Then Hermitian operator F can 
be written as 



Pa 
Pb 
PxPy 



Px + Py 
Px + Pz 
PxPz = 



PyPz = 







Then 



[P A , P B ] = [P x + Py, Px + Pz} = 




(G.2) 



a 



where index / now runs over all distinct eigenvalues of F, and Pf are referred 
to as spectral projections of F. This means that each Hermitian operator 
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defines an unique decomposition of unity. Inversely, if Pf is a decomposition 
of unity and / are real numbers then eq. (1G.2j) defines an unique Hermitian 
operator. 

Lemma G.7 If two Hermitian operators F and G commute then all spectral 
projections of F commute with G. 

Proof. Consider operator P which is a spectral projection of F. Take any 
vector \x) in the range of P, i.e., 



with some real /. Let us first prove that the vector G\x) also lies in the range 
of P. Indeed, using the commutativity of F and G we obtain 



This means that operator G leaves all eigensubspaces of F invariant. Then 
for any vector \x) the vectors P\x) and GP\x) lie in the range of P. Therefore 



P\x) 
F\x) 



\x) 



FG\x) 



GF\x) 
Gf\x) 
fG\x) 



PGP = GP 



(G.3) 



Taking adjoint of both sides we obtain 



PGP = PG 



(G.4) 



Now subtracting (1G.4j) from (1G.3I) we obtain 



[G, P] = GP-PG = 
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Theorem G.8 Two Hermitian operators F and G commute if and only if 
all their spectral projections commute. 

Proof. We write 

i 

G = J2siQj 

3 

If [Pi, Qj] = 0, then obviously [F, G] = 0. To prove the reverse statement we 
notice that from Lemma [G.7I each spectral projection Pi commutes with G. 
From the same Lemma it follows that each spectral projection of G commutes 
with Pi. ■ 

Theorem G.9 If two Hermitian operators F and G commute then there 
is a basis |ej) in which both F and G are diagonal, i.e., | e^) are common 
eigenvectors of F and G. 

Proof. The identity operator can be written in three ways 

i = 5> 

i 

1 = 

3 

I = I-I 

i j 

= 

where Pj and Qj are spectral projections of operators F and G, respectively. 
Since F and G commute, the operators PiQj with different % and/or j are 
projections on mutually orthogonal subspaces. So, these projections form a 
spectral decomposition of unity, and the desired basis is obtained by coupling 
bases in the subspaces PiQj. ■ 
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Appendix H 

Representations of groups 



A representation of a group G is a homomorphism between the group G and 
the group of linear transformations in a vector space. In other words, to each 
group element g there corresponds a matrix U g with non-zero determinant. 
The group multiplication is represented by the matrix product and 

u 9 -> = u- 1 

U e — I 

Each group has a trivial representation in which each group element is rep- 
resented by the identity operator. If the linear space of the representation is 
a Hilbert space H, then we can define a particularly useful class of unitary 
representations. These representations are made of unitary operators. 

H.l Unitary representations of groups 

Two representations U g and U' g in the Hilbert space H are called unitarily 
equivalent if there exists a unitary operator V such that 

u' g = VU g V^ 

Having two representations U g and V g in Hilbert spaces Hi and H 2 respec- 
tively, we can always build another unitary representation W g in the Hilbert 
space H = Hi © H 2 by joining two matrices in the block diagonal form. 
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U g 

v„ 



TL1) 



This is called the direct sum of two representations. The direct sum is de- 
noted by the sign © 



w g = u g @v g 

A representation is called reducible if there is such unitary transformation 
which brings it into the block diagonal form (1H.1|) . Otherwise, the represen- 
tation is called irreducible. 

Casimir operators are operators which commute with all representatives 
of group elements. 



Lemma H.l (Schur's first lemma [307]) Casimir operators of an uni- 
tary irreducible representation of any group are constant multiples of the 
unit matrix. 



From Appendix IE. 1 1 we know that the elements of any Lie group in the 
vicinity of the unit element can be represented as 



9 = e A 



where A is a vector from the Lie algebra of the group. Correspondingly, any 
matrix of the unitary group representation in 7i can be written as 



U g = e~i F * 

where Fa is a Hermitian operator and H is an real constant. Operators 
Fa form a representation of the Lie algebra in the Hilbert space 7i. If the 
commutator of the Lie algebra elements is [A, B] = C, then the commutator 
of their Hermitian representatives is 



[Fa, F b ] = ihF c 
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H.2 The Heisenberg Lie algebra 

The Heisenberg Lie algebra h 2n of dimension 2n has basis elements Vi and 
IZi (i = 1, 2, . . . , n) with Lie brackets 

[Vi,Vj] = [JZi,^] = 
The following theorem is applicable 

Theorem H.2 (Stone-von Neumann |3DH]) // (P 4 , Ri) (i = 1,2,..., n) 

is a Hermitian representation^ of the Heisenberg Lie algebra h2 n in the Hilbert 
space TC, then 

1. representatives Pi and Ri have continuous spectra from — oo to oo. 

2. any irreducible representation of /i2n is unitary equivalent to the so- 
called Schrddinger representation. In the physically relevant case n = 3, 
the Schrddinger representation is the one described in subsection \5.2.3[ - 
Vectors in the Hilbert space are represented by complex functions on M 3 ; 
operator R multiplies these functions by r; operator P is differentiation 
—ihd/dr. 

H.3 Unitary irreducible representations of the 
rotation group 

There is an infinite number of unitary irreducible representation D s of the 
rotation group which are characterized by the value of spin s = 0, 1/2, 1, . . .. 

lr rhis means that Hermitian operators (Pi,Ri) satisfy commutation relations 

[Pi,Pj] = [R i ,R j } = 
[R%,Pj] = iMij 

where h is a real constant. 
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These representations are thoroughly discussed in a number of good text- 
books, see, e.g., ref. |309] . In Table IHTTI we just provide a summary of these 
results: the dimension of the representation space, the value of the Casimir 
operator S 2 , the spectrum of each component of the spin operator, and an 
explicit form of the three generators of the representation. 



Table H.l: Unitary irreducible representations of SU(2) 



Spin: 


s = 


s = l/2 




s = l 


s = 3/2,2,... 


dimension 


1 


2 




3 


2s + 1 


< S 2 > 





^h 2 

-ft/2, h/2 




2h 2 


h 2 s(s + i) 


s x or s y or s z 







-h,o,h 


—hs, h(—s + 1), . . . 
h(s — i),hs 


S x 





h/2 ' 
h/2 




"00 

-ih 
ih 




Sy 





-ih/2 
ih/2 




ih = 

-ih 


see, e.g., ref. |309| 


s z 





h/2 
-h/2 




= -ih = 
ih 






Representations characterized by integer spin s are single-valued. Half- 
integer spin representations are double-valuedo For example, in the repre- 
sentation with s = 1/2, the rotation through the angle 2n around the z-axis 
is represented by negative unity 



e -7^ 2 - 



exp( 



2ni 

~h 



h/2 
o 



o 

-h/2 



e~ ra 

-1 
-1 



2 see subsection 13.2.31 
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H.4 Pauli matrices 

Generators of the spin 1/2 of the rotation group are conveniently expressed 
through Pauli matrices Oi 



where 



fit = o"o 



0"! = 



0"3 = 



1 
1 

1 

1 

-i 

1 

1 
-1 



;h. 2 ) 
;h. 3 ) 

(H.4) 
(H.5) 



For reference we list here some properties of the Pauli matrices 



[<7j,<7j] = 2i s ^e ijk a k 



i=i 



25, 



and for arbitrary numerical 3- vectors a and b 



(<t • a)<7 = atro + ipx a] 
a(a ■ a) = aa — i [a x a] 
(cr-a)(a-b) = a • ba + ia[a x b] 



(H.6) 
(H.7) 
(H.8) 
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Appendix I 
Special relativity 



In this book we argue that special relativity [152] is an approximate way to 
connect observations made in different inertial frames of reference. Approxi- 
mations made in this approach are discussed in chapter [Til In this Appendix 
we present major assertions of special relativity. 



1.1 4- vector representation of the Lorentz group 

The Lorentz group is a 6-dimensional subgroup of the Poincare group, which 
is formed by rotations and boosts. Linear representations of the Lorentz 
group play a significant role in many physical problems. 

The 4- vector representation of the Lorentz group forms the mathematical 
framework of special relativity discussed in this Appendix. This representa- 
tion resembles the 3-vector representation of the rotation group (Appendix 
ID. 21) . Let us formally introduce a 4-dimensional real vector space whose 
vectors are denoted b\rj 



ct 

X 

y 

z 

^^Here c is the speed of light. The four components resemble (cx)time and position 
measured by clocks and rulers in real life. However, as we discuss in section 111.31 the 
time-position 4- vector of special relativity is not directly related to physical observables. 
In this book, 4-vectors like f are used in arguments of quantum fields, which are not 
physical quantities themselves. Also in this book be always denote 4-vectors by the tilde. 
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Then representatives of boost transformations in this space can be written 
compactly in the matrix form 



" ct' ' 




' ct ' 


x' 


= B0) 


X 


y' 


y 


. z ' . 




z 



(1.1) 



where B{9) is the 4x4 matrix (11.51)) . We can define a pseudoscalar product 
in the space of 4- vectors r = (ct,x,y, z), which can be written in a number 
of equivalent formal 

h ■ f 2 = -x x x 2 - yiV2 - z x z 2 + c\t 2 

3 





" 1 













ct 2 


[cti.Zi.yijZi] 





-1 


















-1 







y2 













-1 




z 2 



= f?gf 2 (1.2) 
where are matrix elements of the matrix 

"10 
0-10 
^"00-10 
-1 

which is called the metric tensor. 

For compact notation it is convenient to define a vector with "raised 
index" and Einstein's convention to sum over repeated indices 

3 
i/=0 

2 Here indices n and v run from to 3: tq = ct, t± — x,T2 — y, T3 = z. 
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= (ct, -x, -y, -z) 
Then, the pseudoscalar product can be rewritten as 



(1.3) 



The tilde notation allows us to distinguish the pseudoscalar square of the 
4-vector f 



~2 



T n — Ti - T - T, 



from the square of its 3-vector part 



r = r • r 



2 , 2 , 2 
r l + T 2 + ^3 



One can easily see that boost transformations fll.lj) conserve the pseudo- 
scalar productjf] If we represent rotations by 4 x 4 matrices 



R{<j>) 



1 

Ri 



then they also preserve the pseudo-scalar product (JL2J). A general element of 
the Lorentz group can be represented as (rotation) x (boost) (see eq. (11.471) ). 
so its matrix 



A = B0)R{i) (1.4) 
preserves the pseudo-scalar product as well. 



3 For example, multiplying a 4-vector f = (ct, x, 0, 0) by the matrix (|1.52p we obtain a 4- 
vector f ' = (ct cosh 9 — x sinh 9, x cosh 9 — ct sinh 0,0,0) whose pseudoscalar square remains 
the same f' ■ f ' = —(x cosh 9 — cisinh#) 2 + (cicoshtf — x sinh 9) 2 = —x 2 + c 2 t 2 =f-f. 
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t[- f 2 = Ari • Af 2 

= f^A T gAf 2 

= f^gf 2 

= h ■ f 2 

Afi • f 2 = f x • A _1 f 2 

which means that the matrix A must satisfy 



(1.5) 



9 = A. flA 
Taking the determinant of both sides we obtain 



(1.6) 



-1 = det{g) 
= det(A T #A) 
= -det(A) 2 



which implies 



det(A) = ±1 



Writing eq. fll.6j) for the g 00 component we obtain 



It then follows that 



9oo 

3 

Aa'oga'piAp'o 

a',/3'=0 

_A 2 - A 2 - A 2 + A 2 

lv 10 Yi 20 ii 30 iv 00 



which means that either 
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Aoo > 1 



or 



A 00 < -1 



The unit element of the group is represented by the identity transformation 
/, which obviously has det(7) = 1 and loo — 1- As we are interested only 
in rotations and boosts which can be continuously connected to the unit 
element, we must choose 



The matrices satisfying eq. (11.61) with additional conditions ( II. 7j) - (II. 8j) will 
be called pseudoorthogonal. Thus we can say that 4x4 pseudo-orthogonal 
matrices form a representation of the Lorentz group. 

Examples of matrices A corresponding to rotations around three axes 
are (1D.23I) - (ID. 251) . Examples of matrices A for boosts are matrices B in 
equations (TL52]) - (TL54D . 

Let us now find the corresponding matrix representation of the Lie al- 
gebra of the Lorentz group. According to our discussion in Appendix IH.ll 
the matrix of a general Lorentz group element can be represented in the 
exponential form 



where F is element of the Lie algebra. Condition (1I.6|) then can be rewritten 

as 



det(A) 
A 00 



> 1 



1 



(1.7) 
(1.8) 



A 
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where the ellipsis indicates terms proportional to a 2 , a 3 , etc. This sets the 
following restriction on the matrices F 



F T g - gF — 0. 



We can easily find 6 linearly independent 4x4 matrices of generators satis- 
fying this condition Three generators of rotations are^ 



<J a; 






















1 











1 










10 
0-100 





;i.9) 



and three generators of boosts ar< 
























■> fcx 



0-10 



-10 





-1 





-10 



These six matrices form a basis of the Lie algebra of the Lorentz group. 

A general Poincare transformation (A, a) is a composition of a rota- 
tion/boost given by the matrix A and translation in space and time charac- 
terized by a 4- vector a = (ct,x,y,z). The unit element is (/, 0). According 
to our convention in subsection ll.2.1[ when transformation (A, a) is applied 
to a 4-vector f, the boost transformation is made first, which is followed by 
the translation, i.e., 



(1.10) 



(A,a)f = (j,a)(A,o)f 

= (I, a) Af 
= Af + d 

The composition of two Poincare group elements acts as 
4 They can be obtained from eqs pl23|) - (flX25j) . 

5 They can be obtained by differentiating explicit representation of boosts (| 1 . 52[) - (ll.54[) . 
e.g., B{6, 0,0) = exp(tC x c6). 
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(A 2 ,a 2 )(Ai,ai)T = (A 2 ,a 2 )(A 1 r + ai) 
= A 2 Air + A 2 a 1 + a 2 

which means that 

(A 2 ,a 2 )(Ai,5i) = (A 2 Ai,A 2 ai + a 2 ) (1.11) 
The inverse of (A, a) is 

(A, a)^ 1 = (A -1 ,— A _1 a) (1.12) 

Indeed, we can check 

(A, a) (A -1 , -A _1 a) = (aa _1 , A(-A _1 a) + a) = (i, o) 

Eqs. ( 11.111) and ( 11.121) provide a simple and compact way of writing the 
multiplication and inversion laws in the Poincare group. 

1.2 Lorentz transformations for time and po- 
sition 

The most fundamental result of special relativity is the formula that relates 
space-time coordinates of the same event seen from two inertial reference 
frames O and O' moving with respect to each other. Suppose that observer 
O' moves with respect to O with rapidity 9. Suppose also that (t, x) are 
space-time coordinates of an event viewed by observer O. Then, according 
to special relativity, the space-time coordinates (t', x') of the event from the 
point of view of O' are given by formula (11.11) . which is called the Lorentz 
transformation for time and position of the event. In particular, if observer 
O' moves with the speed v = ctanh# along the x-axis, then the matrix B{9) 
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B{9) 



cosh 9 
— sinh 9 







-sinh# 

cosh# 

1 

1 



(1.13) 



and Lorentz transformation (11.11) can be written in a more familiar form 



t' 

x' 
i 

y 

z' 



t cosh 9 — x/c sinh 9 
x cosh 9 — ct sinh 9 



y 

z 



(1.14) 
(1.15) 
(1.16) 
(1.17) 



It is important to note that special relativity makes the following assertion 

Assertion 1.1 (the universality of Lorentz transformations) Lorentz trans- 
formations (1. 14 ) - (I-lty are exact and universal: they are valid for all kinds 
of events; they do not depend on the composition of the physical system and 
on the interaction acting in the system. 



Several important consequences follow from this assumption. Here we will 
discuss the ban on superluminal propagation of signals, Einstein's time dila- 
tion formula for the decay of moving particles, and — the most far-reaching 
result — the unification of space and time in one 4-dimensional Minkowski 
space-time manifold. 



1.3 The ban on superluminal signaling 

Special relativity says that if some physical process occurs at point A at time 
t — 0, then it can have absolutely no effect on physical processes occurring 
at point B during times less than t = Rab/c, where Rab is the distance 
between points A and B. In other words 

Assertion 1.2 (no superluminal signaling) No signal may propagate faster 
than the speed of light. 
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Figure 1.1: Space-time diagram explaining the impossibility of superluminal 
(or instantaneous) signaling. Observers O and O' have coordinate systems 
with space-time t) and (x',t'), respectively. Observer O sends su- 

perluminal signal A — > B, and observer O' responds with the signal B — > C, 
which arrives to the reference frame O earlier than the original signal was 
emitted from A. 

The "proof" of this Assertion goes like this [183J. Consider a superluminal 
signal propagating between A and B in the reference frame O, so that event 
A can be described as the cause and event B is the effect. These two events 
have space-time coordinates (i^x^) and (ts,x B ), where 



t B < t A + \x A - x B |/c 

The fact of superluminal signal propagation, by itself, does not contradict any 
sacred physical principle. A problem arises in the moving frame of reference 
O'. It is not difficult to find a moving frame O' in which, according to Lorentz 
transformations (11.141) - (11.171) . the time order of events (t' A and t' B ) changes, 
i.e., instead of event B being later than A, it actually occurs earlier that 
A (t' B < t' A ). This means that for observer O' the effect precedes the cause, 
which contradicts the universal principle of causality, and is clearly absurd. 

The logical contradiction associated with superluminal propagation of 
signals is usually illustrated by the following thought experiment. Consider 
again two reference frames O and O', such that O is at rest and O' moves away 
from O with speed v < c. Suppose that both frames contain devices that can 
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send superluminal signals. To simplify our discussion, we will consider the 
extreme case of signals propagating with infinite velocity. On the space-time 
diagram (fig. 11.11) world-lines of the two devices are shown by bold lines. At 
time t = (measured by the clock in O) all events located on the horizontal 
x-axis appear simultaneous from the point of view of O. On the other hand, 
space-time events on the axis x' appear simultaneous from the point of view 
of O' . Now suppose that at time t — observer O sends instantaneous 
signal (dashed line A — > B), which arrives to the observer O' at point B 
of her world-line. Upon the arrival of the signal, O' decides to turn on her 
signaling device. Apparently, this signal (shown by the dashed line B — > C) 
reaches observer O (point C on this observer's world-line) earlier that he has 
switched on his signaling device. The paradox arises from the fact that the 
signaling device in O can be arranged in such a way that it is forced to shut 
down (or even to be destroyed) by the arrival of the signal from O'. This 
means that the original signal from O could not be emitted in the first place. 
This is clearly a logical contradiction, which forbids superluminal signaling 
in classical relativistic mechanics. 



1.4 Minkowski space-time and manifest co- 
variance 

An important consequence of the Assertion 11.11 is the idea of the Minkowski 
4-dimensional space-time. It wouldn't be an exaggeration to say that this 
concept is the foundation of the entire mathematical formalism of modern 
relativistic physics. 

The logic of introducing the Minkowski space-time was as follows: Ac- 
cording to Assertion II.lt Lorentz transformations (11.141) - (II.17j) are universal 



and interaction- independent. These transformations coincide with the ab- 
stract 4-vector representation of the Lorentz group introduced in Appendix 
11.11 . It is then natural to assume that the abstract 4-dimensional vector space 
with pseudo-scalar product defined in Appendix 11.11 can be identified with 
the space-time arena in which all real physical processes occur. Then space 
and time coordinates of any event become unified as different components of 
the same time-position 4-vector, and the real geometry of the world becomes 
a 4-dimensional space-time geometry. The role of "distance" between two 
points (events) in this space-time is played by the interval 
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s = A/c 2 (ii - h) 2 - (xi - x 2 ) 2 - (yi - y 2 ) 2 - (zi - z 2 ) 2 

which is preserved by Lorentz transformations, rotations, and space-time 
translations. Thus Minkowski space-time becomes endowed with pseudo- 
Euclidean metric. Minkowski described this space and time unification in 
following words: 

From henceforth, space by itself, and time by itself, have vanished 
into the merest shadows and only a kind of blend of the two exists 
in its own right. H. Minkowski 

In analogy with familiar 3D scalars, vectors, and tensors (see Appendix 
IDl) . special relativity of Einstein and Minkowski requires that physical quan- 
tities transform in a linear "manifestly covariant" way, i.e., as 4-scalars, or 
4-vectors, or 4-tensors, etc. 



Assertion 1.3 (manifest covariance of physical laws [310J) Every gen 



eral law of nature must be so constituted that it is transformed into a law of 
exactly the same form when, instead of the space-time variables t, x, y, z of 
the original coordinate system K , we introduce new space-time variables t! , 
x' , y' , z' of a coordinate system K' . In this connection the relation between 
the ordinary and the accented magnitudes is given by the Lorentz transfor- 
mation. Or in brief: General laws of nature are co-variant with respect to 
Lorentz transformations. 

From Assertions 11.11 and 11.31 one can immediately obtain many impor- 
tant physical predictions of special relativity. One consequence of Lorentz 
transformations is that the length of a measuring rod reduces by a universal 
factor 

l' = l/cosh6 (1.18) 

from the point of view of a moving reference frame. Another well-known 
result is that the duration of time intervals between any two events increases 
by the same factor cosh 9 

At' = At cosh 9 (1.19) 

An experimentally verifiable consequence of this time dilation formula 
will be discussed in the next section. 
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1.5 Decay of moving particles in special rela- 
tivity 

Suppose that from the viewpoint of observer O the unstable particle is pre- 
pared at rest in the origin x — y — z — Oai time t = in the non-decayed 
state, so that cu(0, 0) = 1^ Then observer O may associate the space-time 
point 



(t,x,y,z) pnp = (0,0,0,0) (1.20) 

with the event of preparation. We know that the non-decay probability 
decreases with time by (almost) exponential decay lavJ^ 



u(0,t) « exp(— ) (1.21) 

At time t = r the non-decay probability is exactly u(0, t ) = e -1 . This "one 
lifetime" event has space-time coordinates 



(t,x,y,z) ufe = {T , 0,0,0) (1.22) 

according to the observer O. 

Let us now take the point of view of the moving observer O'. Ac- 
cording to special relativity, this observer will also observe the "prepara- 
tion" and the "lifetime" events, when the non-decay probabilities are 1 and 
e -1 , respectively. However, observer O' may disagree with O about the 
space-time coordinates of these events. Substituting (11.201) and ( 11.221) in 
(II.14j) - (11.171) we see that from the point of view of O' , the "preparation" 



event has coordinates (0,0,0,0), and the "lifetime" event has coordinates 
(t cosh 6, — cr sinh 9, 0, 0). Therefore, the time elapsed between these two 
events is cosh 9 times longer than in the reference frame O. This also means 



6 Here we follow notation from section [14] by writing u>(6,t) the non-decay probability 
observed from the reference frame O moving with respect to O with rapidity 9 at time t 
(measured by a clock attached to O'). 

7 Actually, as we saw in subsection 1 14 . 1 . 7l the decay law is not exactly exponential, but 
this is not important for our derivation of eq. (JIJ23J here. 
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that the decay law is exactly cosh 9 slower from the point of view of the mov- 
ing observer O' . This finding is summarized in the famous Einstein's "time 
dilation" formula 



"(»■«) =«(°.5S5) (L23) 

which was confirmed in numerous experiments [311[ 13121 1313j . most accu- 
rately for muons accelerated to relativistic speeds in a cyclotron [301[ [302J . 
These experiments were certainly a triumph of Einstein's theory. However, 
as we see from the above discussion, eq. (11.231) can be derived only under as- 
sumption [TTl which lacks proper justification. Therefore, a question remains 
whether eq. fll.23j) is a fundamental exact result or simply an approximation 
that can be disproved by more accurate measurements? This question is 
addressed in section UM 
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Appendix J 

Quantum fields for fermions 



According to our interpretation of quantum field theory, quantum fields are 
not fundamental ingredients of the material world. They are simply conve- 
nient mathematical expressions, which make construction of relativistic and 
cluster-separable interactions especially easy. For this reason, discussion of 
quantum fields is placed in the Appendix. Here we will discuss quantum 
fields for fermions (electrons and protons with their antiparticles) . In the 
next Appendix we will consider the photon's quantum field. 



J.l Dirac's gamma matrices 

In this subsection, we would like to consider another (spinor) representation 
T>(A) of the Lorentz group. Before doing that, let us introduce the following 

4x4 Dirac gamma matrices^ 



1 


















1 












" 




" 1 





-1 









-(To _ 




-1 










-1 



















1 " 
















1 







a x 









-1 










. 






-1 




















(J.l) 



the right hand sides each 2x2 block is expressed in terms of Pauli matrices from 
Appendix IH.4I 
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r 












— i 








I 








i 








—i 

















1 














-1 


-1 














1 











a 






—a 












-cr,, 




-cr. 



On, 



Oz 





These matrices satisfy the following properties^] 



(J.2) 



7°7 




(J.3) 




= 2<T 


(J.4) 


7°7° 


= 1 


(J.5) 


tV 


= -1 


(J.6) 




= 


(J.7) 


Tr( 7 V) 


= 


(J.8) 


7^7 M 


^x^x ^,v*,V ~,z 1 ^,0^,0 A 
— — o/ o/ — ^y y ^Y y — o/ o/ — U o/ o/ — ZJ. 


(J.9) 


7m7.7 m 


= -7^7 M + 2^7 M 






= -4 7t , + 2 7l , 






= -2 7 , 


(J.10) 



If A, B,C are any linear combinations of gamma- matrices, then 



j^A-f = -2A (J.ll) 
7 M ABY 1 = 2(AB + BA) (J.12) 
7 M AfiC 7 ^ = -2C5A (J.13) 

The boost and rotation generators of the spinor representation of the 
Lorentz group are defined through commutators of gamma matrices 



2 The indices take values \i, v = 0, 1, 2,3, i — 1, 2, 3. 
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K 

Jz 



ih 



[7°, 7] 



~^riy> 7z 



ih 



j[7x,7y] 



ih 
2c 

h 
2 
h 

' 2 
h 

' 2 



a 
a 





O,, 









o x 




(7, 



(J.14) 
(J.15) 
(J.16) 
(J.17) 



It is not difficult to verify that these generators indeed satisfy commutation 
relations of the Lorentz algebra (I3.53p . (13.541) . and (I3.56p . For example, 



O z 



o x 






4 

ihj z 
iff 
4c ( 

JL 

2c 
ihJC z 

r 

4? 
Ac 2 

2c 2 
JH<T 

9 >J z 

C 2 



[0 X , Oy] 







[Ox, Oy] 






Ox 
(Jz 







(J„ 



(J„ 



cr,, 



0V 



Ox 
a :r 









o x 

[0 X ,Oy 



Oz 
<7 Z 





On, 



On, 



(Jn 



On, 



(J , 



(J, 





[Ox, Oy] 



Using properties of Pauli matrices (1H.2I) - (1H.5I) we get the following repre- 
sentation of finite boosts 
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exp( 



1 + 



a 











a-e 


a-9 






-(-) 2 

2! V 



1 
1 



+ . . . 



1 cosh — — -/C • - sinn - 

2 m e 2 



(J.l* 



This equation allows us to prove another important property of gamma ma- 
trices 



D- 1 (A)7^(A) = ^A^7 t 



(J.19) 



Indeed, let us consider a particular case of this formula with /i = and A 
being a boost with rapidity 6 along the x-axis. Then 

P- 1 (A) 7 D(A) 

, 9 2c , 0. 0/ 2c 0, 

= (/cosh — ivajsinh— J7 (/cosh — \- —K x smh 



q 

(cosh - 



cosh' 



9 



2 ih 
1 

1 

1 
-1 



— sinh - 
2 



a x 




ih 
' 1 
-1 



, 9 , 

— 2 smh - cosh - 
2 2 





0".r 







(cosh - 



+ sinh 



1 
1 



+ smh - 
2 



1 
-1 



= 7° cosh + 7 X sinh 

In agreement with the definition of the boost matrix A (11.521) . 
One can also check for pure boosts 



a x 
a„ 



7 P( e -f£-V 



1 + 







a 



a-9 




7 



2P2' 



1 
1 



1 


a-9 


1 


:|' 2 


" 1 


" 


2 


a-9 


+ 2? 







1 



+ 



+ . . . 
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A similar calculation for rotations should convince us that for a general trans- 
formation A from the Lorentz subgroup 



7°P(A) 7 = V-\K) (J.20) 

Another useful formula is 



J D(A)7 D(A) = D(A) 7 J D(A)7°7 
= D(A)D- l (A) 1 ° 



7° (J.21J 



J. 2 Construction of the fermion field 

According to the Step 1 in subsection 18.1.11 in order to construct relativistic 
interaction operators, we need to associate with each particle type a finite- 
dimensional representation of the Lorentz group and a quantum field. In this 
section we are going to build the quantum field for electrons and positrons. 
We postulate that this Dirac field has 4 components, transforms according 
to the 4D spinor representation of the Lorentz groupj and has the following 
forn0 



1p a (x) = 1p a (jL,t) 



dp / mc 



-2 



(2tt^) 3 / 2 V uJ 



p 



.. u, aV p, cr)a Pi(T + e* p ' x v a {p, a)t^^2) 



Here a P)Cr is the electron annihilation operator and M, is the positron creation 
operator. For brevity, we denote p = (u p /c,p x ,p y ,p z ) the energy-momentum 
4-vector, and x = (ct, x, y, z) the 4-vector in the Minkowski space-time. The 
pseudo-scalar product of the 4- vectors is denoted by dot: p • x = = 
px — uj p t and u p = a/^ 2 c 4 + p 2 c 2 . Numerical factors u a (p, a) and v a (p, a) 



3 see Appendix lJ.il 

4 This form (apart from the overall normalization of the field) can be uniquely estab- 
lished from the properties (I) - (IV) in Step 1 of subsection l8.1.1l (see [9]). 
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will be discussed in Appendix IJ.3I Note that according to eqs (17.341) and 

flESD 



^(x,t) = e-** o Va(x,0)e* Hot 



so, the t-dependence demanded by eq. ( 17.501) for regular operators is satisfied. 

The Dirac field can be represented by a 4-component column of operator 
functions 



We will also need the conjugate field 



■01 (x) 



dp 



"mc* 



(2vr^) 3 / 2 Y a; F 



usually represented as a row 



The adjoint field 



(J.23) 



is also represented as a row 



■0 = -0 T 7 



1 

1 







1 
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The quantum field for the proton-antiproton system is built similarly to 
CL22} 



(J.24) 

where f2 p = a/ M 2 c 4 + p 2 c 2 , M is the proton mass, P • x = px — f2 p t, and 
functions w(p, a) and s(p, a) are the same as u(p,a) and f(p,cr) but with 
the electron mass m replaced by the proton mass M. 



J. 3 Properties of factors u and v 

The key components in the expression flJ.221) for the field are numerical func- 
tions u a (p,a) and v a (p, a). We can represent them as 4 x 2 matrices with 
index a = 1,2,3,4 enumerating rows and index o = —1/2, 1/2 enumerating 
columns. Let us first postulate the following form of these matrices at zero 
momentum 



u(0) = 



' 


1 " 




' 


" 


1 





, v(0) = 



















1 










1 






Sometimes it is convenient to represent these matrices as four vectors-columns 



«(0, 





1 




1 







(J.25) 



(J.26) 
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«(o,i) 






1 




1 





(J.27) 



(J.28) 



We will get more compact formulas if we introduce 2-component quantities 

xl/a = (l,0), xli /a = (0,l) (J.29) 
Then we can write 





' 1 " 




" " 


Xl/2 = 







1 



u(0,cr) 



Xa 




v(0,a) 





Xo 



Let us verify that matrix u(0) has the following property 

/3 



(J.30) 



where T> is the spinor representation of the Lorentz groupj^l _D 1//2 is the 2- 
dimensional unitary irreducible representation of the rotation group (see Ta- 
ble [Hj]), and R is any rotation. By denoting J k the generators of rotations 
in the representation T> a p(R) and Sk the generators of rotations in the repre- 
sentation D l J^,(R) we can write eq. (1J.30I) in an equivalent differential form 



13 

Let us check that this equation is satisfied for rotations around the x-axis. 
Acting with the 4x4 matrix (j J. 15ft 

5 see Appendix lJ.il 
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on the index j3 in ttg(0, a) we obtain 



J x u(0) 



h 
2 




1 





" 


1 





" 








h 


1 

















2 











1 
















1 


_ 








obtain 














1 





" 




" 


1 " 




"10" 













1 





h 


1 








1 










~ 2 








1 



















This has the same effect as acting with 2x2 matrix (see Table IH. 1[) 



S 



on the index r in u n (0, t). 



h 
2 



1 

1 



w(0)J x 



h 
2 



h 
2 



1 

1 




1 
1 





1 

1 



This proves eq. (1J.30j) . Similarly, one can show 



£zUi2) V/3 (0,<r) = $>«(0,T)D# 2 (i2) 

P 

The corresponding formula for the adjoint factor u is obtained as follows. 
First take the Hermitian conjugate of ( 1J.30I) . multiply it by 7 from the right, 
and take into account eqs. (1J.5I) and (1J.20I) 
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T 

u{0,a)V\-R) = ^(°^) Dl ri 2 ( R ) (J.31) 

T 

The values of u a (p, cr) and f a (p, a) at arbitrary momentum are obtained 
from zero-momentum values by applying the spinor representation matrix of 
the standard boost A p (15. 2p 



u a {p,a) = ^2v a p(\ p )up(0,cr) (J. 32) 



v a (p,a) = ^^(Apj^fO.d) (J. 33) 



Taking a Hermitian conjugate of flJ.321) and multiplying by 7 from the right 
we obtain 



u(p,a) = ?i t (p,(x)7 

= ttt( 0ja )2?t(A p ) 7 o 

= M t (0;(j)7 o 7 Op (Ap)7 o 

= u(0,a)V-\\ p ) (J.34) 

and 



v{p,a) = v(0,a)V-\X p ) 



J. 4 Explicit formulas for u and v 

Now let us find explicit expressions for factors u,v,u, and v. Using formulas 
fIXISl) . (jJHD , and 
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tanh 



cosh - 
2 



sinh 



we obtain 



tanh 1 (v/c) 
tanh# 



v/c 



pc 



1 + y/l - tanh 2 
1 

1 - tanh 2 § 

_ 
tanh - cosh - 
2 2 



V 2 /c 2 



2mc 2 



lu p + mc 2 



I cosh — + 



2c K, ■ p 



— sinh — 

in p 2 



cosh — 
2 



1 
1 



+ sinh — 
2 



— 



P 



cosh — (1 + tanh — 
2 v 2 



^ 

p 

— 

p 



mc z 



2mc 2 



lu p + mc 2 
2mc 2 



tUp + mc 2 



CT-p 



1 

(7-pC 

ip+mc 2 



CT-pC 



Then, inserting this result in ( 1J.32I) we obtain 

u(p cr) - l UJp + m ° 2 
V 2mc 2 



a/c^p + mc 2 



V2 



z p 

v 




^ 



Zip 

p 





1 CT-PC 
-L i 9 




" 1 " 








CT-pC J 







Up+mc 2 





XV 



(J.35) 



Similarly, the expressions for v, u, and v are 
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«(p,er) 
v(p,cr) 



mc 2 (a ■ -) 



y / 2mc 2 



(J.36) 



A, a 



V2 



-W uj p + 



rac A 



P 



Lu p — mc 2 {a ■ — )} (J. 37) 
V 



Xu 



V2 



:[a/cu p - mc 2 (a ■ — ), a/c^p + mc 2 



(J.38) 



These functions are normalized to unity in the sense that (when p + p') 



u(p, cr)u(p, cr') 

X^V^+m?, a/^p -mc 2 (^ • a)) 
Xff(w p + mc - (w p - mc ) )x* 



-y/uj p -mc 2 (£-a) 



X*> 



2mc 2 



2mc 2 



(J.39) 



Let us also calculate the sum Ylt=-i/2 M (P' cr )' u ^(P' a )- At zero momentum 



-1/2 



we can use the explicit representation (1J.25I) - (1 J.28[) 



1/2 
a-l/2 

1 ' 
10 

_ _ 

For arbitrary momentum, we use (1J.32I) - (1 J.34[) . the Hermiticity of the matrix 
£>(A P )9 and properties (jX5lh flXT9l - flX2H 



1 

1 

0000 0000 

0000 0000 



6 see eq. (|J.18j) 
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1/2 / 1/2 



a=-l/2 \a=-l/2 

1 



2 X?(A P )(1+ 7 °)2>(A P ) 
1 -(V(X P )V(X P )+ 1 °) 

i(D(A p )7 7 ^(Ap)7 7° + 7 ] 

i(D(A p )7 P- 1 (A p )7 + 7°) 
1 
2 
1 

-(7 coshtf + f- sinh6> + 1)7° 
2 (7 

^^(7°^ p -7pc + mc 2 )7 



(P(A p )7°^- 1 (A p ) + l)7° 



' ' + mc 2 )7° (J.40) 



2mc 2 

where we introduced convenient slash notation^ 

P = 7°^ p -c7p (J.41) 

Similarly we show 

1/2 l 

u(p,a)u(p,a) = ^(^ + mc2 ) ( J - 42 ) 

(T = -l/2 

1/2 _ 1 

a ct=-1/2 
1/2 

^ U(p,t7y(p,<7) = ^2-(i>-™ C V (J.43) 
<r=-l/2 



7 Note that has the dimensionality of energy. 
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1/2 x 

v(p,a)v(p,a) = 7^(ft- m c 2 ) (J- 44 ) 

a=-l/2 
1/2 

u a (p,a)u a (p,a) = -2 

a a=-l/2 

J. 5 Convenient notation 

To simplify QED calculations we introduce the following combinations of 
particle operators 



A*(p) = \ 2j« a (p,a> PiCT (J.45) 



£(p) = J— 5>«(p> ff K^ ( J - 46 ) 



bUp) = J—J2 v ^°K« (J- 4 7) 



LOp 



B a (p) = \ 2^v a (p,a)b p , a (J.48) 



LUp 



/ Mc 2 

D a {p) = \ -^—^2w a (p,a)d P!rT (J.49) 



dI(p) = J^E^^ ( J - 5 °) 



\ Mp 2 -« 

^«(p) = y-^E^(p^)^ ( J - 52 ) 

In this notation, indices a, (3 — 1, 2, 3, 4 are those corresponding to the spinor 



J. 6. TRANSFORMATION LAWS 



687 



representation of the Lorentz groups. Indices /i, v = 0,1,2,3 transform by 
the 4- dimensional representation of the Lorentz groupjj Index a = ±1/2 
enumerates two spin projections of fermions, and index r = ±1 enumerates 
two helicities of photons. 

With the above conventions, the quantum fields for electrons/positrons 
ippix) and protons/antiprotons ^!p(x) can be written as 

i> a {x) = (27r/r 3/2 / dp[e-fr £ A a (p) + eir*Bl(p)] 
= (2nh)-V 2 j dp[e-r^D a {p)+e^Fl{p)} 



J. 6 Transformation laws 



Operators (1 J.45[) - (1J.52[) have simple boost transformation laws. For example, 
we use (I7.35P and (15.121) to obtain 



f/ - 1 (A,0)A(p)[/ (A,0) = e^A(p)e 



UJr 



J]«(p,a)e^ c V CTe ^ K ^ 



; p V w p — i 

' — x I^V{X p )V{-$ w ) yV0,<7)a Api<7 



/^£p(A p )P(A p 1 A- 1 A Ap ) Vn(0,a)a AP)(T 
; p V w p 

'^./^P(A- 1 )I?(A Ap )^ M (0,a)a Ap , CT 



8 see Appendix lJ.il 
9 see Appendix ll.il 
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P(A- 1 )^ M (Ap,a)a A p„ 



P(A- 1 )A(Ap) 



Similarly, using ( 1J.31I) 



~p 



t/ - 1 (A ) 0)A t (p)f/ (A,0) = J 5>(p,<7)e* 

p V p / 

^A/^EE^°^ , )P 1/2 )^(-^)^ l (Ap)ai PiCT , 

; P V a a' 

^./^V«(A P! a)D(A)a Ap , CT 

= ^X(Ap)P(A) 
Let us show that ip a {x) has the required covariant transformation law 

flUD 

f/ - 1 (A,a)V a (£)f/o(A,a) = ^P a/3 (A- 1 )^(A5 + a) (J.53) 

3 

Transformation with respect to translations are 
Ua l (l,a)iP a (x)U (l,a) 

= / (^^( e ~^ (i+S) ^(P)+ e ^' ( " +5) ^(P) 
= ip a (x + a) 
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For transformations with respect to boosts we use eqs. (17.351) . ( 1J.30I) . (15.121) . 
dEUD, and flL5|) 



t/ - 1 (A,0)^(x)f/ (A,0) 

(2nh)- 3 / 2 [ rfp[e-^f/ - 1 (A,0)A(p)f/ (A,0) +e^?7 - 1 (A,0) J Bt(p)f/ (A,0)] 



(2nK)-' i/2 V(A~ l ) [ dp^(e-T^A(Ap)+e^B^(Ap 
J ^ P V 

(2tt^)- 3 / 2 P(A- 1 ) / rfq^3_det 
2?(A _1 )^(Ax) 



dA^q 



^(A-ig-x) 



• 5) A(q) + ei (A_1 ^ ) 5 t (q) 



which agrees with eq. (I8.ip . We leave to the reader the proof of eq. (18 .ip in 
the case of rotations. 



J. 7 Functions and W^. 

In QED calculations one often meets products like u^u and w^w. It is 
convenient to introduce special symbols for them 



U^p,a;p',a') 
W»(p,a;p',a') 



u(p, a)^u{p', a') 
w(p,a)^w(p',a') 



(J.54) 
(J.55) 



Note that quantities and W** are four-vectors with respect to Lorentz 
transformations of their momentum and spin labels^ For example, using 
(1X341) . ([irigj) , and flXT9|) . we obtain 



U^Ap,R-\p,A)a;Ap',R(p',A)a') 
= u(Ap, R-\p, A)a)Yu(Ap', R(p', A)a') 
= u(0, R-\p, A)a)V- 1 (\ Ap )YV(X Ap/ )u(0, R(p', A)a') 
= 11(0, R-\p, A)a)V- 1 (AX p R-\p, A^l^AA^/T^p', A))u(0, R(p', A)a') 

10 Such a transformation acts by matrix A (which can include both a boost and a rota- 
tion) on momentum arguments and by Wigner rotation R on spin components. 
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= u{0, R~\p, A)a)V(R-\p, A))V-\\ p )V- l {A)rV{A)V{\,)V{R~ l {p' , A)) 

u{0,R{p',A)cr') 
= u(0, a)p- 1 (Ap)D- 1 (A)7^(A)D(ApOu(0, a') 
= Tl(p,a)I?- 1 (A)7^(A)n(p / ,a / ) 

= u(p,a)(A^ v )u(p',a') 

= A^f/ ly (p,o-;p / ,o- / ) 

J. 8 The non-relativistic approximation 



Often it is useful to obtain QED results in a weakly-relativistic or non- 
relativistic case, when momenta of electrons are much less than mc, and 
momenta of protons are much less than Mc. In these case, with reasonable 
accuracy we can represent all quantities as a series in powers ofv/c and leave 
only terms of order not higher than (v/c) 2 . First, we can use (17.901) to write 



To obtain the {v/c) 2 approximation of expressions ( 1J.54I) . ( 1J.55I) we use eqs. 
( 1J.35I) - ( 1J.38I) . For the component U° we also use eq. ( 1H.8I) 

U°(p,a; p',a') 
= «(p, &h u(p', a') 

= M t (p,cr)?l(p / ,0-') 




1 



(q + k + q) 2 



(^q+k - ^q) 2 - C 2 k 2 
1 



(J.56) 
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U I , 2 / 7 2 , / 2 / atP'^XP'' *)\ 1 

XUv w p + mc i ^u p f + mc 2 + a/c^p - mcY^p' - mc 2 — > Xa> 2^ 

m + + j^L) + I ^ (p " ?)( f , " ?) w 

sm^r om^r 4m z c z pp 



t p 2 + (p') 2 + 2p ■ p' + • [p x p' 



> ■> )Xu' 

m z c z 



f , , (p + p') 2 + 2ia [p x p' 



6m 2 c 2 



Analogously, in the (f/c) 2 approximation 



W°(p,<7;pV) = W(p,a) 7 VpV 



t/1 | (P + P') 2 + gjg • [p x p'] 

+ )*✓ (J-58) 



Further, we calculate (using eqs. (1H.6I) and (1H.7I) ) 



U(p, a; p', a r ) 
u(jp, a)ju(p', a' 



P 



<T 

-a 



mc 



2P_a_ 

p> 



Xo 



2mc 2 



xIW^p + mc 2 , -^/uj p - 



V 



1 — mc 



2 <r(p^£) 



— o^Jujpi + mc 2 



Xa> 



2mc 2 



= xUV u p + mc 2 ^u p , - me 2 — — - 
+ 



u p — mc 



mc 



P 

2 xP ■ g)g 



(J.59) 



V 



)X*' 



2mc 2 



X. 



HV2mV 2 ^ a[p - a) 



/ 2m p' 



+ v2m< 



'2m p 



2mc 2 



xt({° ■ P)° + ■ p'))x<t' 



2mc 



Xt[p + i[5 x p] + p' - i[B x p']]^ 



2mc 



xllP + P + i[# x (P - P')]]x<r' 



2mc 



(J.60) 
(J.61) 
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Analogously 



W(p,<7;pV) « x l [P + p' + ¥ * (P - POllx^^ (J-62) 
In the non-relativistic limit c — > oo, all formulas are further simplified 



lim lj p = mc 2 

c— >oo 



lim fi p = Mc 

c— >oo 



2 



lim E/o(p, ct; p , a') = xlx*> = 
lim V (p,a;p',a') = 6 aa > 
lim U(p, cr; p', a') = 

c^oo 

lim V(p, a; p', a') = 

J. 9 Anticommutation relations 

To check the anticommutation relations ( 18. 3ft we calculate, for example 1^1 
{^(x,0),^(y,0)} 

<ip jmc 2 dp' jmc 2 

{ (e-^ x Ma (p, a)a p , CT + e^ Q (p, a)^), (e^u* (p', a-')a pv , + e"*^ (p ; , a') V,.')} 
dp / mc 2 dp' jmc 2 



p ct ,<t'=-1/2 



(27rn) 3 / 2 y c; p (2tt^) 3 / 2 



>_2 1/2 



(27rft) _, i dpdp'mc ^ 



<r,cr'=-l/2 



11 



Here we used (|J.40|) and (|J.43p . 
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( e-^-^u a (p, C7)4(p', a')5(p - p')<V + e^-^p, <t)vJ( P ', c/)<5(p - p')<V) 

/■J 2 X /2 

= ( 2vrn)- 3 /^^ £ (^WR^HtP. ff ) + e ^(P. ff )«J(P. ff )) 

J ^ P <X=-l/2 

= ( 27r n)- 3 / ^! e -tP(-y) £ (« a (p,a)tiJ(p,a)+t; a (-p ) a)t;J(-p,a)) 

J Wp <X=-l/2 

= (2^)- 3 / ^e-tP(-y)^(//) a/3 

= S(pc-y)S a0 (J.63) 
We will also find useful the following anticommutators 

2 

{A a (p),Ap(p')} = -^-^w a (p,cr)4(p / ,(7 / ){a Pi(7 ,aJ ) , )CT ,} 

cr' 

^M a (p,a)M /3 (p,cr) 5(p - p') 



P ,TfT' 



mc 2 



UJ p 



(7°u;p - fpc + mc 2 ) Q/3 5(p - p') (J. 64) 



2u; p 



E^(P)'^(P')} = 25(p-p') (J.65) 

a 

{5 a (p),B^(p')} = — ^^p-Tpc-mc^c^p-p') (J.66) 

^{fit(p),7I Q (p')} = 2*(p-p') (J.67) 



J. 10 The Dime equation 

We can write the electron-positron quantum field (1J.22I) as a sum of two 
terms 



where 
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V£(5) = E / 



dp 



(2vr/i) 3 / 2 \/ cj p 
dp 



e Rp-a: u Q (p,0")<W 



(27T^) 3 / 2 V a; F 



e***t; (p,a)6t 



P,<T 



The Dirac equation for the component tp + (x) of the electron-positron field is 
derived as follows^ 



d _ d imc 2 

Ytt: + cy- 



St <9x h 

d _ d imc 2 

7 U T77 + CJ- 



-Y 



dt <9x h 
dp 



dp 



'mc* 



e-^ x+ r^ u (p, a)a p , a 



(2vrn) 3 / 2 V cu F 



mcr 



(27rn) 3 / 2 y w p 
Let us now calculate the product 



(7°cl> p - cry ■ p - mc 2 )«(p, cr)e ft px+ ^ p *a PiCT 



(7°^ P - cf • p - mc 2 )w(p, a) 



v/2 



'a/cu p + mc 2 (a ■ p) 



v/2 



cj n a/^p + ^c 2 — (tUr, — mc 2 



-id 



pV^p" 



mc* — mc 



— mc it(p, cr] 



XV 



(a • f ) + a/^p + mc 2 (a • ^)pc - mc 2 Ju p - mc 2 {a 



(u p — mc 



'')y/oJ P + rnc 2 — (lu p — mc 2 ) ^ uj p + mc 2 



(—(ojp + mc 2 )^Juj p - mc 2 + (uj p + mc 2 )^/uj p - mc 2 )(a ■ |) 



Therefore 



\Jlmc 2 



V2 



mc* 



(J.68) 



12 



(J.69) 



Here we use explicit definitions of gamma matrices from (|J.ip and (| J . 2[) as well as eq 
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The same equation is satisfied by the component if) (x). So, we obtain for 
the full field 



<v|+<*s-=r »<*) = <> (J - 70) 



The conjugate equation to (IJ.68I) is 



= nt(p, ( r)((7 )^ p - c (7)t.p- mc 2 ) 
= u'(p, a)(^°uj p + C7 • p - mc 2 ) 
= u 1 (p, (x)7 7 (7 u;p + cry ■ p - mc 2 ) 
= w(p, a)7°(7°u;p + C7 • p - mc 2 ) 

= w(p, a)(7°^p - C7 • p - mc 2 )7° (J. 71) 

Therefore, the equation satisfied by the conjugated field is 



— ^(5)7° - c— if)\x)f + — — if)\x) = 
or multiplying from the right by 7 and using fl J.3j) 



-V(£)7° + c—il){x)1 + -jr-iJ>(x) = (J.72) 

It should be emphasized that in our approach to QFT Dirac equation 
appears as a rather unremarkable property of the electron-positron quantum 
field if)(x) ■ This equation does not play a fundamental role assigned to it in 
many textbooks. Definitely, Dirac equation cannot be regarded as a "rela- 
tivistic analog of the Schrodinger equation for electrons" (see also [H]). The 
correct electron wave functions and corresponding relativistic Schrodinger 
equations should be constructed by using Wigner-Dirac theory of unitary 
representations of the Poincare group. For free electrons this derivation is 
performed in chapter [5j The relativistic analog of the Schrodinger equation 
for two interacting electrons is constructed in section 110.31 

In the slash notation (1J.41I) Dirac equations for the electron-positron and 
proton-antiproton fields take the form 
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M(p,r)(^-mc 2 ) = (J.73) 
(/-mc>(p,r) = (J. 74) 



J. 11 Fermion propagator 

Let us calculate the electron propagator, which is frequently used in Feynman- 
Dyson perturbation theory 

T> ab (x 1 ,x 2 ) = (0|T(^i)^(£ 2 ))|0> (J.75) 
if t\ > t 2 we can omit the time ordering sign and use (1J.42I) 



V ab (x 1 ,x 2 ) 



oc 



(0|Va(il)^(5 2 )|0) 

(0|(a + 6 t )(a t + &)|0) 



oc (0|aa f |0) 



(0| 



dp / mc 2 



e fiP ' Xl u a (p, a)a PiCT 



_j| 7i ^j :(e ^ M t (q , T)<T j |0> 

J] e^^ 5l «a(p, a)ei*»itt(q, t)<S( p - q)<S„ 



(iprfq mc 2 



^^ e i(-p(te-* 1 )-P(x 2 -x l) ) J_ ( o _ fpc + mc2; 

(27m) d ZCUp 



a/3 



if tj < t 2 we use (I J.44[) to obtain 



T ) ab {x 1 ,x 2 ) = -(0|^ 6 (x 2 )^o(*i)|0) 
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oc -(0|(a t + 6)(a + 6 t )|0) 
oc -(0166+10) 



J V 

- "/ (^- (Wp(<1 " 2) - P(Xl - X2)) 4 (7 ^- fPC - mC2) - 
The sum of these two terms gives 



+ e(u-u) f dp e |("p(*i-*2)-p(xi-x 2 ))J_p c_ p _ 



where we denoted 



P a/3 (p, Wp) = (7°u; p - fpc + mc 2 



la/3 



and is the step function defined in (IB. 2ft . Our next goal is to rewrite eq. 
(1J.76I) so that integration goes by 4 independent components of the 4- vector 
of momentum (po,Px,P y ,Pz)- We use the integral representation ( IB. 31) for the 
step function then 



(0|T(^ a (£i)^(£ a ))|0) 

1 f dp f , 1 1 

as- 



27ri ,/ (27r/?,) 3 J s + ze 2u; p 
[ e -i((^P+a s )(ti-t2)- P (x 1 -x 2 ))p a ^ P)a;p ) 

J_ e |(( £l ; p+ fc)(tl-t 2 )-p(x 1 -X 2 ))p a /_ p) X] 
27T* 
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dp 



dpo 



2m J (2m%Y J p — uo p + ie 2oo p 
[ e -t( P o(ti-t 2 )-p(x 1 -x 2 ))p a ^ P)a;p ^ 

1 e t(p0(t 1 -t 2 )-p(x 1 -x 2 ))p ab( _ p) _ a;p)] 



2m 



_j_ r dp r l l 

2ni J (2m%)' i J p - w p + ie 2uj p 
[e -^(Po(t 1 ^ 2 )-P(x 1 -x 2 )) Pafc(p)J9o) 

-e-s ( - po(tl - t2)+p(xi - X2)) P ab (-p,-po)] 



2tu 



1 f dp f rfp oe -i(po(ti-t 2 )-p(x 1 -x 2 )) J_ 



2vri J (2vrft) 3 J ^ 2cj p 

1 , ■ ^ab(P.R)) + — Pab(p,Po)} 

-u p + ie -p -u p + ie 

d P fj„ „-i(P0(*l-t2)-p(xi-x 2 )) 1 D / x 2W P 



2vn y (2vr/i) 3 y 2cj p p 2 , - u; 2 + 2e 

2m(2irh) 3 J pi — c 2 p 2 — m 2 c 4 + 

1 [d 4 pe-i^ (7%-7PC + mc 2 ) afe 
2m(2nh) 3 J p 2 c 2 — m 2 c A + ie 

1 f d 4 ve~^ (^ + mc2 )° b fj 761 

2m{2mi) 3 J P p 2 c 2 -m 2 c 4 + te y ' 



Appendix K 

Photon's quantum field 



K.l Construction of the photon's quantum 
field 

The representation of the Lorentz group associated with the photon field is 
the 4-dimensional representation from subsection 11.11 

The 4-component quantum field for photons is defined as 

a»{x) = a M (x,t) 

= (2^72 / |Ek-^(P,*„+e^(p 1 r)i(f(.l) 



where we denoted p-x = px — cpt. As in subsection IJ.3t in order to define the 
coefficient function e M (p, r), we first choose its value at standard momentum 
s = (0,0,1) 



1 

V2 




1 
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(K.2) 
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For all other momenta we define (similar to the massive case ( 1J.32I) - ( 1J.33I) ) 



e(P,T) 
e f (p,r) 



A p e(s, r) 
s,r)A r 



(K.3) 
(K.4) 



where A p is a boost transformation which takes the particle from standard 
momentum s to p. 



RpBp 



where B p is a boost along the z-axis and R p is a pure rotation (see eq. 

(E23D). 

K.2 Explicit formula for e yU (p,r) 

Zero component of the coefficient function at standard momentum is zero 
eo(s,r) = 0. This component is not affected by the boost B p along the z- 
axis (see eq. (I5.72p ). It is not changed by the rotation R p as well. Therefore 



e (P,T) 
a (x,t) 








(K.5) 
(K.6) 



Let us now find three other components of e^(p, r). From (IK. 31) . (IK. 51) . and 
( ID. 201) we obtain the x, y, z-components of e M 



V2e(p,r) 



cos q 
n x n y {l — cos ( 
n x n z {l — cos< 

1 

IT 





+ nl(l — cos< 



+ n z sin ( 
— n y sin ( 



+ 



Py(p-Pz) PxPy(p-Pz) 



r ' p(pI+pI) 

PxPy{p-Pz) 

P(PI+P V ) 
_Px_ 
P 



n x n y (l — cos <t>) — n z sin < 



cos</> 
n y n z (l 



COS(/>) 



- COS </> J 

+ n x sin i 



Pz _|_ Pl(p-Pz) 

P P(Px+Py) 

Py 



P.r 
P 

Py 
P 

E± 

P 



1 

ir 




n x n z (l - cos4>) 
n y n z {l — cos0) 
cosd) + n 2 Jl 



+ n y sin ■ 
sin . 

- COS 
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p{pI+pI) 

PxPy(p~Pz) 

P(pl+P 2 y) 
Px 

P 



p(pI + vl 



Therefore 



PxPy(p-Pz) Px_ 
P{pl+P%) P 



PzPy+PPx 
P(p'i+Py) 

_Py 
P 



Pv 
V 

Hi 
P 



IT 





PzP 2 x + PP 2 y - irp x p y {p - p z ) 
-PxP y (p -Pz) + ir(p z pl + pp 2 y ) 
-PxIpI + P 2 y ) + irp y (p 2 x + p\) 



V2p(pl + pi) 



PzPl + pp\ - irp x p y {p - p z ) 
-PxP y (p ~Pz)+ ir(p z p 2 x + pp 2 y ) 
-Px(p 2 x + pl) + irpyipl + pi) 



(K.7) 



K.3 A useful commutator 

Let us introduce a convenient shorthand notation 



Ca/?(P) 



^P 



r aP Y; e ^v^)c^ T 



Then photon's quantum fielcfl can be expressed as 

7>„(x) = (27rn)- 3 / 2 |rfp[e-^C Q/3 (p)+e^i /3 (p)] 
We will also require the following commutator 



(K.8) 



[c^(p),c^(pO 



h 2 c 



7 5Z 7 «/3 7 7<5 e i(P' r MP'> T ')1 C 1,t, Cp'.r' 



2^/pp' ^ 

TT 



1 multiplied by the gamma matrices in the form that we will meet frequently in calcu- 
lations 
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where 



h 2 c v- 

12 TfisT^e^p, r)e„(p, r)5(p - p') 

h 2 c 

-^7„V^V(p) 5 (p - p) 



(K.9) 



V(P) = ^^(P.^eKP^) 



First we calculate the sum h^s) at the standard momentum s with the help 
of pOJ) 




1 

i 




[0 1 





1 

— z 




[ 1 z ] 



1 

+ 2 





1 i 

-i 1 







1 1 -i 

2 i 1 



10 
10 


which can be also expressed in terms of the components of the standard 
vector s = (0, 0, 1) 



V( s ) 
h i:j (s) 



Ko(s) = 



SiSj 



At arbitrary momentum p we use formulas (1K.3j) and (1K.4|) 



v(p) = ^2 e ^(p^ T ) e l(Pi r ) 



(K.10) 
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RpB p 





10 

10 





(K.ll) 



and see that due to eq. (2.41) the boost B p along the z-axis has no effect. It 
then follows that h 0fM (p) = /^(p) = and the non-zero 3x3 submatrix ig^| 



hij(p) = Rp[5i 



8 



'.J 



PiPj 

p2 



(K.12) 



V(P) 










PxPy 

■ p2 

PxPz 





PxPy 
p2 

i-4 

PzPy 





PxPz 

PyPz 



(K.13) 



One can also represent the matrix h fiv (p) in the following useful fornix 



V(p) 

, p°p^n v + p°p u n^ - p^p v + c 2 p 2 n v n il - (p°) 2 ra„n M 

where n M = (1, 0, 0, 0) is a constant vector, p^ = cp x , cp y , cp z ), and p° is 
any function of (p x ,p y ,p z )- Indeed, we have 



^oo (p) 
h xy {p) 

h xx {p) 

h 0x (p) 



•1 + 



(p ) 2 + (p ) 2 - (p ) 2 + c 2 p 2 - (p ) 2 



PxPy 
p2 



P 

cp°p x - cp°p CL 
c 2 p 2 



c 2 p 2 



2 These formulas can be also obtained by direct substitution of (|K.7[) in (jK.101) . 
3 see [9], section 8.5 
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in agreement with ( 1K.13I) . 



K.4 Equal time commutator of the photon 
fields 



The photon quantum field ( IK.lj) commutes with itself at space-like intervals 



(x^y), as required in eq. ( 18. 4ft 



[<v( x >°) 


4(y,o)] 


h 2 c 


r dpdp' 


2(2vrft) 3 


J vw 


( e tp'y e * 


y> r ')cp/, 






2(27r£) 3 


y vpp 7 


+ e^ px e~^ p ' x e;(p,r 




/" rfprfp' 


2(2vrfr) 3 


/ 



(e * p %(p, r)c p , r + e« px e* (p, r)cJ, )T ) 



/ ^ £(e- P V p '%(p, -)4(P, O [cp,., c p , r ,] 



*(p - p') 



£ 5 riT ,(e^ p ( x -^e,(p, r)4 (p', r') - e^^^e^p, 7-)e?(p', r')) 

/ yE( e ~" P(X " y)e M(P^)4(P^)-e* p(x - y) e;(p,r)e:t(p, r )) 



h e f dp 



J ^(e-tP( x ^) - e i^) V(p) 



^ C | ^ s in(p(x-y))V(p) (K.15) 



2(2tt/i) 3 




because the integrand in (1K.15I) is an odd function of p. 
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K.5 The photon propagator 

Next we need to calculate the photon propagatoiEl which is used in the covari- 
ant Feynman- Dyson perturbation theoryjj We use the integral representation 
( IB. 31) of the step function to write 



(OlTfa^KO^p) 



2m 



ds 



dp 



— oo 
oo 



ds 



2(2mifp 

dp 

2{2mifp 



V(p) 



1 



-is(ti-t 2 ) 

s + it 



+ e 



-p-(x 2 -x{) 



is(t\-t 2 ) ' 



s + ie 



s + ie 



^ e |( c P-(*i-*2)-p(xi-x 2 )) e -is(ti-t 2 ) _|_ e ^(-cp-(ti-t 2 )+p(xi-x 2 )) e is(ti-t 2 )j 



e jr (cp- hs)-(ti-t 2 ) e - f (cp-hs)-(ti-t 2 ) 

[ — + " 



s + ie 



s + ie 



Now we change variables: in the first integral po = cp — hs; in the second 
integral po = —cp + hs 



(0|T[a M (xi) Ol/ (52)]|0) 

oo 

H 2 c f , f dp 



2m 



dp c 



2(2irh) 3 p 



V(p)^ p(xi ~ X2) 



e fpo(ti-*2) 



+ 



e jrP0(tl~t 2 ) 



cp - Po + ie cp + p + is 



4 eq- (8-5.2) in [9] 
5 see subsection 18.2.21 
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2m J dP °J (2nh)^ AP)e 6 p* + ie 

— CO 



v + ie 



According to the arguments from section 8.5 in [9], for the use in the 
Feynman-Dyson approach we can leave only the covariant (g^u) part of the 
function h fiu (p), denote d A p = dp Q dp, and finally write 

(0\T[a,( Xl )a u (x 2 )}\0) = |? / 7^^-"-)^- (K.16) 

2m J (2nhy p l + le 



K.6 Poincare transformations of the photon 
field 

Now we need to determine transformations of the photon field with respect 
to the non-interacting representation of the Poincare group. The action of 
translations and rotations agrees with our condition (18. ip 



U \R,0)a (x,t)U (R,0) = a (Rx,t) 
U 1 (R,0)a(x,t)U (R,0) = Rr^Rx, t) 
U 1 (r,T)a^,t)U (r,r) = a M (x + r, t + r) 

Transformations with respect to boosts are more complicated [57]. Using 
eqs. (17.361) and (I7.37P we write 



r7 - 1 (A,0)a M (x,t)rj (A,0) 

h^fc f dp 
{2mifl 2 

+ e^e;(p,r)r7 - 1 (A,0) C t )iT r7 (A,0)) 



/ 7| E( e_i ^(P> ^^(A, 0)c p , r r7 (A, 0) 



hy/c f dp / |Ap| 



(2m%) 3 / 2 J p 



E 1 



e-^%(p,r)e^P' A ) CApir 



-iT<f> w (p,A) t 



Ap,r) 



(K.17) 
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Take eq. ( IK. 31) for vector Ap 



e(Ap,r) = A Ap e(s,r) 
and multiply both sides from the left by A -1 

A- 1 e(Ap,r) = A p (A p 1 A- 1 A Ap )e(s, r) 

The term in parentheses A p 1 A _1 Aa p is a member of the little groupfl which 
corresponds to the Wigner rotation through the angle — (f>w, so we can use 
representation (15.681) 



A P X A 1 A Ap e(s,r) = ^ S^e^s, r) 



u=0 



l + (X! + Xi)/2 




x 2 


-(Xf + XD/2 




' " 


Xi cos <pw + X 2 sin 4> w 


COS 4>\y 


sin 4> w 


—X\ cos 4>w — X 2 sin <p w 




1 


—X\ sin <p w + X 2 cos 4>w 


— sin (f) W 


COS(pw 


Xi sin 4> w — X 2 cos 4>w 




IT 


(Xl + XD/2 


Xi 


x 2 


l-(X* + Xi)/2 








D iT(j) W (j>,K) 





1 

IT 




e ir ^ (p ' A) e M (s,r) + 



+ {X x + itX 2 ) 
X x + irX 2 u 



1 



1 



where s M = (c, 0, 0, c), and Xi, X 2 are functions of A and p. Denoting 

Xi + 2TX 2 

X T (p, A) = 

c 

we obtain 



(K.18) 



E^ART) = e^^ A )A p e(s,r)+X T (p,A)A p ^ 



3 iT^(p,A) 



eAt (p,r)+X T (p,A)^ (K.19) 



6 see subsection 15.4.31 
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where p^ = {p,p x ,Py,Pz) is the energy-momentum 4- vector corresponding to 
3-momentum p. By letting \x = and taking into account (IK. 51) we obtain 



3 o 
J>o>,(Ap,r) = e^^ A )eo(p,r)+X r (p,A)^ 



and 



e ir^ (Pl A) (p;T) = r A -i e ,(Ap ) r)-X T (p ) A)L 

P 



3 U 3 



£ V le -( A P' r ) - — J2 A o>,(Ap, r) 

£( A ^- A o^K(Ap,r) ( K - 2 °) 

i/=o P 



The complex conjugate of eq. (1K.20I) is 

e -^(P,A) e * (P;T) = ^ (A; i _ A^KCAp.r) 

u=0 P 

Then using ^ = and A _1 p ■ x = p ■ Ax we can rewrite eq. (IK. 171) as 
f/ - 1 (A,0)a M (x,t)f/ (A,0) 

1 3 



= r-^ f —\ M T Y{e-^A-l-A Q f-)e u {A V ,T)c^ 
+ e*^(A- 1 -Ai 1 ^)<(Ap,r)ci P)T ) 
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t ) 

Pi 7 "' 



(2tt^) 3 / 2 

3 

= ^A- 1 o v (A5)+n M (z,A) (K.21) 
According to eq. (18.11) . we expect the photon field to transform as 



U \A;0)a^x)U (A;0) = ^A^a„(A£) 

with respect to transformations from the Lorentz subgroup. However, we 
now see that this property is not satisfied for boosts. There is an additional 
term 



o(xA) - %y/ ~° [ dp (AU f A -i 

[e-^-^e^p, r)c p , T + e^'^e^p, r)c* )T ] (K.22) 

This term has the following properties that will be used in our proof of 
relativistic invariance of QED in subsection [N] From 



!™5Z A op le p(P' r ) 



0->O 



p=0 



eo(p,r) 




(K.23) 



we obtain 



= 



(K.24) 



APPENDIX K. PHOTON'S QUANTUM FIELD 



Appendix L 



QED interaction in terms of 
particle operators 

L.l Current density 

In QED an important role is played by the operator of current density which 
is defined as a sum of the electron/positron J^(x) and proton/antiproton 
J^[x) current densities 

fix) = J»(x) + J»(x) 

= -ec^(x)7 M V(£) + ec^{x)^^{x) (L.l) 

where e is absolute value of the electron charge, gamma matrices 7 M are 
defined in eqs (1J.1I) - (1J.2I) . and quantum fields ip(x), ip(x), ^(x), ^(x) are 
defined in Appendix IJ.2II 1 ! Let us consider the electron/positron part J fl (x) of 
the current density and derive three important properties of this operator|§ 
First, with the help of flJ.191) . flJ.211) . and flJ.531) we can find that the current 
operator fIL.ip transforms as a 4-vector function on the Minkowski space- 
time. 

f/ - 1 (A,0)J^(£)?7o(A,0) 

^^Note that ip(x) is a 4-component spinor-column, ip(x) is a 4-component spinor-row, 
and 7^ are 4x4 matrices. So, the product ipix)^^^) is a scalar in the spinor space. 
2 Properties of the proton/antiproton part are similar. 



711 



112 APPENDIX L. QED INTERACTION IN TERMS OF PARTICLE OPERATORS 



-ecU^ 1 (A, 0)^(5) 7 VV(^o(A, 0) 

-ecU^ 1 (A, 0)^(5)C/ (A, 0) 7 V^A, 0)t/;(x)U o (A, 0) 

-ec^ t (A£)D t (A- 1 )7°7^I?(A- 1 )^(Ai) 

-ec^ t (A£)D(A- 1 )7 D(A~ 1 )P(A) 7 ^(A- 1 )V(A£) 

-ec^ t (Ax) 7 °P(A) 7 ^I?(A- 1 )^(Af) 



-ec^^ t (Ax) 7 °A / :J 7 XA£) 

3 

^A^J^(Ax) (L.2) 



u=Q 

From this we obtain a useful commutator 



= Km ±e^ K ^ ce Jo (x)e-^ K ^ c9 

c e^odO v ; 

xfx d z 

= lim — Ijn (x, v, z cosh 9 — ct sinh 9, t cosh 9 sinh 9) cosh 9 

c e^od9 l v c ' 

+ jz y, z cosh 9 — ct sinh 9, t cosh 9 sinh 9) sinh 9] 

( z d d \ . ih . „. 

= *H^ + ^J Jo(x) ~~ Jz(x) ( 3) 

Translations act by shifting the argument of the current 



Uu\0,a)f(x)U (0,a) = f(x + d) (L.4) 

Second, the current density satisfies the continuity equation which can be 
proven by using Dirac equations (I J. 701) . (IJ.72I) and property (1 J . 3[) 



= -ec^(x)^(x)) 



d — — d 

-ec(— i/j(x))r/°ilj(x) +^(x)( 7 °— ^(x)) 

/ Q { \ 

ec ( c— ip\x)^ + j^c 2r >\)\x) \ 7 O, 0(£) 
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— ( -> d „ i 
+ ecip(x) I &y—ij}(x) — —mc 2 ip(x) 
\ ax a 

= ec 2 — ijj(x)ji/j(x) + ec 2 ip(x)^—^(x) 
ox ax 

2 d ,_, , 
= ec —(ip(x)^if;(x)) 

= - C ^ J ( £ ) ( L -5) 

Third, from eq. fl J.63j) it follows that current components commute at space- 
like separations 



[^(x,t),/(y,t)] = 0, z/x^y 

Using expressions for fields (I J. 221) and flJ.241) . we can also write the oper- 
ator of current density fIL.ll) in the normally ordered fornj§ 



f(x) = -eci)(x)^i)(x) + ec^(x)7 M *(x) 
= ec(2nh)~ 3 J dpdp' 



[e-^Al(p) + e-t**B a (p)]>&[e-&*Ai l (p') + e&*B\{j1) 



+ [e^^i(p) + e-^F a (pMJe-^D p (p') + e^Ftip')}) 



ec(27rhy 3 J dpdpY a/3 



- Al(p)A p (p')e-^'-^ -X(p)4( p ')ei^)- 

- B a {p)A^p')e-r^'^ _ B (p)flt(p/) e *«M9-s 

+ ^(p)D /3 (p , )e-*^'- ta<feP )- s + Di(p)F / 5(p / )e + ^ tiMeP ' + ' iMeP > £ 

+ F Q (p) J D /3 (p , )e-^ (iiWeP ' +WdeP) - i + F a (p)Fj(p / )es(« d ^'-«^)-) 

= ec(27rh)- 3 J dpdp'j^ 

- Al(p)A (p')e-^'-^ - X(p)4(p')etW)- 



'j8V 

S a (p)^(p')e-^' + «- + 4(p')£ Q (p)e^'-^ 



3 Summation over indices a and /3 is assumed. 
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+ ^(p)^(p / )e-t(* iWe - p '-« deP )- + Di(p)Fj(p , )e + * (tiMeP ' +tiWeP) ^ 
+ F a (p)Dp(p , )e-^ tUdeP ' +tildeP) -* - FUp')F a (p)e^ tildeP ' 



-tildeP)-x 



- {B a (p), 5t(p')} e i(«de P '-«<M-a + {F a (p), F ^ p ')} e U^eP'-tildePy^ 

Let us show that the two last terms vanish. We will use anticommutator 
( 1J.66I) and properties of gamma matrices to rewrite these two terms as 



ec(2nh)- 3 I dpdp'-fa 



— (7°u; p + fpc - mc 2 )p a 5(p - p >) e U ulde P'-tiidepyx 

]iU p 

+ ^(7°^p + IPC - Mc 2 )pJ(p - p ') e mdeP'~tUdeP). X) 

, mc 2 Mc 2 , 



2% 



ec(2r(hy z J dp^ 



+ ec(27r^)- 3 J d p(Yl Q ) aa (-\ + \) (L.6) 
+ ec(2nh)- 3 [ dp{Yl) aa {-^r- + P< 1 



2ujp 2^2p 



z , ,mc 2 Mc 
ec{2nh)- 3 Tr(Y) / dp{ 



2ujp 2f2p 



r ec 2 (2Txh)-' i Tr(Yl) / dpp( — + ' 



2ujp 2^2p 



The first term vanishes due to the property (1J.7|) . The second integral is zero 



because the integrand is an odd function of p. Note that cancelation in flL.6j) 
is possible only because our theory contains two particle types (electrons 
and protons) with opposite electric charges. So, finally, the normally ordered 
form of the current density is 



f{tildex) = ec(2vrfr)~ 3 J 
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+ Di(p)Dp(p')e-i( p '- p > md * x + ^(p^p V* (P ' +P) ^ 
+ F a (p)D (p')e'^ p ' +p > tadex - Fl{p')F a {p)e^ p '- p) - tild ^).7) 

From the continuity equation (1L.5[) 



= dtfUx) 

= -ec(2nh)- 3 d^ J dpdp'A^ip^Aipy-^'-^ + ... 

= -ec(2nh)- 3 J dpdp'ip' - p) fl A\p)YA(p')e-i {p '~ p) -* + 
we can derive useful properties 



(p'-p),A\p)YA(p f ) = (L.8) 
(p'-p) IM D\p)^D(p') = (L.9) 



L.2 First-order interaction 

Inserting (1L.7I) in ( 18.121) we obtain the 1st order interaction expressed in 
terms of creation and annihilation operator^ 

Vi(0) = ^^|rfx C /p C /p'rfk(-Zi(p)A /3 (p')e-^P'-P> x + ...) 
(e-^C a ,(k) +e* fa C* s (k)) 
x ^ dhdp 

1 -fir} "7T 1 " A J-r>\r , 



aI( p + k)^( P )c^(k) - aUp - k)^(p)cL (k) 



D[(p + k)^(p)C a/3 (k) + D f a (p - k)^(p)C^(k) 
•J(p + k)5 a (p)C a/3 (k) +J Bj( 



+ BUp + k)£ Q (p)C a/3 (k) + Bl(p - k)B Q (p)CUk) 



4 Here and in the next subsection we omit the i-dependence as it can be always restored 
for regular operators such as V\(t) and Vi{t), by formulas (I7.50[) and (|7.34[) - (|7.3T|) . We 
also use notation from (|J.45p - (|J.52jl and (|K.8|) . 
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- Fj(p + k)F a (p)C a p(k) - Fj(p - k)F a (p)C^(k) 

- X(P + k)^ (p)C a/3 (k) - X(P " k)4 (p)C*,(k) 

- ^( P + k)5 Q (p)C Q/3 (k) - Ap(p - k)B a (p)C^(k) 
+ D% + k)F+(p)C a/3 (k) + Dl(p - k)i$(p)Cj,(k) 

+ D p {p + k)F Q (p)C^(k) + D p {p - k)F a (p)C^(k) (L.10) 

L.3 Second-order interaction 



The second order interaction Hamiltonian (18.131) has rather long expression 
in terms of particle operators 



( - Zi(p)A /3 (p')e-^P'-P)- x -X(p)^(p / )e^ (p ' +p) - x 

- B a {p)A p {p')e-rM + ^ - B a {p)B\{p')e^'-^ 

+ ^i(p)^(p')e^ (p " p) - x + ^(P)^ t (p , )e^ (p ' +P) - X 

+ F Q (p)^(p / )e~^ p ' +p > x + F Q (p)F / }(p')e^ p '-P)- x ) 

( - Z^(q)^(q / )e-tW-^-Z^(q)Sj(q')eiW + ^ 

- ^(^^(qOe-tW+^-y _ S 7 (q)st (q /) e K«i , -«i)-y 
+ Dl( q )D s (q')e-rM'-^y + (q^qV^'^ 
+ F,( q )D s (q')e-^' + ^y + F 7 (q)Fj(q')eW-<^) 





( + 



+ 



Ai(p)A /3 (p')A;(q)A 5 ( q ')e-^^^)^e-^ p '- p > x 
Zi(p)A /3 (p')Z;( q ) J Bl( q ')e^^^)^e-^ p '- p )- x 



L.3. SECOND-ORDER INTERACTION 717 



+ 


A j 


P] 


Ap 


y: 




:^)A S y: 


e -*(q'+q).y e -*(p'-p).x 


+ 




P] 


Ap 


y; 


B^ 


:q)sj(q': 


e t(q'-q)-y e -t(p'-p)-x 


— 




P] 


A, 


y; 


+ 

B \ 


(q)^(q' 


) e -i(q'-q)-y e -i(p'- P )-x 


— 




P] 


A, 


y: 


B \ 


(q)^(q' 


)e +t(q'+q)-y e -i(p'-p)-x 


— 




P] 


A, 


y; 


Fy 


;q)^(q' 


)e -<(q'+q).y e -»(p'-p).x 




-rt 

K 


P] 


Ap 


y, 


F 7 


;q)^(q'; 


gfilq -qj-y e -fiip -pj-x 


+ 


A a 


P] 


Bp 


' n 
J> , 




q)As(q) 




+ 


K 


P] 


B l 


y , 




q)^(q) 


ifa'+aVv ^-Cd'+dVx 


+ 


-rt 
A a 


P] 


7">t 

B P 


y, 


By 


,q)^a(q, 




+ 


K 


P] 


B P 


y , 


By 


,q)^I(q, 


gftvq qj YgftiP +P; x 




K 


P] 


B l 


y , 


-prt 


(q)^(q' 


\ — i-(n'— nVv i-Tn'-l-nVv 

)e q ^ y e h ^ p ^ 


— 


A a 


P] 


-I- 


y, 


B \ 


(q)^(q' 


) e +h(q +q)-y e 7r(p +p)' x 


— 




P] 




y, 


F 7 


;q)^(q 


)e -t(q'+q)-y e t(p'+p)-x 


— 




P] 


4 


y, 


F 7 


;q)^(q'; 


e ^(q'-q)-y e ^(p'+p)-x 


+ 


B a 


(P 


)Ap 


y 


)A\ 


's\)AM\ 


e -t(q'-q)-y e -t(p'+p)-x 


+ 


B a 


(P 


)Af> 


y 


)t 


;q)^( q '; 


e t(q'+q)-y e -t(p'+p)-x 


+ 


B a 


(P 


)A P 


y 


)By 


(q)^(q' 


)e -t(q'+q)-y e -t(p'+p)-x 


+ 




(P 


)A P 


y 


l-D-y 


(q)^(q' 


)e i(q'-q)-y e -i(p'+p)-x 


— 


B a 


(P 


)A P 


y 




(q)^(q' 


) e -i(q'-q)-y e -t(p'+p)-x 


— 


B a 


(P 


)A P 


y 


)A 


(q)^(q' 


)e +t(q'+q)-y e -t(p'+p)-x 




B a 


(P 


)Ap 


y 


)F, 


(q)^(q' 


) e -i(q'+q)-ye-i(p'+p)- x 




B a 


(P 


)Ap 


vP 


)F, 


(q)^(q': 


e x(q'-q)-y e -^(p'+p)-x 


+ 


B a 


(P 


)Bl 


1 1 
vP 


)A\ 


;q)^(q'; 


e -i(q'-q)-y e i(p'- P )-x 


+ 


B a 


(P 


)Bl 


y 


)A ] 

J^ 7 


;q)sj(q': 


e ^(q'+q)-y e x(P'-P)-x 


+ 


B a 


(P 


)Bt 


y 


)By 


(q)^(q' 


)e -t(q'+q)-y e t(p'-p)-x 


+ 


B a 


(P 


)Bl 


y 


)Bj 


(q)^(q' 


) e |(q'-q)-y e |(p'-p)-x 
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+ 
+ 



B a 
B a 

Ba 

B a 
Dl 



- D 
+ D 
+ D 
+ Dl 
+ Dl 

- Dl 

- Dl 



D 
D 



+ Dl 
+ Dl 
+ Dl 
+ 2* 



- F r 



Ft 
F r 



Sj(p / )^(q)^(q , )e^ (q " q) - y e^ (p " p) ' X 
fiJ(p')^(q)F;(q')e + ^W + ^^e^P'-P)- x 
M(p , )F 7 (q)D 5 (q , )e-t(q'+q)-y e i(p'-p)- 



Sj(p')F 7 (q)Fj(q')e 



t^'vt(q'-q)-y.t(p'-p) 



^(p')Al(q)A 5 (q')e- 



eft 1 

Kq'-q)-y -r(p'-p)- x 



^(p')^ 7 (q)Ft(q')e + iW + ^^e-^P'-P)- x 

^(p')^7(q)^(q / )e-^ (q,+q) - y e-^ (p '- p) - x 

^(p / )F 7 (q)Fi(q')^ (q '- q) ' y e-^ p '- p) - x 

^(p , )fi 7 (q)A 5 (q / )e-^ q ' +q > y e + ^ p,+p > x 

^(p , )fi 7 (q)5](q , )e^( q '- q )- y e+^ p ' +p )- x 

^(^^(^^(qOe^^'-^-ye+^P'+P)- 

Ft(p')^(q)Ft(q')e + RW +< »)-ye + s(P' + P)- x 
Fj(p / )F 7 (q) J D 5 (q , )e-* (q ' +q) - y e + ^ p ' +p) - x 



F / t(p')F 7 (q)Fi(q')e 



t/„'^i(q'-q)-: 



(P'+P)'X 



^(p / )4(q)^(q / )e" |(q '" q) - y e-^ (p,+p) - x 

-x(q'+q)-yp-s(p'+p)- x 



^(p , )^(q)Sj(q')eKW +< »)-y e -s(p'+P)- 
^(p')S 7 (q)A 5 (q')e-^ q ' +q )- y e-H ( 
D /3 (p')5 7 (q) J Bl(q')ei( q '- q )- y e-t( p ' +p )- x 
^(p , )^(q)^(q')e-« (q '- q) - y e-s( p ' +p )- x 
^(p')Sl(q)Ft(q')e + ^^-y e -K( p ' +p >- x 
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+ F a (p)^(p / )F 7 (q) J D 5 (q / )e-^ q ' +q )^ e -^ p ' +p )- x 

+ F Q (p) J D /3 (p')F 7 (q)Ft(q')e^W-^^e-^P' + P)- x 

- F a (p)F /3 t (p')A 7 (q)A 5 (q')e^^-^^e^ p '- p > x 

- F a (p)F /3 t (p')A 7 (q) J B](q') e ^ q ' +q) - y e^ p '- p )- x 

- F a (p)F /3 t (p')fi 7 (q)A 5 (q')e^^ + ^^e^ p '- p )- x 

- F Q (p)F /3 t (p')fi 7 (q) J Bl(q , )e^ q '- q) - y et(p'-P)- x 

+ F a (p)F /3 t (p')^ 7 (q) J D 5 (q , )e^ (q '- q) - y ei( p '- p )- x 

+ F a (p)F /3 t (p')D 7 (q)F 5 t (q')e + ^ q ' +q )- y e ^ p '- p > x 

+ F Q (p)F /3 t (p / )F 7 (q) J D 5 (q / )e-^ q ' +q > y e^ p '- p )- x 

+ F Q (p)F /3 t (p')F 7 (q)F;(q')eiW-^- y et( p '- p )- x ) (L.ll) 



We need to convert this expression to the normal order, i.e., move all creation 
operators in front of annihilation operators. After this is done we will obtain 
a sum of phys, unphys, and renorm terms. It can be shown that these 
renorm terms are infinite. This is an indication of renormalization troubles 
with QED, which are fully investigated in section 110.11 In the rest of this 
section we will simply ignore the renorm part of interaction. 

There are some cancelations among unphys terms. To see how they work, 
let us convert to the normal order the 12th term in (1L. 1 If) 



Let us now denote the second term on the right hand side of this expression 




AL(p) J Bt(p') J B 7 (q) J Bt( q ') e iW^)^e^ p ' +p )- x 




^L(p)4(p / )5j(q , )5 7 (q)e^ (q '- q) - y e^ p ' +p) - x 




^L(p)4(p / ){^(q)^i(q , )}e^ (q " q) - y e^ p,+p) - x 
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by /. Using ( 1J.66I) . formulas for the traces of products of gamma matrices 



(1X7!) " UM and integral formula flR8l) 



/ = e 2 (2nh)~ 6 J dxd y J dpdp'dqdq 



87r|x — y| 



a/375 ' 

X(p)4(p / )^(7°^ q + 7QC - mc 2 ) 75 5(q' - ^e^-^y e W+^ 



2^q 



e 2 (2nh) 6 J dxdy J dprfp'rfq- 



la/3 



a/3 

Ai(p)^(p / )^ r (^ q Tr( 7 7 ) + qcTr( 7 °7) - mc 2 Tr( 1 °))eT^' + ^ 



.7T X- y 



q 



2e 2 (27rn)- 6 ^ ^ rfxrfy ^ dpdp'rfq — M - ^(p)^ (p')e^ p,+p > x 



a/3 

^ E / ^ / *l'CX(p)Sj(p')^ p ^ (L.12) 



V 7 a/3 

This term is infinite. However there are three other infinite terms in fIL.lip 
that arise in a similar manner from — A^B^FF^ + BB'A'B* — FF^A^B^. 
These terms exactly cancel with (1L.12I) . Similar to subsection IL.lt this can- 
celation is possible only because the total charge of all particles in the model 
is zero. 

Taking into account the above results and using anticommutators ( 1J.64I) 
and flJ.661) we can bring the second order interaction flL.llj) to the normal 
order 



V 2 (0) 

= e 2 {2<nh)- & Y f rfxdy I dpdp' dqdtj 

^ 5 J J 87r ' x -y 

( - Zi(p)Z;(q)^(p')^(q')e-iW-^^ e -i^-P)- x 

- Zi(p)A;(q)A /3 (p')i?](q / )e^ q ' +q) - y e-^P'-P)- x 
+ Zi(p)A /3 (p')^(q')5 7 (q) e -tW+^^e-^P'-P)- x 

- Zi(p)A /3 (p')i?i(q / )5 7 (q)e^ q '- q )^ e -^ p '- p )- x 
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- Zi(p)A /3 (p')^(q) J D 5 (q / )e^ (q '^ ) - y e-^P'-P)- x 

- X(p)^(p , )^(q)^ t (q / )e^ (q ' +q) - y e^ {p '- p) - x 

- Zi(p)A /3 (p')^(q / )F 7 (q)e^^ + ^^ e -^P'-P)- x 
+ X(p)A /3 (p')F 5 t (q')F 7 (q) e ^^-^-y e -^P'-P)- x 
+ X(p)4( c l)^(q / )4(p')e-* (q '- q) ' y e^ p ' +p) - x 

+ Zi(p)^(q') J Bj(p / )5 7 (q) e ^^ + ^^ e ^P' + P)- x 

- X(p)4(P , )^ t (q / )5 7 (q)ei^-^^ e ^P' + P)- x 

- Ai(p)St(p')^(q)L> 5 (q')e-iW-^^e^P' + P)- x 

- X(p)^(p , )^ 7 (q)^ t (q / )e^ (q ' +q) ' y ^ (p ' +p) - x 

- Zi(p)4(p') J D,(q')F 7 (q) e -tW+ q )-y e i(p'+P)- x 

+ X(p)4(p , )^ t (q , )^(q)^ (q " q) - y e^ (p,+p) - x 

- Z;(q)A /3 (p')A 5 (q / )fi a (p)e-t^-^-y e -t(P' + P)- x 

+ Z;(q)A /3 (p')5l(q / )fi a (p)e^ q ' +q) - y e-^ p ' +p > x 

+ A /3 (p / )^(q / )5 Q (p)5 7 (q)e-t( q '+ q )-y e -i(p'+P)- 

+ A /3 (p')fil(q / )5 Q (p)fi 7 (q)e^^-^- y e -^P' + P)- x 

- A /3 (p')5 a (p)^(q)/J,(qOe-tW^)-y e -i(p'+P)- 

- A /3 (p')5 a (p)D;(q)F;(q')e + t^^)^e-^ p ' +p )- x 

- A /3 (p')5 a (p)/J 5 (q')F 7 (q)e^^ + ^- y e -^P' + P)- x 
+ A /3 (p / )5 a (p)F 5 t (q / )F 7 (q)e^ q '^)- y e ^(P' + P)- x 

- Z;(q)A 5 (q')4(p / )5 Q (p) e ^^-^- y e ^P'-P)- x 
+ Z;(q) J Bt(p')5t( q ')5 a (p)e^ q ' +q )- y e^ p '- p > x 

- ^(q')^(p / )5 a (p)5 7 (q) e ^^ + ^- y e ^P'-P)- x 

- J Bj(pOfii(q / )5 a (p)fi 7 (q)e^ q '- q )- y e ^ p '- p )- x 
+ 4(p')5 a (p)D 7 (q) J D 5 (q')e-iW^)^ei(P'-P)- x 
+ 5j(p')fi a (p)D 7 (q)Ft(q')e + ^ q ' +q > y e ^ p '- p )- x 
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+ J Bj(p')5 Q (p) J D 5 (q')F 7 (q)e-^ q ' +q )^e^ p '- p )- x 

- 4(p / )5 Q (p)Ft(q'F 7 (q)et( q '- q )-ye^P'-P)- x 

- A 7 (q)^(q')^i(p)^(p / )e^ (q '- q) - y e^(P'-P)- x 

- Z;(q) J Bl(q')^(p)^(p / )e^ q ' +q) - y e^(P'-P)- x 

- ^(q05 7 (q)^(p) J D /3 (p')e^^^)- y e^(P'^)- x 
+ J Bj(q')fi 7 (q)^(p)^(p / )e^ q '- q) - y e-i(P'-P)- x 

- ^(q)^ 7 (p)^(q / )^(p / )e^ (q " q) - y e^ (p " p) ' X 

- ^L(p)S 7 (q)^(p')^ t (q / )e + * (q ' +q) - y e-^ p '- p) - x 
+ ^(p) J D /3 (p') J D 5 (q / )F 7 (q)e^^' + ^- y e ^( p '- p )- x 

- Di(p) J D /3 (p')Ft(q')F 7 (q)e^^^)- y e-^ p '- p )- x 

- Z;(q)^(q')^i(p)F / 5(p')e^( q '^)-y e + ^P'+P)- x 

- ^(q)Sj(q')S t a(p)^(p')e* (q ' +q) - y e + * (p ' +p) - x 

- ^(q')fi 7 (q)^(p)F / t(p')e^^ + ^- y e + ^ p ' +p )- x 
+ 5l(q / )5 7 (q)Di(p)F / t(p')e^W^)- y e^( p ' +p )- x 
+ D t a (p)^(q)I>,(q , )i ; J(p')e-* (q '- q) - y e + *^ + P>- x 
+ ^(p)D 7 (q)Fj(p')Ft(q')e + iW +c i)- y e + ^ p ' +p )- x 
+ Di(p) J D 5 (q')F /3 t (p')F 7 (q)e-i^ + ^- y e + t(p'+P)- 

- ^L(p)F / t(p')Ft(q')F 7 (q)eiW-^- y e + i( p ' +p )- x 

- A 7 (q)^(q / )^(p , )F Q (p)e-^ q '- q > y e -^ p ' +p > x 

- ^(q / )5 7 (q) J D /3 (p / )F Q (p) e -i^^)- y e-i( p ' +p )- x 
+ J Bj(q')5 7 (q) J D /3 (p')F Q (p)et^^)- y e -t( p ' +p )- x 

- D;(q) J D /3 (p') J D 5 (q / )F a (p)e^^-^- y e -^ p ' +p )- x 

+ ^(q)I> /J (p')i^(q , )F«(p)e + *W + ^- y e -*< p ' +p )- x 

+ J D /3 (p') J D 5 (q , )F a (p)F 7 (q) e ^^ + ^- y e -t(p'+P)- 

+ ^(p / )F;(q')F a (p)F 7 (q)e^^-^- y e-^ p ' +p )- x 
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+ Z;(q)A 5 (q')F /3 t (p')F a (p)e^^'-^^ e ^P'-P)- x 

+ Z;(q)5l(q')F /3 t (p')F Q (p)e^W^)^ e ^P'-P)- x 

+ ^(q / )5 7 (q)Ft(p')F Q (p)e-^ q ' +q > y e t(p'-P)- x 

- fii(q / )5 7 (q)F / }(p')F Q (p)e^W-^-y e ^P'-P)- x 

- 7j;(q)/J 5 (q')F / t(p')F a (p)e^^-^^e^P'-P)- x 
+ ^ 7 (q)F / t(p')Ft(q')F Q (p) e ^^' + ^^e^P'-P)- x 

- /J 5 (q')Ft(p')F Q (p)F 7 (q)e-^ q ' +q )^e^ p '- p )- x 

- Ft(p')Ft(q')F a (p)F 7 (q)e^^-^^ e ^P'-P)- x ) 

Next we can switch summation labels a <-> 7, and integration variables 
x <-> y and p <-> q to simplify 

V 2 (0) 

= e 2 (2nh)~ (i I d * d y [ dpdp'dqdq' 

ap-fS^ J 7I "I X y ' 

( - X(p)^(q)^(p / )^(q / )e^ (q '- q) - y e-^ (p '- p) - x 

+ 2X(p)^(p / )^(q , )^7(q) e ^ (q ' +q) ' ye ^ (p " p) ' x 

- 2X(p)^(p / )^(q / )57(q)e* (q '- q) ' y e-* (p '- p) - x 

- 2X(p)^(p / )^ 7 (q)^(q / )e^ (q " q) ' y e^ (p '' p) ' x 

- 2X(p)^(p , )^ 7 (q)^ t (q , )e +t(q ' +q) - y e^ (p " p) - x 

- 2X(p)^(p / )^(q , )^ 7 (q)e^ (q ' +q>y e^ (p " p) ' x 
+ 2X(p)^(p , )^ t (q , )^(q)^ (q " q) ' y e^ (p '- p) - x 
+ 2X(p)^ 7 (q)^(q , )4(p , )e^ (q " q) - y e^ (p ' +p) ' x 

+ 2X(p)^(q / )4(p / )5 7 (q)e-^ q ' +q > y e ^ p ' +p )- x 

- 2X(p)Sj(p')St( q ')S 7 (q)etW-^^ei( p ' +p )- x 

- 2X(p)^(p')^ 7 (q)^(q , )e^ (q '- q) - y e^ (p ' +p) - x 

- 2Ai(p) J Bj(p / )^(q)F/(q')e + ^^+^^ e ^ p ' +p )- x 



72AAPPENDIX L. QED INTERACTION IN TERMS OF PARTICLE OPERATORS 



2Ai(p)4(p / ) J D 5 (q / )F 7 (q)e^ (q ' +q) - y e^ p ' +p) - x 

+ 2^(p)^(p')F ( ;(q / )F 7 (q)e^^- q >y e ^ p ' +p > x 

+ ^(p')^(q')5 Q (p)fi 7 (q)e-tW^)-y e -i( p ' +p )- x 

+ 2A /3 (p / ) J Bi(q , )5a(p)fi 7 (q)e^ q '- q) - y e-^ p ' +p > x 

- 2A /3 (p / )fi«(p)^ 7 (q)^(q / )e^ (q '- q) - y e-^ p ' +p > x 

- 2A /3 (p / )5 a (p)D 7 (q)F;(q / )e + ^^ + ^^ e -^ p,+p > x 

- 2A /3 (p') J Ba(p) J D 5 (q / )^7(q)e^ (q ' +q) - y e^ (p ' +p) - x 

+ 2A /3 (p / ) J Ba(p)^ t (q / )^7(q)e t(q '" q) ' y ^ t(P ' +P) ' X 

- 4(p')St(q')S a (p)S 7 (q) e tW^)-y e i(p'-P)- x 

+ 2^( p ')fi Q (p)D 7 (q) J D 5 (q')e-i^-^^et( p '- p )- x 

+ 24(p')5 Q (p)D;(q)F 5 t (q') e + ^ q ' +q) - y e^ p '- p )- x 

+ 2^(p')5 Q (p) J D,(q')F 7 (q)e^^ + ^^e^ p '- p > x 

- 2^( p ')5 Q (p)F|(q')F 7 (q)e^ q '- q > y e^ p '- p > x 

- ^(^^(^^(pOACqOe-^W^^e-Kp'-p)- 

- 2Di(p)D;(q) J D /3 (p')Ft(q')e + ^W + ^^e-^ p '- p )- x 
+ 2Di(p) J D /3 (p / ) J D 5 (q / )F 7 (q)e-^ q ' +q > y e-t( p '- p )- x 

- 2Di(p)^(p / )F 7 t(q / )F 5 (q)e^ q ^ q )- y e-t(p'-p)- 

+ ^(^^(^^(pOF^qOe+iW+^-ye+i^'+P)- 

+ 2Di(p)^(q')Fj(p / )F 7 (q) e -^ q ' +q )^e + ^ p ' +p > x 

- 2Di(p)F /3 t (p / )F 5 t (q / )F 7 (q)e^ q '- q )- y e + ^ p ' +p > x 
+ D /3 (p / )L> <5 (q / )^a(p)^ 7 (q)e-^ q ' +q) - y e-i(p' + P)- x 
+ 2 J D /3 (p / )F 5 t (q / )F a (p)F 7 (q)e^^-^^e-^P' +p )- x 

- F / 3 t (p')Ft(q')F a (p)F 7 (q) e ^ q '- q )- y ei( p '- p )- x ) 

Integrals over x and y can be evaluated by formula (IB. 81) 
V 2 (0) 
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e 2 h 2 



2(2vrn) 3 

v ' a/3 7 <5 

( - X(p)^(q)^(pO^(qO%'-q + p'-p)T^-p 

I W. VI I 

+ 2Ai(p)^(pO^(qO:B 7 (q)5(q' + q + P ' - p) j^-p 



- 2<(p)A /3 (p')5Kq / )5 7 (q)^(q / - q - p' + p)n 



q - q 



2 



- 2^(p)A /3 (p') J D;(q)^(q / )5(q / - q + p' - P)]^"^ 

I W. M. I 

- 2X(p)^(p')^(q)^ t (q')5(q / + q - P' + P) 

- 2X(p)^(p , )^(q')^(q)5(q / + q + P - P) 

+ 2X(P)A 3 (P / W(q')^(q)% / - q - p + p)rr 1 



q - q 



2 



+ 2^(p)A;(q)A 5 (q')4(p / )5(q , - q - P - p)j- 1 



q - q 



2 



+ ^(p^cOB^p'^CqOW + q + p' + p)^ 1 



q' + q 

1^ ( n \ A J n '\ TlUrJ 



2 



+ 2<(p)^(q')4(p / )5 7 (q)5(q / + q - p' - P)r7rr7; 

I W. "I" W. 



2 



2^(p)Sj(p')Sj(q')S 7 (q) ( 5(q' - q + p' + p) — 



q - qr 

- 2X(p)4(P / )^(q)^(q')5(q / - q - p' - P)rr^-p 

I M. VI I 

- 2X(p)aJ(pO^(q)^(qW + q + p + p) 

- 2X(p)4(P / )^(q')^ 7 (q)5(q / + q - p' - p) j^^ 2 

+ 2X(p)4(pO^(qO^(qWq' - q + p' + p)t-j 1 



+ Ap(p')M4)B a (p)B,(q)5(q! + q + p' + p) — 



q - q 

1 



2 



q + q 



2 
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+ 2A /3 (p') J Bj(q / )fi«(p)fi 7 (q)5(q / - q - p' - P) | / |2 
- 2A /3 (p / )5 Q (p)^(q) J D 5 (q / )5(q / -q + p / + p)— 1 



q - q 



- 2^(p')S a (p)L>;(q)F;(q')5(q' + q - p' - p) 

I VI * T.| 

2A /3 (p') J B a (p) J D ^ (q , )F 7 (q)5(q , + q + p' + p) . |2 

|q + q| 

+ 2^(p / )S Q (p)F 5 t (q')F T (q)5(q / - q - p' - p) j 
Sj(p')Sj(q')S Q (p)S 7 (q)5(q' - q + p' - p)tzT^ 



+ 2^(p') J B a (p) J D;(q) J D 5 (q / )5(q / - q - p' + p)^ 

It. Vl| 

+ 2Bj(p')S a (p)S t 7 (q)i!j(q')5(q' + q + p' - P)^7^ 
+ 24(p')fi a (p) J D,(q')F 7 (q)5(q / + q - p' + P)^T^ 
24(p')S Q (p)F](q')F T (q)5(q / - q + p' - p)_ 1 



q - qr 

- ^>)^ 7 (q)iWWq'Wq' - q + P' - P)rr^-p 

It. M. I 

2Di(p)^(q)L> /3 (p')Fi(q')5(q' + q - p' + p)- 1 



q + q 



+ 2D* (p)i^(pOi?,(qOF 7 (q)%' + q + P - P)^7^ 
2S t a (p)D / ,(p')Ft(q')F,(q) ( 5(q' - q - p' + p)- 1 



q - q 



+ Dl(p)D\( q )F^p')F^)5(q! + q + P ' + P )- 1 



q' + q 



+ 2L>i(p)L> 5 (q')Fj(p')F 7 (q)5(q' + q - p' - p) — 1 



2D t a (p)Ft(p')Ft(q')F 7 (q) ( y(q' - q + p' + p)rT^-p 

I VI VII 
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1 



+ Dp(p')D s ( q ')F a (p)F y (q)5(q! + q + p' + p W + q 
+ 2^( P ')F 5 t (q')F Q (p)F 7 (q)5(q' - q - p' - p) — 1 



2 



q - q 

l 



2 



- ^(p')Fi( q ')F Q (p)F T (q)5( q ' - q + p' - p)- _ 

I W. W. 

Finally, we integrate this expression over q' 
V 2 (0) 

( - X(p)^(q)^(p0^(q-p' + p)r-7^ 
+ 2X(p)^(p / )^(-q - p' + P)g 7 (q) [p , l _ p[ 2 



2 



2^(p)^(p')ST(q + p' - P )S 7 (q) — 



P - P 



2 



2Ai(p)A /3 (p') J D 7 (q)^(q-p / + p)— 
rt / \ , /_ /x-pft/_\^t/ ... , _/ _n 1 



2^( P )A»(P , )^;(q)^(-q + p' - p) tzj 



p - p 



2 



- 2Ai(p)A /3 (p') J D 5 (-q-p / + p)F 7 (q)^- 7 -^ 
+ 2Ai(p)A /3 (p')Ft(+q + p'-p)F 7 (q)- 1 



P - P 



2 



+ 24(p)4(q)^(q + p' + p)Sj( p ')^_ 

+ X(p)^(q)sJ( P ')sJ(-q - p' - p)rr 1 



2 



P' + P 

+ 2X(p)^(-q + P , + p)Sj(p , )S 7 (q) ] - 1 



2 



P' + P 

1 



2 



2<(p) J Bj(p') J BKq-p / -p)5 7 (q)^ 7 - r ^ 
- 2X(p)Sj(p , )^ 7 (q)^(q)+ P' + P) 
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- 2X(p)4(p')^(q)^(-q - p' - p)t^- 



p' + p 



-> /it r_\ j-if /_/\ n / _. i _/ i _\ 771 /_.\ ! 



- 2A>)5j(p')^(-q + p / + p)F 7 (q) — 



P' + Pl 



+ 24,(p)sj(p')*?(q - P ' - p)^(q)TpT + p| , 

+ A /j (p , )^(-q-p , -p)B a (p)B 7 (q) * 

I P "I - P I 

+ 2A p (p')Bl(q + p' + p)5 a (p)fi 7 (q)— 1 



P + PI 

- 2^(pOS a (p)^(q)£>,(q-p'-p)^i^ 

t, w , t , _. , , , 1 



2A^p')B a (p)D\(q)F^-q + p' + p) — 



2 



IP' + P 

- 2Mp')B a (p)D s (-q -p'- p)F 7 (q) i 
+ 2^(p')5 a (p)Fj(q + p' + p)F 7 (q)^-p 



1 



- J Bj(p') J BKq-P , + P)5 a (p) J B 7 (q) T -_ 

I r r I 



+ 2Ej(p')B a (p) J D 7 (q) J D 5 (q + p' - p) — _ 

I r r I 

?t|W\~R ^m t ^^f?t|' 1 



+ 2Bj(p')£ a (p)D;(q)i?(-q - p' + p)— _ 

I r r I 

+ 2^(p / )fi Q (p) J Di(-q + p / -p)F 7 (q) — 1 



IP - PI 

24(p')S a (p)F 5 t (q-p' + p)F 7 (q)— -L- 

I \r ir\ 

- ^(p)^(q)^(p')^(q - p' + p)— 1 



P'-Pl 2 



- 2L>;(p)L>;(q)L> / 3(p')Fj(-q + p'-p) — 



P - P 



2 



+ 2D%)Dp(p>)D s (-q -p' + p)F 7 (q)— 1 



P - Pi 
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2£>i(p)L> /3 (p')F 7 t(q + p' - p)F,(q) ] — i 



P - P 



2 



+ ^(^(^(^(-q-p'-p)]^^ 



+ 2£>»£>,(-q + p' + p)JJj(p')F 7 (q 
- 2^(p)Ft(p')Fj(q - p' - p)F 7 (q)— - — 



P' + P| 2 



IP' + Pl 
1 



+ ^(p')^(-q-p' - p)F Q (p)F 7 ( q/ , 

IP + Pr 

+ 2£> /3 (p , )F (5 t (q + p' + p)F Q (p)F 7 ( q ) 1 



IP' + P 

•T/„/\,-t- < — 1 



2 



^(p')F/(q - p' + p )F a (p)F 7 (q)— — - (L.13) 
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Appendix M 

Loop integrals in QED 



M.l 4-dimensional delta function 

In covariant Feynman- Dyson perturbation theory one often needs 4-dimensional 
delta function of 4-momentum (po,p x ,P y ,Pz) 

5 i (p) = S(po)5(p x )5(py)5(p z ) 
It has the following integral representation 

In our notation 



(M.l) 



x = (t, x) 

P = (Po,P) 

p ■ x = p t — p ■ X 
d x = dtdx 

The components p x ,Py,Pz have the dimensionality of momentum (p), and po 
has the dimensionality of energy (E). So, the dimensionality of the delta 
function is 



{S\p)) = (E)(p^) 



731 



732 



APPENDIX M. LOOP INTEGRALS IN QED 



M.2 Feynman's trick 

In QED loop calculations one often meets integrals on the loop 4-momentum 
k of expressions like l/(abc...), where a,b,c,... are certain functions of 
k. The calculations become much simpler if one can replace the integrand 
l/(abc . . .) with an expression in which a,b,c, . . . are present in the denomi- 
nator in a linear form. This can be achieved using a trick first introduced by 
Feynman [314] . 

The simplest example of such a trick is given by the integral representation 
of the product l/(ab) 



dx 



o 



(ax + 6(1 — x)) 2 (6 — a)(ax + 6(1 — x)) 

1 1 



(6 — a)a (6 — a)6 
1 

ab 



(M.2) 



The denominator on the left hand side is a square of a function linear in a 
and 6. Using this result, we can convert to the linear form more complex 
expressions, e.g., 

1 d 1 

a?b da a 2 b 

i 

d f dx 



da J (ax + 6(1 — x)) 2 
2xdx 



o 



(ax + 6(1 — x)) 3 
o 

These results can be used to get an integral representation for 1 / (abc) 

- = (-Y- 

abc \bc J a 



(M.3) 
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dy 



(by + c(l - y)) 2 / a 

o 

1 i 

dy J 2xdx [ (6y + c(1 _ y )) ;E + a ( 1 _ ;E) ]3 



1 1 

2 / xdx / d-y - fM 4) 

' ' [byx + cx(l —y) + a(l - a;)] 3 v ' y 



o o 

Next differentiate eq. MM on a 



i i 
f 1 d , 1 . d /" zdz /" z 2 <i2; 



a 3 <i 2 da a 2 d da J [az + d(l — z)] 3 J [az + d(l — z)] 4 

o o 

This results in 



. 2 / xcfe / dy— — I — 

abed \ J J |a(l — x) + oxy + cx(l — y)\ A J d 
oo' 
i 11 

z 2 dz 



6 J xdx J dy 

i) 



[az(l — x) + bxyz + cxz(l — + c?(l — z)\ 



i 



Obviously these calculations can be continued for expressions with larger 
numbers of factors in denominators. See, e.g., the last formula on page 520 
of [3151 and e q- (11-A.l) in [9]. 

M.3 Some basic 4D integrals 

In our studies of loop integrals we will follow Feynman's approach [314] and 
begin with the following simple integral 

K = f d 4 k-^ 1 



(k 2 - Lf 

dk ° dk (jfcg _ C 2 k 2 _ L) 3 
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The integral on ko has two 3rd order poles at ko = ±-\/c 2 k 2 + L. We can 
rotate the integration contour on ko, so that it goes along the imaginary axis 
and then change the integration variables iko = and ck = m. Then the 
integral is 



too 

1 f „ f , 1 



K — — I dk I dm 



c 3 J J (k^ — m 2 — L) 



3 



-too 



oo 

= £ S dm ' S dra T=<^~- L) 

— oo 

Next we introduce 4-dimensional spherical coordinates [316] with r 2 = m\ + 
m 2 



K = I d A k^ 1 



(k 2 - Lf 

oo oo 

2vr 2 i f 3 1 _ n 2 i f (t- L)dt _ u 2 i 



c 3 j (r 2 + L) 3 c 3 7 t 3 2c 3 L 

L 

(M.5) 



7T 



2ic 3 L 

From symmetry properties we also get 



/ 



d A k^-^ = (M.6) 



(k 2 - Lf 

Substituting k = k — p in (1M.5I) and calling L — p 2 = A we get 



7T~ 



2i(p 2 + A)c 3 



((k-p) 2 -L) 3 
1 



(A; 2 -2pk + p 2 -L) 3 
1 



(A; 2 - 2pA; - A) J 



(M.7) 
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Making the same substitutions in ( 1M.6I) we obtain 



Then 



I i ^<7 Pa 



((k-py-L) 3 



d*k^ 



k(j Pa 



[k 2 - 2pk - Af 



d A k^ 



k(j 



(k 2 - 2pk - Af 



d A k^ 



Pa 



{k 2 - 2pk - Af 



2i(p 2 + A)c 3 

Differentiating both sides of (IM.7j) either by A or by p a we obtain 



(M.8) 



/ 



1 



71" 



d*k^ 



{k 2 - 2pk - A) 4 

krr 



Qi(p 2 + A) 2 c 3 

K 2 Pa 



{k 2 - 2pk - A) 4 HP 2 + A) 2 c 3 
Next differentiate both sides of flM.81) by p T . If r 7^ a then 



(M.9) 
(M.10) 



,4, k a k T 
d k— 



TT 2 PaPr 



{k 2 - 2pk - A) 4 &(P 2 + A) 2 c 3 



If r = a 



(M.ll) 



/ 



k u k u 



^ PaPa 



7T 



(p _ 2 pA; - A) 4 Qi(p 2 + A) 2 c 3 12iQ5 2 + A)c 3 



(M.12) 



Combining flMTTTj) and flMTT2|) yields 



(k 2 - 2pk - AY 



Tl 2 {PaPr-\5g T {S> 2 + A)) 

6i(p 2 + A) 2 c 3 



(M.13) 



736 



APPENDIX M. LOOP INTEGRALS IN QED 



Next we use ( 1M.3I) and ( 1M.7I) to calculate 



d 4 k-^ 



1 



(k 2 - 2p x k - A^ik 2 - 2p 2 k - A 2 ) 



1 



2xcia; / <i 4 A; — = = 

[(P - 2p^ - Ai)x + (P - 2p 2 A; - A 2 )(l - x)] 3 



2xcia; / d k— 



1 



[A; 2 x — 2p\kx — A\x + A; 2 — 2p 2 k — A 2 — fc 2 x + 2p 2 kx + A 2 x] 



2x<ix / d A k— = 

[k 2 - 2p x k - AJ3 



7T 



2 /- xdx 



ic 3 J pi + A x 
o 



(M.14) 



where pi,p 2 are two arbitrary 4- vectors, A 1; A 2 are numerical constants, and 



Px = xpi + (1 - x)p 2 
A x = xA 1 + (l-x)A 2 



Similarly we obtain using (1M.8j) 



(k 2 - 2p x k - A 1 ) 2 (k 2 - 2p 2 k - A 2 ) 



I 2xdx I 



k n 



[k 2 - 2p x k - A x 



IX f 1 < P rjr-Q-^jCditXj 



ic 3 J pl + A x 
o 



(M.15) 



Three more integrals are obtained by differentiating (1M.14I) with respect to 
A 2 and p 2r and by differentiating (1M.15I) with respect to p 2r 
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d 4 k^ 



1 

7T 2 f x(l — X)dx 



(k 2 -2p 1 k-A 1 ) 2 (k 2 -2p 2 k- A 2 ) 2 tc 3 J (p 2 x + A x y 

(M.16) 

1 

k T 7r 2 /" p XT x{l — x)dx 



d 4 k^ 

(k 2 -2p 1 k-A 1 ) 2 (k 2 -2p 2 k-A 2 ) 2 ic 3 J {p 2 x + A x ) 2 

(M.17) 

k k 

d'k — 



(k 2 - 2p x k - Ai) 2 (A; 2 - 2p 2 k - A 2 ) 2 
i 



ZC 3 7 (p 2 + A x ) 2 



(M.18) 







M.4 Electron self-energy integrals 

The loop integral in square brackets in (19.121) can be represented in the form0 

J*dU>) = l»(i> + mc 2 )I 1 ,- 1 , 1 K r 1 , (M.19) 
= (-2 p + 4mc 2 )/ + 2-i K r (M.20) 

where 



I = [ d A k ^ J- (M.21) 

J (p — k) 2 — m 2 c 4 k 2 

/k K 1 
d A k ^- (M.22) 
(p — k) 2 — m 2 c 4 k 2 

The factor 1/k 2 in the integrand is a source of both ultraviolet and infrared 
divergences. So, the integrals need to be regularized, as described in subsec- 
tion [9XTJ To do that, we introduce two parameters A and A and replace the 
factor 1/k 2 by the expression 



^ere we used eqs. (TJUj) . (|J.10|t . and (jj.lljl . 
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1/fc 2 



A 2 

{k 2 - \ 2 ){k 2 - A 2 ) 



In the end of calculations we should take limits A — > oo and A 
convenient to replace the factor (1M.23I) by the following integral 



(M.23) 
0. It is 



-[dL. 1 
J (k 2 -L) 2 

A 2 



A 2 -fc 2 








1 


A 2 












A 2 - 


A 2 -fc 2 






A 2 






(k 2 -\ 2 )(k 2 - 


-A 2 ) 



A 2 -fc 2 A 2 - k 2 



Then we can use (IM.14I) and (jM.15[) with parameters 



A 2 - k 2 
(M.24) 



Ai = L; pi = 0; A 2 = m 2 c 4 - p 2 ; p 2 = p 
p x = (1 — x)p; A x = xL + (1 — x)(m 2 c 4 — p 2 ) 



to rewrite our integra 



(M.25) 
(M.26) 



d A k- 



A 2 



A 2 



dL 



A 2 



((p - A;) 2 - m 2 c 4 )(fc 2 - A 2 )(F - A 2 ) 

d*k 

(k 2 - 2p~k + p 2 - m 2 c 4 )(F - L) 2 



A 2 1 

4 /',//. • r(h ' 



IC 



7T 



A 2 
A 2 1 

dL 



(PI + A.) 



3/ cIjQlj 



/c J J J (1 — x) 2 p 2 + xL + (1 — x)(m 2 c 4 — p 2 ) 

A 2 



2 we assumed that A 2 3> ro 2 c 4 
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7T 



— - / dx log( (1 — x) p + xL + (1 — x)(m c — p 
ic 6 



L=A 2 



L=X 2 



7T~ 



7T 



IC° 



— / dx\og 



dx log 



(1 — x) 2 p 2 + xA 2 + (1 — x)(m c — p ) 
(1 — x) 2 p 2 + x\ 2 + (1 — x)(m 2 c 4 — p 2 ) 

xA 2 

(1 — x) 2 P 2 + xA 2 + (1 — x)(m 2 c 4 — p 2 ) 



(M.27) 



r 



A- 

- [ dL I d 4 k^ 



k K 



x 2 



(k 2 -2p-k + p 2 - m 2 c 4 ) (fc 2 - L) 2 
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IC 



A 2 1 



dL 



x 2 o 
i 



p K x(l — x)dx 



dx(l — x)p K log 

^ y - x)p K log r 



(1 — x) 2 p 2 + xL + (1 — x)(m 2 c 4 — p 2 ) 

(1 — x) 2 p 2 + xA 2 + (1 — x)(m 2 c 4 — p 2 ) 
(1 — x) 2 p 2 + x\ 2 + (1 — x)(m 2 c 4 — p 2 ) 

xA 2 



(1 — x) 2 p 2 + x\ 2 + (1 — x)(m 2 c 4 — p 2 ) 

o 

Inserting M7Ft\ and (jMl28jl in flM^Oj) we obtain 



Jad{t>) 



7T 



2C J 



-2 / j6 + 4mc 2 ) / cblo, 



xA 2 



+ 



27T 2 ^ 



cix(l — x) log 



— ? / dx(4mc 2 — 2 jfa) log ( 
%c 6 J V 



(1 — x) 2 p 2 + (1 — x)(m 2 c 4 — p 2 ) 
xA 2 

(1 — x) 2 p 2 + (1 — x)(m 2 c 4 — p 2 ) 
xA 2 



(1 — x) 2 p 2 + (1 — x)(m 2 c 4 — ^) / 
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For our discussion in subsections 19.2.11 and 19.2.21 it would be convenient 
to represent Jqd in the form of Taylor expansion around the on-shell value of 
4-momenturd_| fa = mc 2 



J ad {£>) = C5 ad + A{fa-mc 2 ) ad + R{fa) (M.30) 

where C is the constant (independent on p 11 ) term, A(/p — mc 2 ) a d is linear 
in fp — mc 2 , and R(4>) combines all other terms (quadratic, cubic, etc. in 
fa — mc 2 ). Coefficients of the Taylor expansion, as usual, can be obtained by 
differentiation^ at fa = mc 2 



C 
A 



Jad 

'{/=rric 2 

dJad 



d fa 



(M.31) 
(M.32) 



To calculate C we simply set p 2 = m 2 c A in (1M.29I) 



2n 2 mc 2 f , . . , / xA 2 \ 

C = — r^— / dx{2 - x) log - 

ic 6 J \(1 — xymrcr J 



x 



o 

2TX 2 mc 2 ) , , , , / A 2 \ 2n 2 mc 2 f, 
— / (2 - x)dx log — ^-j + — r^— / (2 - x)dx log , 

o 

37r 2 mc 2 , / A 2 \ 37r 2 mc 2 
log 



3 V m 2 c 4 / 2ic 3 



^"""■^logf^l -,| (M.33) 



2ic 3 \ \m 2 c 4 
For the coefficient A we obtain 



.4 



dJ, 



ad 



d fa 



rf=mc 2 



3 see footnote on page 13221 

*Note that p 2 also depends on /p as /p 2 — "f t _ L p ti "f v p u — 1/2(7^7^ + Ivl^P^p" 



g^p^p" 



p 2 . 
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2tt2 

ic 3 



xdx log 



xA 2 



2vr 2 



-mc 



J (2- x)dx- 



(1 - xfy 1 + x\ 2 + (1 - x)(m 2 c 4 - p 2 ) 
(1 - x) 2 p 2 + xA 2 + (1 - x)(m 2 c 4 - p 2 ) 



xA 2 



j/=mc 2 



X 



xA 2 (2(l-x) 2 /-2(l-x) fa) 



((1 - x) 2 p 2 + x\ 2 + (1 - x)(m 2 c 4 - p 2 )) 2 

2tt 2 } , , / xA 2 
/ xaxlog 





j/=mc 2 



2C 3 



27r 2 mc 2 
ic 3 



2tt 2 



2C d 



<ix(2 — x) 



x<ix log 



(1 — x) 2 m 2 c 4 / 

2(1 — x) 2 mc 2 — 2(1 — x)mc 2 



(1 — x) 2 m 2 c 4 + xA 2 
i 



xA 2 



Air 2 f , (2-x)(x 2 -x) 
dx- 



(1 — x) 2 m 2 c 4 / ic 3 J (1 — x) 2 + xA 2 /(m 2 c 4 ) 

o 



2tt 



1 

y xc?xiog ^ 



_^ \ _ n*_ ( A 2 

(1 — x) 2 ) ic 3 ^ \m 2 c 4 



27T 2 / / A 2 

1 + log 



2C J 



m 2 c 4 



9tt 2 tt 2 , /A 2 



2?c 3 ic 3 
Then the residual term 



m 2 c 4 



27T 2 , / A 2 

log 



m 2 c A 



(M.34) 



#(i>) = Jad(i>) -C5 ad - A{fa-mc 2 ) ad 
is ultraviolet-finite, because all A-dependent terms cancel out 



(M.35) 



^ J dx{4mc 2 - 2 fax) log (A 2 ) - 2jc ™ c J dx{2 - x) log (A 2 ) 



+ 



2tt 2 r 

(fa - mc 2 )—j j xdxlog (A 2 ) = 
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It can be said that Jbc{$), as a function of is infinite at the point fa = mc 2 
and has an infinite first derivative at this point. However, the 2nd and higher 
derivatives are all finite. 



M.5 Integrals for the vertex renormalization 

Let us calculate the integral in square brackets in eq. (19.34 * h ' ' 



tk ( ~ ~a / .4, ~ fi+ A + ?"c 2 + mc 2 A 
I (q,q) = - d h^-* — — lK - r — — 7m7T 



(h - q) 2 - m 2 c 4 (h - q') 2 - m 2 c 4 ^ {h 2 - A 2 ) {h 2 - A 2 ) 
(h 2 - 2qh){h 2 - 2q'~h)(h 2 - Lf 



f dL f d 4 h J^Z fi + A + mc 2 )-f K (- /i+ /I' + mc 2 )^^ 
J J (h 2 - 2qh) (h 2 - 2q'h) (h 2 - L) 2 



A 2 

The numerator can be rewritten as 

7m(- A+ A + mc 2 )^ K {- fi+ ft + mc 2 )7 M 
= lAA + ™c 2 )7 K (^' + mc 2 )7 A , - 7 M A7«(/4' + ^c 2 ^ 
- 7 M (^ + m( ?)lK Alt, + 7^ A7« Mm 

Then the desired integral is 

I K (q~,q") = ^{A + mc 2 ) lK {tf + mc 2 ) lfl J 

- IixIgIk ( A' + mc2 ) 7m ^ - 7m ( A + mc2 ) 7«7a7M ^ 

+ 7m7o-7«7t7m^t (M.36) 



where^l 



1 A 2 

d 4 /z 



J = - dy dL -= = = (M.37) 

' ' ' [h 2 - 2h ■ q y } 2 [h 2 - L} 2 V ' 



A 2 



5 We use eq. (|M.24[) and take into account that q and (f are on the mass shell, so that 
q 2 = {q') 2 = m 2 c 4 . 

6 The denominators were combined using (|M.2|) and q v = yq + (1 — y)q' . 
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J. 



1 A 2 

dy J dL 

A 2 
1 A 2 

dy J dL 

(! A 2 



d A hh° 



[h 2 — 2h ■ q y ] 2 [h 2 — L] 2 

d 4 hh a h T 
[h 2 - 2h ■ q y ] 2 [h 2 - L] 2 



(M.38) 



(M.39) 



These are particular cases of integrals ( 1M. 161) - ( 1M.18I) with parameters pi 
q y , Ai = 0, p 2 = 0, A 2 = L, p x = xq y , A x = (1 - x)L 



J 



Jo 



1 A 2 1 



71' 



TV 



— dy dL 



x(l — x)dx 



A 2 
1 A 2 1 



—r* dy dL 



{x 2 q 2 + (1 - x)L) 2 
q ya x 2 {l — x)dx 



(M.40) 



(M.41) 



J J J (x 2 q 2 + (1 — x)L) 2 

o a 2 o 

1 A 2 1 

rr f , f „ f [x q ya q yT - l/25 (7T (x 2 q 2 + (1 - x)L)]a;(l - x)dx 



dy / 



o a 2 o 



(x 2 q 2 + (1 - 



In the limit A 2 — > oo we obtain for (1M.40I) 



(M.42) 



i i 



7T 



J = — dx dy 



x 



ic° J J x 2 q 2 + (1 — x)L 
oo 
l i 



L=A? 
L=X 2 



71- 



dx / dy 



x 



ic° J J x 2 q 2 + (1 — x)X 2 



1 

,2 r A„. x=l 



7r 2 f dy 



2ic 3 J q 2 
o 

i 

7r 2 f dy 



^\og(-x 2 q 2 y -(l-x)X 2 



x=0 



2ic 3 



[ % H(-q 2 y ) - log(-A 2 )) 

j q%i 
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* 2 I, 1, 



(M ' 43) 



o 



To proceed further with this integral we introduce the 4-vector of trans- 
ferred momentum 



k = q — q 

then from (<f) 2 = (q + k) 2 and (q 1 ) 2 = q 2 = m 2 c 4 it follows that 

2q-k = -k 2 

% = Q+0--v)k 

q 2 y = m 2 c 4 - (1 - y)yk 2 

Instead of k 2 and integration variable y it is convenient to introduce two new 
variables 9 and a, such that 



k 2 = Am 2 c 4 sin 2 6 
1 tana 

y = 2 {l + ^e ] 

1 tana 

~i 24 a 2 4 • 2 n 1 it , tana,l, tana, 

- - mV - 4mVsur6 l -(H r 

2 V tan#V tan0' 

2 4 2 4 2 qu 2 q i 2 \ 

m c — m c cos #(tan # — tan a) 
cos 2 # 



2 4 

m c 



cos 2 a 



dy cos 2 a c? / sin a , 

eta 



g 2 2m 2 c 4 cos 2 9 tan 6* da \ cos a 
da 



2m 2 c 4 cos 2 #tan# 
da 



m 2 c A sin(2#) 
Then integral J is infrared-divergent^ 

e e 
7 Here we took the following integral by parts J da log(cos a) = 9 log(cos 9) +J a tan ada 

o o 
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J 



7l~ 



da ( m 2 c A cos 2 9 

log 



2ic 3 J m?c 4 sin(2#) \ A 2 cos 2 a 



2n 2 6 



ic 3 m 2 c 4 sin(26 ) ) 



log 



mc 



7T 



2ic 3 m 2 c 4 sin(2#) 



da log 



cos 2 6 



cos 2 a 



2n 2 9 



ic 3 m 2 c 4 sin (26) 

2n 2 6 
ic 3 m 2 c 4 sin(2#) 

2tt 2 

ic 3 m 2 c 4 sin(2#) 



log 



log 



mc 



mc 



2vr 2 



ic 3 m 2 c 4 sin (26) 
27r 2 #log(cos#) 



cfo(log(cos#) — log(cosa;' 



+ 



2vr 2 



#log 



mc 



A 



ic 3 m 2 c 4 sin (2$) ic 3 m 2 c 4 sin(2#) 



a tanarfa 



<ia log(cosa;) 



(M.44) 



Next we calculate fjM^I]) using variables 9 and a introduced above. Taking; 
the limits A — > 0, A — > oo we obtain a finite result (both infrared and 
ultraviolet divergences are absent) 



7T 



IC° 



— I dx dy 



2 

X Qytj 





1 



x 2 g 2 + (1 — x)L 



L=A 2 



L=X 2 



7T 



" " J J % 





7T 



da 



1 , tana. 
ic 3 J m 2 c 4 sin(2#) + 2 ^ ~ t^nT 



7T 2 2fl 1 7r 2 /u CT /" 

ic 3 m 2 c 4 sin(20) (9tT + 2 ct) + 2zc 3 m 2 c 4 sin(2#) tantf J datana 

-e 

A(q a + q' a ) (M.45) 
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where 



.4 



7T~ 



ic 3 m^c 4 sin(2#) 
Finally, we need to calculate (jM42p 



(M.46) 



A 2 1 1 
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IC° 



— dL dx dy 



A 2 
A 2 1 



+ 



TV 



lie 3 



dL dx dy 



X ( 1 X ) Cfycr Qyr 

> 2 g 2 + (1 - X )LY 
5 UT x(l — x) 



X 



A 2 
1 1 



*% + (l-x)L 



— f rir f fin f ^QyvQyT XqyaQyi 

3 J J ay \x^i + (i-xW q 2 



1 1 



IC 



+ ~~5 f dx f dy5 aT x[\og((l - x)A 2 ) - \og(x 2 ql)} 





1 



7T 



dy 



qyaqyr , K 2 5, 



1 1 



+ 



2ic 3 J ic 

o oo 
i i 

r2 r „ „ ^2 



dx I dyx log 



(1 -x)A 2 
x 2 g 2 



lie 3 



dy 



qyaqyr , ^ S, 







q 2 



+ 



IC° 



dxx log 



(l-x)\ 7l 2 6, 



x- 



2ic 3 



dy log 



o 



7T 



1 1 




4ic 3 



The integrations on ?/ are performed using variables (9 and a 



8 Here we assumed that A 2 ^S> (jy A 2 and used integral J dxx log ((1 

o 

[{x 2 /2) log ((1 - x)/x 2 ) + x 2 /4 - x/2 - l/21og(l - a?)] = -1/4. 



x)/x 2 
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o 



da 



2tan# y m 2 c 4 sin(2#) 
/co-A; T tan 2 a da 



4tan 2 # m 2 c 4 sin(2#) 
e 

9 . . k a k T cos9 f n , 

(q« + 0(?r + q T ) + 4m 2 c 4 sin 3g J tan ada 



2m 2 c 4 sin(2#) 



° M° + &(vr + q' T ) + T^- Q (t™e-e) 



2m 2 c 4 sin(2#)^ CT ^ /v ^ r fc 2 tan0 

<q* + ^)(q T + ^) + ^(l-e cot9) 



2m 2 c 4 sin(20) v ^ ^'^ T * T ' k 2 
e 

, , .A 2 . /" da . / A 2 cos 2 a 

dy\og{— ) = / — — — - - log 



q 2 J 2tan#cos 2 a \m 2 c 4 cos 2 9 

da , / A 2 \ /" da 



lo S .-> , •>„ + / . .. „ •> lo g( cos «) 



/' 

J tan#cos 2 a a \m 2 c 4 cos 2 9 J J tan 9 cos 2 a 
o 

A 2 A 1 . 



A 2 

= \og{^ 1 ) + 2(l-9cot9) 
Then we see that integral J aT is ultraviolet-divergent 



Jar = C(q a + q' a )(q T + q' T ) + Dk a k T + E5 aT (M.47) 
7T 2 9 A 



C = 



Aic 3 m 2 c A sin(26 l ) 4 



7T 2 (l-^COt^) 



2ic 3 k 2 

7T 2 / / A \ „ 3 



E = — l0 S —2 "^COt^ + - 

\ \ mc z I 4 
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Using results (jEOijl . fpOSj) . flMTfl) . we obtain for p^Hil 

J K (g,?0 = J7 M ( / 4 + mc 2 )7 K ( / 4' + mc 2 )7 M 

- H)1k{H + mc 2 ) lfl - A lfl {£ + mc 2 ) 7K (/H 

+ ^7m(/H A')1k{A+ A'h» + Vl» fclK kl» + 4^7* 

Let us take these terms one-by-one and use (IJ.lip - fl J. 131) 

= 7m kin tilv + mc 2 7 M7K fi^ + mc 2 ^ fry^ + m 2 c 4 7 M 7 K 7 M 

= -2 /f 7 K ^ + 2mc 2 7 K + 2mc 2 + 2mc 2 ^7 K + 2mc 2 y K ^ - 2m 2 c 4 7 K 

= -2(/H h)lA/i- h) + 2mc 2 7K ^ + 2mc 2 (/H ^) 7k + 2mc 2 kin 

+ 2mc 2 7 K (^'- - 2m 2 c 4 7 K 

= -2 ^7 K - 2 /r^ + 2 ^7 K ^ + 2 /r^ + 2mc 2 -f K /f 

+ 2mc 2 ,47k + 2mc 2 jkln + 2mc 2 + 2mc 2, y K jq 1 — 2mc 2, y K jk — 2m 2 c 4 7 K 

According to (I9.34p . integral I K (q,q') is multiplied by u(q,a) from the 
left and by w(q', a') from the right. Then, due to (1J.73I) - (1J.74I) . in the above 
expression /} on the left can be changed to mc 2 and jq' on the right can be 
changed to mc 2 

Ti = — 2m 2 c 4 7 K — 2mc 2 fcy K + 2mc 2/ y K + 2 /;7 re + 2m 2 c 4 7 K 

+ 2m 2 c 4 7 K + 2mc 2 ]k r y K + 2m 2 c 4 7 K + 2m 2 c 4 7 K — 2mc 2/ y K — 2m 2 c t y R 
= 2 fc<y K ft + 4m 2 c 4 -f K 



It follows from (1 J.4[) that 



fclK h = lulnlvk^k" 

= -lnl^luk^k v + 2 lv g^k l 

= 7« ]k ~\~ 2 Jkk 

= -y K k 2 + 2(tf- fa)k K 
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The last term vanishes when sandwiched between tt(q, a) and tt(q', er'). So, 

we can set 

Then 

Ti = (-2k 2 + 4m 2 c 4 )-f K 
We use the same techniques to obtain the 2nd, 3rd and 4th terms in (1M.48|) 

T 2 = 1^(3+ A')1k(A' + mc 2 )7 M 

= 7m kin flip, + 7m A'Ik fllti + mc 2 ^^ A.1.1^ + mc 2 ^^ 4'7k7m 

= -2 /4 - 2 ^7k 4' + 2mc 2 47 K + 2mc 2 ^ K 4 + 2mc 2 4 'j K + 2mc 2 ^ K ft 

= -2(4+ fi-y K {tf- ft) - 2(^+ ^ + 2mc 2 4 7k + 2mc 2 lK (tf- ft) 

+ 2mc 2 (4+ A)7k + 2mc 2 7 K 4' 

= -2 47k 4' - 2 ^7. /f + 2 47. h + 2 ^7k h ~ 2 4 7k 4' 

- 2 4' + 2mc 2 47« + 2mc 2 ^ K 4' - 2mc 2 7 K ^ 
+ 2mc 2 47« + 2mc 2 ]k^ K + 2mc 2r y K 4' 

= — 2m 2 c 4 7 K — 2mc 2 jk^ K + 2mc 2 'j K ft + 2 fcy K jk — 2m 2 c A 'j K 

- 2mc 2 Jky K + 2m 2 c 4 7 K + 2m 2 c 4 7 K — 2mc 2 y K Jk 
+ 2m 2 c 4 7 K + 2mc 2 jk r y K + 2m 2 c 4 7 K 

= 2 jky R jk - 2mc 2 jky R + 4m 2 c 4 7 K 

= (-2k 2 + 4m 2 c 4 )7 K - 2mc 2 ]ky K 

T 3 = 7m( / 4 + ^c 2 )7 k (4+ 4')7m 

= 7m /h« ^7m + 7m™ c2 7k 47m + 7m hi. /f 7m + 7m™ c2 7k flip. 

= -2 47k A + 2 ^c 2 7 K 4 + 2mc 2 47 K - 2 4'7 K 4 + 2mc 2 7 K 4' + 2mc 2 4'7 K 

= -2 47k(4 - + 2mc 2 7K(4 - ft + 2mc 2 4 7k - 2(4+ jk) lK (fi- fi) 

+ 2mc 2 y K 4' + 2mc 2 (4+ A)7k 

= -2 47 K 4' + 2 47 K /; + 2mc 2 7 K 4' - 2mc 2 y K + 2mc 2 47k 

- 2 47 K 4' - 2 4' + 2 47 K /; + 2 ^ 
+ 2mc 2 y K 4' + 2mc 2 47k + 2mc 2 
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= —2m 2 c 4/ y K + 2mc 2/ y K Jk + 2m 2 c 4 7 K — 2mc 2/ y K + 2m 2 c 4/ y K 

— 2m 2 c 4 ^ K — 2mc 2 fcy K + 2mc 2 ^ K Jk + 2 Jk^ K Jk 

+ 2m 2 c 4 7 K + 2m 2 c 4 7 K + 2mc 2 Jk^ R 

= (Am 2 c 4 - 2P)7 K + 2mc 2 7 K Jk 

T± = i„(A+ A'h«(A+ A')i» 

= 7m hin Ain + 7^ A'ik Ai» + 7m Ai, tiim + 7m til* A'ln 

= -2 Ai.A-% An* A' - 2 A' in A - 2 til* A' 

= -2 Al.iti- fe) - 2 Al. A' - 2(A+ ^U'- /0 - 2(A+ ^7* ^ 

= -2 /fr K ^ + 2 Ain h - 2 ^ A' -2 Ai.A'-z hi* A' 

+ 2 ^ 7k /; + 2 Jk lK Jk - 2 Aln A' - 2 /fry* 

= — 2m 2 c 4 7 K + 2mc 2 7 K — 2m 2 c 4 'j K — 2m 2 c 4 ^ K — 2mc 2 Jk^ K 

+ 2mc 2 7 K Jk + 2 Jk~f K Jk — 2m 2 c 4 7 K — 2mc 2 /cj K 

= -%m 2 c 4 ^ K + 4mc 2 7 K /; - 4mc 2 - 2k 2 ^ R 

Putting all terms together we obtain 

I K (q,q') = J(-2~k 2 + Am 2 c 4 )~f K 

- A((-2k 2 + Am 2 c 4 ) lK - 2mc 2 fa K ) - A((Am 2 c 4 - 2~k 2 ) ln + 2mc 2 7K jk) 
+ C(-8m 2 c 4 lK + Amc 2 ln Jk - Amc 2 Jk ln - 2k 2 ln ) + 2Dk 2 -y K + AE 1k 

= (-2Jk 2 + 2Dk 2 + 4JmV + AE - 10Am 2 c 4 + -Ak 2 )^ K - Amc 2 ^ Jk- Jk^ R ) 

2 

Note that 



= u(q : a)(-f K (A'- A) ~ (A'~ A)lMq,a') 

= «(q, ^)(7«(^c 2 - A)-(fl ~ mc 2 )-f K )u(q, a') 

= u(q, a)(27 K mc 2 - 7 K ^- fli K )u{c{, </) 

= «(q, a)(2 7K mc 2 + /fr K - 2g K + 7 « ^ " 2(</)>(q', O 

= u{q, a)(2-i K mc 2 + mc 2 7 K - 2q K + mc 2 7 K - 2(q'Y)u(q\ °') 

= «(q, a)(4mc 2 7K - 2g K - 2(g')>(q / , O 



Therefore we can write 
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7« h~ hln = 4mc 2 lK - 2(<f + (q') K ) 



and 



I K (q,q') 



2Jk 2 + 2Dk 2 + Um 2 c 4 + AE - UAm 2 c 4 + 



7Ak 2 



+ 2Amc 2 (q K + (q') K ) 
The coefficient in front of 7 K is 



2n 2 (-2k 2 + 4m 2 c 4 ) 
ic 3 m 2 c 4 sin(20) 



log 



mc 



a tan ada 



o 



tt 2 (1 -9 cot 9) 



IC° 



2n 2 / / A 2 \ nM n „. 1\ 14tt 2 
— [log ^ +2(l-0cot0)-- + 



ic 3 



m 2 c 4 



7tt4 2 



2/ ic 3 sin(20) 2ic 3 m 2 c 4 sin(20) 



27r 2 (-8m 2 c 4 sin 2 9 + Am 2 c 4 ) 
ic 3 m 2 c 4 sin(20) 



01og 



a tan a<ia 



3tt 2 (1 -0cot0) 2tt 2 ( A 2 
+ - + — log 



ic° 

87T 2 



ic 3 tan(20) 



ic° 



,mc 



Uir 2 9 



7n 2 ~k 2 9 



m 2 c 4 J ic 3 ic 3 sin(20) 2ic 3 m 2 c 4 sin(20) 



01og( — — ) — / a tan ada 



3tt 2 (1 -9 cot 9) 2tt 2 / A 2 
+ - + — lo § 



ic 3 



m 2 c 4 



vr 2 14tt 2 cos 2 9 
ic 3 ic 3 sin(20) 



Therefore, finally 



7T 2 7 K / 



89 , / ni(- 
log 



ic 3 V tan(20) ~° V A 
A 



+ 2-30cot0 + 41og 



+ 



tan(20) 



a tan ada 



ma 



140 cos 2 9^ 2ir 2 9(q + q') K 
imc 5 sin(20) 



\ 140 cos 2 0\ 
) + sin(20) ) 



(M.48) 
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Appendix N 

Relativistic invariance of QED 



In this Appendix we are going to prove the relativistic invariance of the 
field-theoretical formulation of QED presented in subsection 18.1.21 In other 
words, we are going to prove the validity of Poincare commutators (16.221) - 
(16.261) 1*1 The proof presented here is taken from Weinberg's works [9JEE] and, 
especially, Appendix B in [52] . 

The interaction operator V(t) in (18.111) clearly commutes with operators 
of the total momentum and total angular momentum, so eq. (16 .22|) is easily 
verified. The potential boost Z in (I8.15P is a 3-vector by construction, so eq. 
(16.241) is valid as well. Let us now prove the commutator (16.231) 



Consider the case i = j = x and denote 
£(x-y) = 



47r|x — y| 

ft 1 F 

V(x, t) = ^j( x > ^) a ( x > *) + ^ J dyj (x, t)G(x - y)j (y, t) 

so that 

: In calculations it is convenient to write conditions (|6.22p - (|6.26p in a i-dependent 
form, i.e., to multiply these equations by exp(— iHot) from the left and exp(j-Hot) from 
the right, as in (|6.95p . At the end of calculations we can set t = 0. 
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V(t) = J dxV(x,t) 

Z(t) = ^ J c?xxV(x,t) + A J rfxj (x,t)C(x,t) (N.l) 



where function C(x, t) is given in eq. (IN. 91) . Then, using eqs. fjL.4j) and 
(17361) - (1737]) we obtain 



a^oda w 
= -^lim^- /"rfxe* (Po) ^(x\/(x,t) + -^jo(x,t)a(x,t))e-* (Po) ^ 

= lim / dx(a;V(s + a, y, z, t) + -^=jo(x + a, j/, 2, t)C a; (x + a, y, z, t)) 

c z a-+o da J y/c 

= ~\ lin i T~ f rfx (( x _ a ) v ( x i V, z , t) + A=jo(x, V, z, t)C x (x, y, z, t)) 
c z a^o da J y/c 

= ih-^ J dxV(x,y,z,t) 

= ih\v(t) (N.2) 

which is exactly eq. (I6.23p . 

The proof of eq. (16.261) is more challenging. Let us consider the case % = z 
and attempt to prove 



[K 0z , Vi(t)] + [K 0z , V 2 (t)} - ih^Z z (t) - [V(t), Z z (t)} = (N.3) 

where we took into account that [Z z (t),H ] = —ih4?Z z (t). We will calculate 
all four terms on the left hand side of (IN. 3ft separately. Consider the first 
term and use eqs (O]) . (jlOT]) . (IrTMj) . and (lL5|) 



[#o*,Vi(*)] 
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c e^o dO 
ih 2 , d i 



lim — e ^ KozCd / dx?(x) • a(x)e-* K °* 
e^od9 J 



(?l 2 e^o d9 
ih 2 . d 



c 3 / 2 e—o d# 
ift 2 d 

c 3/2 ^ 

j/z 2 

c 3/2 gi 



lim — / dx(A _1 j(Ax) • A~ i a(Aa;) + A _i j(Ax) • Sl(x, A)) 



d 

+ 



lim — J dx(j(Ax) ■ a (Ax) + A ^'(Ax) ■ fi(x, A)) 

dx(—j(Ax) ■ a(x)+j(x) ■ ^«(Ax) + (— A'^jix) ■ Q(x, 1) 
^i(Ax)-^(x,l)+i(x)~Q(x,A)) 

lim J dx(—j(Ax) ■ a(x)+j(x) ■ -^a(Ax) + j(x) ■ ^0(x, A)^N.4) 



~3/2 e _ 



where f2(x,A) is given by eq. (IK .221) and A is matrix (11.541) . Here we can 
use the following results 



lim— j (Ax) = lim — j(x, y, z cosh^ — ct sinh 9, t cosh 9 sinh#) 

e^o d9 v ' e^o d9 y c 1 

Oj Oj z 
= lim — (z sinh 9 — ct cosh 9) + — (t sinh 6 1 cosh 9) 

8^0 OZ Ot C 

= - Ct d- Z -cd-t (N - 5) 

d , , , da zda . > 

hm— a(Aa;) = -ct- — (N.6) 

e^od# y 1 Oz cOt y ' 

The calculation of the dQ/d9 term is more involved 



d 
d# 



lim — A) 



ft\/c r d f dp (A-V) M 



(27rft) 3 / 2 e-o^ d# J yflp^ |A _1 P 



limV^ 



X 



£ ^(e-^^Cp, r)c p , T + e^-V, e:(p; r)c t >t) (R7) 

up=0 
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The quantities dependent on 9 are lambda matrices. Therefore, taking the 
derivative on the right hand side of eq. (1N.7|) we will obtain four terms, those 
containing ^A~^, JjAq 1 , Jj|A _1 p| _1 , and ^ exp(±iA~ 1 p ■ x). After taking 
the derivative we must set 9 — > 0. It follows from eq. (1K.23j) that the only 
non-zero term is that containing 



lim — A n 5 



lim — (cosh 9, 0, 0, sinh I 

e^o d9 

lim(— sinh 9, 0, 0, cosh 9 
(0,0,0,1) 



Thus 



lim— A) 

0^0 d9 

hyfc f dpp 1 



= -^=k? d »l $S E(e-^(p,r) CpiT - e i- e :( P) r) C t )r ) 
= -d„C z (x) (N.8) 
where ^ = (-i|,f,^,f), and 

Cl{x) = ^^S ^E^^'^^-^fer)^] (N.9) 



So, using ( 1N.8I) and the continuity equation ( 1L. 5[) . we obtain that the last 



term on the right hand side of eq. (IN. 41) is^l 

2 due to the property (|8.2p all functions / and g of quantum fields vanish at infinity, 
therefore we can take integrals by parts (£ = (f, x, y, z)) 

oo oo oo 

dx(-^f (0)9(0= I <&4(/(0$(0)- / dxf (0^9(0 
ax J ax J ax 
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ih 2 f d 
-— lim / dxj(x) ■ —Q(x,A) 

ih 2 



de 



fJ,V 



c 5/2 
^5/2 

ih 2 d 



d ifl 2 
dxj (x,t)— C 2 (x,t) + -^j 

rfxj (x,t)— C z (x,t)--^ 

(9 ih 2 
dxj (x,t)—C z {x,t) + -^ 



dxj (x,t)C z (x,t) 



d 

d-xj(x,t)—C z (x,t) 
ax 

d 

rfx— j(x,t)C 2 (x,t) 
rfx ^io(x,t)C 2 (x,t) 



(N.10) 



Substituting results ljN31) . (IIO]) . (TO!) , and fjNTTOjl in eq. (jrOjl . and setting 
£ = we obtain 



[#o„Vi(t)] 
^ 2 



c 3/ 2 y dx [~dt ' a(x) " j(a;) ' cm ~ 7 2 m {joix)c * {x)) 

ih 2 d 



,5/2 ft 



dx(-z(j(x) -a(x)) -jo(x)C z (x) 



(N.ll) 



For the second term on the left hand side of (IN. 31) we use eq. (IL.3I) 



[^0z,V 2 (t)] 

^ y dxdx'[iCo 2 ,io(^)]^(x-x / )io(x / ) + ^ y dxdx'j (x)g(x - x')[iQ)z, jo(^')] 



/(a; = oo)g{x = oo) - /(a; = -00)0(2; = -00) - / dxf(£)-^g(£) 



dxf(0—g(0 
ax 
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= % J rfxrfx '(^^^ - \jz(x))G(x - x')io(^) 

+ J dxdx'^^-z'g(x - x.')jo{x') - ^ y dxdx.'j z (x)Q(x - x')j (x') 

= ^ S dxdx -^~~ — — ~^ Jo ^'' ) + ^^ / dxrfx Jo(a;)^(x-x , )jo(a; / ) 
- dxdx!j z {x)G{x-x')j {x') (N.12) 

Using expression ( IN. lft for Z(t) we obtain for the third term on the left hand 
side of eq. (HO) 

9 ih 2 d f ih 2 d f 

-%h—Z z {t) = -__ / dxzj(x,t)a(x,t) - -g^— / dxj (x,t)C' 2 (x,t) 



2 ft 9 

2c* at 



<ixdyj (x, t)z<?(x - y)j (y, t) (N.13) 



In order to calculate the last term in (IN. 31) . we notice that the only term in 
Z(£) which does not commute with V(t) is that containing C, therefore 

- [V{t),Z z {t)\ = ~^J dxdx'}(x) Jo (x')[z(x),C z (x')} (N.14) 
To calculate the commutator, we set t = and use eq. (1B.14|) 



[ ai (x,0),C z (x',0)] 

J 2 x fjh>^ 
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[ ^(p,a)c Pi(T e^ px + e*(p,ff)4 i(T e '* px ), (e z (q, r)c^ T e^ x ' - e z (q, r)c\ iT e 
_ 3 f dpdq 



f _ Ve i (p,a)e*(q,r) 

2V? P ar 



[-5(p - q)$ T , T e*P*-*«* - 5(p - q)5 CT , T e" px +^ x ] 
-ih(27rh)- 3 J 0^ ei ( P)( T)e:(p,r)^ r [e^ x - x ') + e-^ x - x ') 

-iR(27rR)- 8 / ^(^-^)[ e ip( x - x ') + e -ip(x-xO] 

-ih(2i,h)- 3 J ^(S„ 



J9 2 



<ip 

i2;r/,) :! ' / ^ T 



/ I 



z x — X' 
— -z$iz<3{~x. — x') + ih 3 d x d z — — - 

-|«(x - x') + ^d Xi ((z - z')S(x - x')) 



(N.15) 



Then 



-[V(t),Z z (t)) 

— ^2 djcdx'ji(x)[5 iz Q(x-yi')jo(x') 



(N.16) 



Now we can set t = 0, add four terms fjNTTB . (INT2]) . (TNTT3]) . and flNTTHl) 
together, and see that the first two terms in (IN. 131) cancel with the two 
terms on the right hand side of (IN. Ill) ; the third term in (IN. 131) cancels the 
second term on the right hand side of (1N.12|) ; and (1N.16|) exactly cancels the 
remaining first and third terms on the right hand side of (IN. 121) . This proves 
eq. (EJ|. 

The proof of the last remaining commutation relation 



[K 0i ,Z ] ] + [Z i ,K 0j ] + [Z i ,Z ] ] = 



(N.17) 
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is left as an exercise for the reader. We now see that all commutators ( 16. 22ft 
- ( 16.261) are satisfied, therefore QED with potential energy (18.121) - (18.131) and 
potential boost (18.151) is a Poincare invariant theory. 



Appendix O 



Relativistic invariance of 
classical electrodynamics 

In this Appendix we will prove the relativistic invariance of the classical 
limit of RQD (i.e., the two-particle Darwin-Breit Hamiltonian) constructed 
in subsection 112.1.11 

The non-trivial Poisson brackets of the Poincare Lie algebra (13.521) - 
(13.581) that need to be verified are those involving interacting generators 
jj = ffT2~3]) + (11231) and K= (fT2^j) + (1X231) 



[Ji,Kj\ P = ^ e ijk K k (0.1) 

k=x,y,z 

[3,H}p = [P,H] P = (0.2) 

[Ki,Kj\ P = — - ^ e ijk-Jk (0.3) 

k=x,y,z 

[Ki,P s \p = ~H5 tl (0.4) 

[K,H]p = -P (0.5) 



where i,j, k = (x, y, z). As we are working in the instant form dynamics, the 
generators of space translations and rotations are non-interacting: P= (I12.1I) . 
J=(P2[2D. 

The proof of (10.11) - (10.21) follows easily from the Poisson brackets of 
particle observables (111.81) - (11 1.12ft and formula (15.511) for brackets involving 
complex expressions. This proof is left as an exercise for the reader. For the 
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less trivial brackets ( 10.31) - ( 10.51) . it will be convenient to write H and K 
as series in powers of (f/c) 2 (the superscript in parentheses is the power of 

(v/cf) 



where 



H 



1 1 orb 1 spin— orb 1 spin— spin 



K « K<°> + K« + K (1) 



(i) , F (i) 

orb + ^ 

■) 

spin— orb 



H 



H (o) 



n orb 



(1) 

spin— orb 



H 



(i) 

spin— spin 

K (o) 

(1) 
orb 



K 



K 



(i) 

spin— orb 



m\(? + 7B 2 C 2 



Pi 



+ 



P2 



+ 



9i 92 



2mi 2m2 47rr 



4 
Pi 



4 
P 2 



<?1<?2 



8m 3 c 2 8 



m 2 c 2 



Pi ■ P2) + 



(Pi • r)(p 2 • r) 



<?ig 2 [r x Pi] ■ Si gig 2 [r x p 2 ] • s 2 gig 2 [r x p 2 ] • si 

47rm 1 m 2 crr" 3 



^7rm 2 c 2 r 3 



^7rmnC 2 r 3 



gig 2 [r x pi] • s 2 
47rmim 2 c 2 r 3 
(si-s 2 ) 3(si • r)(s 2 • r) 



47rmim 2 c 2 r 3 47rmim 2 c 2 r 5 
-mir! - m 2 r 2 

p 2 Yi plr 2 94g 2 (ri + r 2 ) 



2mic 2 2m 2 c 2 
J_ ^ [si x pj i [s 2 X p 2 
2c 2 



irc 2 r 



mi m 2 

Then we find that the following relationships need to be proven 





-Pi 




[K?\H^] 



[K?\hV>\ p 
[Kf\Kf\ 



(0.6) 

(0.7) 
(0.8) 
(0.9) 
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~^ ( % = [K^P^P + iKE^-o^P^P (O-10) 
= [KH b , HV>) p + [A^U-ort, ^ (0) ]p + [^ 0) > 

+ t-^i 0) ) ^i^in-orfel-P + [-^i^' -^ipL-spiJp (O-H) 



+ [^<U-o> (0-12) 



Again, we skip the easy-to-prove (10.6|) . (10.71) . (10.8[) and (10.9[) . For eq. 
(10. 101) we obtain 



r/rW _i_ p 1 n 

V^x-orb ~ ^x-spin-orbi 1 x\P 



P\rix n r Plr 2x , r <?1<?2 1* + n r <?1<?2 T lx + r 2x 
- o,Vlx P — 7 niV2x\P — 7, n ,Pla; P _ 7 2 !& P 

pi P\ qiQ2 



2mic 2 2m 2 c 2 4irc 2 r 

= -4^ (0) (0.13) 
<r 

Individual terms on the right hand side of (10.111) are 

[^U,# (0) ]p 

P\ r 21 ffl&riB [2 1, Pi r 21 91^2* , j 1, 



r 



4m|c z oirmiC z r 4w 2 cr Qnm 2 c 

■Fix,Pi]p - 77 n-h.WP - 77 o[-,Pi]p - 77 2C'^]p 



16mi7rc 2 r ' 167rmic 2 r' 167rmic 2 r' 167rm 2 c 2 r' 



Q.lQ.2 r 21 <?l<?2?"2z r 1 



h2i 'ii^' ax r 21 
x,P 2 Jp - 77 2"l~'P2j 



p 



I67rm 2 c 2 r ' 167rm 2 c 2 r' 

p\p\x qmirix -r 2x ) (Pi -r) p 2 p 2a; ffiga^ias ~ r 2x) (P2 ■ r) 



2mfc 2 87rm!C 2 r 3 2m|c 2 8nm 2 c 2 r 3 

gig2Plx 9ig2P2a; 



, , > (0-14) 



\K (l) ff(°)l p =J_ 

l x—spin—orbi J" 2c 2 



1 r i 1 r i ^ 2 

— si x px \ x H s 2 x p 2 \ x , - — 

mi m 2 Attt 
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+ 



+ 



+ 



g 1 g 2 [si x r) x gig 2 [s 2 x r] 



^7rmic 2 r 3 



37rm 2 c 2 r 3 



[^0)^(1) 



orftJ f 



3m 2 c 2 



8m\c 2 
P 2 iPix 



[rix,pt)p + 



57rm 2 c z r 

Q1Q2 
limi\c 2 r 



Tlx, 



Pi • P2) + 



r2x, IPi ■ P2J 



(Pi ■ r)(p 2 ■ r) 



(Pi ■ r)(p 2 ■ r) 



+ 



9i 92 



2m\c 2 87rm 2 c 2 r 

Ql 92 



PlP2x 



+ 



2m\c 2 87imic 2 r 



P2x + 



Plx 



{rix - r2x)(j>i ■ r) 



(Pi • r)(r lx - r 2x ] 



spin— orbs P 



-miria, - m 2 r 2x , 



9ig 2 [r x pi] ■ si 

87rmfc 2 r 3 



gig 2 [r x p 2 ] • s 2 gig 2 [r x p 2 ] • si gig 2 [r x p x ] ■ s 2 



47rm 1 m 2 c 2 r 



47rm 1 m 2 c 2 r 



i7cmicr° 



V x ) spin—spin\r 



iTcm 2 cr^ 




gig 2 [s 2 x r]a giggjsi x gig 2 [s 2 x r] x _ gig 2 [si x r] z 

87rm 2 c 2 r 3 87rm!C 2 r 3 47rm 2 c 2 r 3 47rm 1 c 2 r 3 
giggjgi x rjg gig 2 [s 2 x r] x 



(0.15) 



(0.16) 



(0.17) 
(0.18) 



Summing up the right hand sides of eqs. (10.141) - (10. 18ft we see that eq. 
(10. lip is, indeed, satisfied. For eq. (10.121) we obtain 



' 1X M> r iv\p + 7^iP 2 2' r 2y]p + 7T^[ r ix,p 2 i}p + §K,P2]p 



2c 2 ' 



2c 2 



2c 2 ' 



1 1 

2c 2 L ^ SlzPly ~ ~m 2 2zV2y ' miTly + m2T2y \ p 



r 1 1 n 

, Amirix + m 2 r 2x , — s lz p lx H s 2z p 2x \ P 

2c z mi "1^2 



1 



[ri x Pi] 



1 



[r 2 x p 2 j 



1 



(su + s 2z 
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9 <A)Z 



(0.19) 
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Appendix P 



Relativistic invariance of 
gravity theory 

Let us prove that the theory of gravity developed in section 113.11 is relativis- 
tically invariant. In other words, we would like to demonstrate that Poincare 
Poisson brackets (13.521) - ( 13. 58ft are satisfied by operators ( 113.11) - ( 113.21) . 
Only those brackets need to be verified which involve interaction-dependent 
observables H and K. These calculations are similar to those performed for 
classical electrodynamic theory in Appendix O We will use standard Pois- 
son brackets of one-particle observables (I11.8P - (111.121) and general formula 
(15.511) for the Poisson bracket of two complex expressions. As we mentioned 
in subsection 113.1.21, our theory is valid only up to the order (v/c) 2 . There- 
fore, we will omit all terms of the order (v/c) 4 or higher in our calculations^] 
We introduce the following notation 



„ , , , Gh x h 2 Gh 2P j Gh lP 2 2 7G(pi-p 2 ) 

Herb — III + Il2 -. ; 5 ; 7, h 



H arri. 



c 4 r h\C 2 r h 2 c 2 r 2c 2 r 

G(pi ■ r)(p 2 • r) G 2 m 1 m 2 (m 1 + m 2 ) 

2c 2 r 3 2c 2 r 2 

3Gm 2 [r x pi] • Si 3Gmi[r x p 2 ] • s 2 2G[r x p 2 ] • s 1 



2rriic 2 r 3 2m 2 c 2 r 3 c 2 r 3 



1 To calculate the orders of terms in (|13.ip - (| 1 3 . 2[) one should take into account that 
h oc (v/c)~ 2 and p, r, k(= — hr/ (c 2 )) oc (v/c)° 
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2G[r x pi] • s 2 (si-s 2 ) 3(si • r)(s 2 • r) 



K 



^>2i^«3 ^>2i^«3 ^->2^-j5 

hiri h 2 r 2 Gh 1 h 2 (r 1 + r 2 ) 



orb 



c 2 c 2 2c 6 ? 



1 / [Si x Pl ] t [s 2 X p 2 ] 



2cr \ mi m 2 
For the Poisson bracket (I0.4() we get0 



Ha^i r 2x /i 2 f Ghih 2 (r lx + r 2x ) 



c 2 c 2 2c 6 r 

\\pix, ri x hi)p + \[p 2x , r 2x h 2 ] P 



Gh\h-2 



Plx, 



—hi -h 2 



■- [h 1 + h 2 



r 

Gh\h 2 

2c 6 
Gh\h 2 

c 4 r 



+ 



P2x 



(ria- + r 2x ) 



r 



2 (rig + r 2x )r x _ (r^ + r 2x )r a 
r 



The right hand side differs from the desired expression —c~ 2 H only by terms 
of the order (v /c) 4 or smaller, which are beyond the accuracy of our approx- 
imation. 

In order to calculate the left hand side of (10.5|) . we treat the orbital and 
spin parts separate!;^ 



[K x , H]p — [K x _ or b, H or b]p + [K x _ or b, H spin ]p + [K x - S pi n , H or b]p (P.l) 
For the orb-orb part 

hir lx _ h 2 r 2x Gh x h 2 (r lx + r 2x ) 
c 2 c 2 2c 6 r 

2 The spin part of K x has vanishing Poisson bracket with P x . 

3 The bracket [K x - sp i n , H sp i n ]p is omitted, because it is proportional to (w/c) 4 . 



[K x 



orbi H or fj\p 
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, ^ , Gh x h 2 Gh 2 p\ Gh lP 2 2 7G( Pl • p 2 ) 
ill + 1I2 a ; — n ; — n r 



c 4 r 



h\c 2 r h 2 c 2 r 



2c 2 r 



G(pi • r)(p 2 • r) G 2 m 1 m 2 (m 1 + m 2 ) 



2c 2 r 3 2c 2 r 2 
we first evaluate the following individual contributions 



(P.2) 



[ 3— ,Al 2 P = -£2* 



(P.3) 

(P.4) 



hir lx Ghjhy 
c 2 ' c 4 r J 



C^2/, Pi^c 2 Pix^ria, /iir x Piy^r^hiTy Pi z c 2 r lx h 1 r z 
— 1 ; — H ^ ^ + 



Gh 2 , pi x c 2 + (pi ■ ipr^c 2 

Gh ( Pix (Pi • r)r 1:r 
c 4 1 r r 3 J 

^2T2x Ghih 2 _ Ghi ( p 2x _ (pg ■ r)r 2a; 



(P.5) 
(P.6) 



Mr lx Gh 2 p\ 
c 2 ' h\c 2 r 

Gh 2 2p lx p\pi x c 2 P\ x <?r lx p\r x Pi y c 2 r lx p 2 r y P\ z <?r lx p\r z 
— 7- \m- ft i — — 1 ; ~ — ~ + 



h\r 



h\ hir 3 



hi hir 3 



Gh 2/ 2p lx pjp lx c 2 (pi ■ r)c 2 r lx pl 

+ , O o ) 



c 4 v r 
Gh 2 2p lx 
c 4 r 



h 2 r 



h\r z 



h 2 r 2x Gh x p\ Ghi 2p 2x p\p 2x c 2 (p 2 • r)c 2 r 2x p 2 



c 2 ' h 2 c 2 r 
Gh 2p 2x 
c 4 r 



h 2 r 



h 2 r 3 



hi hir 1 



(P.7) 



(P8) 
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Mr lx Gh x p\ 

— 2~ ' T — T~ p 
cr ri 2 crr 

= T-^{hl -r + 7 + h + 1 ) 

h 2 c i h\r hi r 3 hi r 3 hi r 3 

Gy\,yi x | (pi -r)ri x 
h 2 c 2 r r 3 

« (P.9) 



[^■^«0 (RIO) 
r /iiria, 7G(pi • p 2 ), 

p 



c 2 2c 2 r 

7G p 2x + Pi^cVix (pi • P2)r x + PiyC 2 ^ (pi ■ p 2 )r y + PucVia (pi ■ p 2 )r 2 
2c 4 r /ii r 3 hi r 3 fai r 3 



7G p 2x (pi • r)(pi • p 2 )c 2 r 1;c 
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rGhih 2 {r lx + r 2x ) . Gh x h 2 ( ' P\ x c 2 (r lx + r 2x )(r ■ pi)c 2 \ 
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Then the desired Poisson bracket is obtained by summing up all contributions 

4E1 - dEHSD 
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For two other terms on the right hand side of (IP.lj) we obtain expressions 
that cancel each other 
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c 2 r 3 
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c 2 r 3 



2c 2 r 3 
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The proof of the Poisson bracket (10.31) is the same as in AO. 19(1 . Verification 
of other Poisson brackets of the Poincare Lie algebra is left as an exercise for 
the reader. 
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